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Abstract 

This article examines the connection between circles and straight lines. A circle that 

contains another circle and is bounded to a fixed point is said to meet the containment 

requirement. The idea of putting a second circle outside the predetermined circle was 

previously discussed. For every possible combination of circles inside and outside the fixed 

circle, a set of equations is created. The graph is generated using "MATHEMATICA" 

software because they are produced in numbers. This is carried out for circles placed on 

any axis. The equation was demonstrated to represent the even and odd integers on a circle, 

however, this requirement had not previously been expressed explicitly. There are several 

uses and applications for formulating a circle containing another circle equation. It can be 

used to locate the spots where two circles intersect in geometry. The main objective of this 

essay is to offer a straightforward equation that describes how circles relate to their places. 

The usage of numbers is used to accomplish this. Every mathematical modeling and 

analysis tool can be implemented at runtime. 

 Keywords: Circle, Determinant, Straight Line Equation, Series, Circle 

Containment, Voronoi Diagram. 
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G M‡elYvq †Kvb GKwU e„‡Ë Gi Af¨šÍ‡i †K› ª̀gyLx mÂvwiZ I ewn‡ ’̄ Amxg ch©šÍ Ae ’̄vb Ki‡j D³ 

e„Ë Zvi AšÍ ’̄ I ewn ’̄ e„Ë¸wj avib Kivi kZ© wbiƒcY Kiv n‡q‡Q Ges kZ©Øq‡K wbY©vqK AvKv‡i 

cÖKvk Kiv n‡q‡Q| A‡¶i Dci †h‡Kv‡bv w ’̄i e„Ë‡K g~j e„Ë a‡i wb‡q Zvi †_‡K mgvb A¶ ~̀iZ¡ 

eRvq †i‡L GB MvwYwZK KvVv‡gvi wfwË ˆZwi n‡q‡Q| GwU R¨vwgwZK e„‡Ëi I †hvMvkÖqx exRMwY‡Zi 

gva¨‡g GKxf~Z K‡i kZ©g~jK ivwkgvjv MVb Kiv n‡q‡Q| BZtc~‡e© †Kvb e„Ë Av‡iKwU e„Ë aviY 

Kivi wbY©vq‡Ki Øviv kZ© cÖ`vb Kiv nqwb| M‡elYvi g‡Wj¸‡jv g¨v_g¨vwUKv mdUIq¨vi Øviv cÖ Í̄yZ 

Kiv n‡q‡Q| GB M‡elYvi gva¨‡g e„Ë mgxKiY m¤̂wjZ GKwU e„Ë cÖYq‡bi Rb¨ †ek wKQy e¨envi 

Ges cÖ‡qvM i‡q‡Q| GwU `vM¸wj mbv³ Ki‡Z e¨envi Kiv †h‡Z cv‡i †hLv‡b ỳwU e„Ë R¨vwgwZ‡Z 

†Q` K‡i| e„Ë mgxKiY¸wj wPÎ¸wji ˆewkó¨¸wj Lyu‡R †c‡Z Ges mbv³ Ki‡Z Kw¤úDUvi MÖvwd· 

Ges wPÎ cÖwµqvKi‡Y e¨envi Kiv †h‡Z cv‡i| GB cÖe‡Üi g~j D‡Ïk¨ nj GKwU mij mgxKiY Øviv 

kZ© eY©bv K‡i wKfv‡e e„Ë¸‡jv G‡KKwUi mv‡_ m¤úwK©Z _v‡K| cÖwZwU MvwYwZK g‡Wwjs Ges we‡kølY 

e¨e ’̄vq cÖ‡qvM Kiv †h‡Z cv‡i| 
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1. Introduction    

This paper is aimed at promoting the use of such an analytical method for solving 

geometry problems relating to lines and circles in the Euclidean plane [1]. One, 

two, or no intersections between the circles are possible. Two circles cannot meet 

in the middle, but they can meet at one point, and they can meet at two locations 

[2]. However, if one circle lies within another, is smaller than it, and its centers 

are located at the same point, then the larger circle is referred to as an enclosure 

since it encompasses the smaller circles, also known as inner circles [3]. Straight 

lines and circles are the focus of the underlying geometry, and the fundamental 

constructions result in points of intersection, lines connecting points, and circles 

with one center and another going through it [4] In this paper, the ordinary 

Euclidean distance metric is used where the distance between a point and a circle 

is defined by the minimum distance from a point to the boundary of the circle [5]. 

In this model, we had already assumed that there is a set of true points that lie 

exactly along a straight [6]. The implicit equations of points, lines, and circles are 

discussed in this research using a homogeneous representation approach [7], and 

exemplify the established theorem [8,9].  Additionally, they claimed that these θ-

FP results in metric spaces can be used to infer specific FP outcomes in 

incomplete metric spaces [10]. Consistency requires the use of the adjusted 

points, which meet this condition, rather than the observed points, which are 

dispersed about the fitted line because the equation implies that the exact data 

points would lie on a single parallel line. The generic equation of a circle is 

defined as x2 + y2 + 2gx + 2fy + c = 0 and it may be used to describe any circle 

by selecting the appropriate values for g, f, and c. A circle can be determined to 

meet three independent geometrical criteria and no more, which is represented by 

the three constants g, f, and c in the general equation. As a result, a circle can be 

identified when three of its points are specified or when it must touch three 

straight lines. Radii are not always the same and no smaller circle may be 

contained entirely within the larger one [11]. When the radii and distances 

between the centers are much lower than the distance of the centers from the 

origin, circle intersection methods frequently underachieve. If floating point 

arithmetic is used, this circumstance frequently leads to the computation of the 

difference between two very big values and the consequent loss of significance 

[12]. The two circles must meet if each point is both inside one circle and on the 

other. An envelope produced by a circle family is, by definition, a first-order 

linear differential equation solution with one constraint condition, just like an 

envelope produced by a hyper plane family [13]. The basic finding that any 

geometric data involving lines and circles may be easily packed in calculations 

using determinant theory is the basis for starting. Voronoi diagram can be helpful 
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for a variety of geometric tasks, such as calculating the smallest diameter 

enclosing a set of inner circles with known radii that are free to move and that 

there are circles inside a larger circle on a plane. The radii of the circles don't have 

to be the same, and no circle inside the large circle completely fits inside another 

circle. When a line having one end at a fixed point makes a full rotation around 

that point, a circle is a planar figure that is left behind. The radius of the circle is 

the distance along the line from the fixed point, which is referred to as the center. 

In the conventional formulation, it is stated that a specific set must be covered by 

a specific number of equal circles [14]. The following rule reduces a third-order 

determinant to three determinants of the second order: Take the quantities that 

appear in the determinant's first row and multiply them one by one by the 

determinant that results from deleting the row and column. Where a nonlinear 

model of the issue is created, which is then converted into a linear issue with 

numerous variables, auxiliary variables, and constraints [15]. 

All things considered, it is clear that if a circle has circles both inside and outside 

of it, the relationship between the circle and the straight line has been established, 

and this can lead to the provision of a simple condition. 

2. Methods 

The quantitative approach is used to carry it out. Here, it is demonstrated that, if 

a circle's origin is fixed in the x and y axes, the circle's containment requirements 

for an infinite number of circles both inside and outside of the fixed circle are 

provided linearly and described as an infinite linear series. We may test the 

following mathematical formulations and concurrency conditions using the 

MATHEMATICA software. The particular methods would vary depending on 

the MATHEMATICA functions used, but in general, we enter equations and 

utilize the software's capabilities to evaluate and illustrate the results. Inside the 

circle surrounding the origin is a second circle B in Figure-2. At x1 and x2, circle 

A crosses the x-axis. Similar to circle A, circle B also crosses the x-axis at x3 and 

x4. The equations of straight lines for x1 to x3 and x2 to x4 are regarded as 

equivalent because the distances between them are also equal. Straight line 

equation across points (x1, y1) and (x2, y2) on circle A. 

L1 = (y-y1) (x1-x2) - (x-x1) (y1-y2) = 0 

or, (y2-y1) x + (x1-x2) y + (x2y1-x1y2) = 0  (1) 

The equation of the straight line connecting circle B and circle A through (x4, y4) 

and (x2, y2) is similar to that of the straight line connecting circle B and circle. 

L2 = (y-y3) (x3-x4) - (x-x3) (y3-y4) =0 

 or, (y3-y4) x + (x4-x3) y + (x4y3-x3y4) = 0  (2) 
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L3 = (y-y4) (x4-x2) - (x-x4) (y4-y2) = 0 

or, (y4-y2) x + (x2-x4) y + (x4y2-x2y4) = 0  (3) 
 

A condition that the three lines, 

A1x+B1y+C1= 0     (4) 

A2x+B2y+C2= 0     (5) 

A3x+B3y+C3= 0     (6) 

To thoroughly prove or analyze the concurrency of the lines produced from those 

circles, we replaced the coefficients from these derived lines into the determinant 

and checked whether it equated to zero. If the determinant is zero, the three lines 

are confirmed to be concurrent. If it is more than zero, the lines are not coincident. 

Should be concurrent or meet in a point is that the values of x and y which satisfy 

(1) and (2) simultaneously should satisfy also (3). The distances between the 

points x1 to x3 and x2 to x4 are equal.  

The condition that the three equations should all be satisfied by the same values 

of x and y can be expressed at once in the form of a determinant: 
 

|

𝐴1 𝐵1 𝐶1

𝐴2 𝐵2 𝐶2

𝐴3 𝐵3 𝐶3

|= 0     (7)  

 

Tangent circles: We can use the knowledge that the point of tangency is on the 

line connecting the centers of the two circles to determine whether two circles are 

tangent to one another from the eqn. (7). The point of tangency can be determined 

by writing the equations for the two circles, locating their centers, and then using 

the equation for the line that passes through the centers. This point will be on both 

circles, therefore we can verify that the larger circle contains the smaller one using 

the lemma proof of a circle enclosing another circle. 

Concentric circles: When two circles share a center, we can exploit the fact from 

Figure 3 that the smaller circle's radius is smaller than the larger circle's radius to 

our advantage. We can formulate the equations for the two circles, determine their 

radii, and then verify that the larger circle encompasses the smaller one using the 

lemma proof of a circle including another circle and its deterministic series. 

Overall, the theories and models we've created offer a strong tool for examining 

a variety of situations and arrangements of circles with inner and outer circles. 
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3. Results and Discussion 

The deterministic equation of parallel lines is used to generate this linear 

equation. One can establish such an equation if two circles are contained within 

one another. Any circle will undoubtedly be anchored on the X and Y axes. 

Different circles outside or inside of this one at the same distance can have their 

X and Y axes fixed about that circle. Finding the straight-line equation along the 

diameter of any two circles. The equation of two straight lines going from one 

end to the other of their diameters between the first circle and its inner circle meet 

on the same line, as does the equation of two straight lines going from one end to 

the other of the diameter of another circle inside the first circle. A determinant 

format can be utilized to express these three concurrent points as x and y.  

Given the determinant: 

Γ𝑐 = |

𝑦2 − 𝑦1 𝑥1 − 𝑥2 𝑥2𝑦1 − 𝑥1𝑦2

𝑦4 − 𝑦3 𝑥3 − 𝑥4 𝑥4𝑦3 − 𝑥3𝑦4

𝑦4 − 𝑦2 𝑥2 − 𝑥4 𝑥4𝑦2 − 𝑥2𝑦4

| 

 

Laplace's expansion will be used to enlarge the determinant. Using the first row 

as a starting point for expansion: 

Γ𝑐  = (𝑦2 − 𝑦1) × |
𝑥3 − 𝑥4 𝑥4𝑦3 − 𝑥3𝑦4

𝑥2 − 𝑥4 𝑥4𝑦2 − 𝑥2𝑦4
| 

|
𝑦4 − 𝑦3 𝑥4𝑦3 − 𝑥3𝑦4

𝑦4 − 𝑦2 𝑥4𝑦2 − 𝑥2𝑦4
| |

𝑦4 − 𝑦3 𝑥3 − 𝑥4

𝑦4 − 𝑦2 𝑥2 − 𝑥4
| 

 

Solving each 2×2 determinants: 

|
𝑥3 − 𝑥4 𝑥4𝑦3 − 𝑥3𝑦4

𝑥2 − 𝑥4 𝑥4𝑦2 − 𝑥2𝑦4
| = (𝑥3 − 𝑥4) (𝑥4𝑦2 − 𝑥2𝑦4) − (𝑥4𝑦3 − 𝑥3𝑦4)(𝑥2 − 𝑥4) 

 

And, 

|
𝑦4 − 𝑦3 𝑥4𝑦3 − 𝑥3𝑦4

𝑦4 − 𝑦2 𝑥4𝑦2 − 𝑥2𝑦4
| = (𝑦4 − 𝑦3) (𝑥4𝑦2 − 𝑥2𝑦4)  − (𝑦4 − 𝑦2)(𝑥4𝑦3 − 𝑥3𝑦4) 

 

Also, 

|
𝑦4 − 𝑦3 𝑥3 − 𝑥4

𝑦4 − 𝑦2 𝑥2 − 𝑥4
| = (𝑦4 − 𝑦3)(𝑥2 − 𝑥4) − (𝑦4 − 𝑦2)(𝑥3 − 𝑥4) 

 

Plug the outcomes of these 2x2 determinants back into the 3x3 determinant 

expansion and simplify. 
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If Γ𝑐 = 0 then the lines represented by those equations L1, L2 and L3 are 

concurrent.  

Hence, 

Γ𝑐 = |

𝑦2 − 𝑦1 𝑥1 − 𝑥2 𝑥2𝑦1 − 𝑥1𝑦2

𝑦4 − 𝑦3 𝑥3 − 𝑥4 𝑥4𝑦3 − 𝑥3𝑦4

𝑦4 − 𝑦2 𝑥2 − 𝑥4 𝑥4𝑦2 − 𝑥2𝑦4

| = 0                                   (8)             

 

For instance, consider a fixed circle with the center at the origin and coordinates 

(3,0) and (-3,0), and another circle inside it with coordinates (5,0) and (-5,0) 

centered on the x and y axes. 

Γ𝑐 = |

0 5 − (−5) {(−5). 0 − 5.0}

0 3 − (−3) {(−3). 0 − 3.0}

0 −5 − (−3) {(−3). 0 − (−5). 0}
| 

or, Γ𝑐 = |
0 10 0
0 6 0
0 −2 0

| 

or, Γ𝑐 = 0 

where Γ𝑐  𝑖𝑠 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑎𝑠 𝑎 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑖𝑛𝑔 𝑎𝑛𝑜𝑡ℎ𝑒𝑟 𝑐𝑖𝑟𝑐𝑙𝑒.  
 

Lemma 1: 

The determinant created by the coefficients of three lines is zero if they cross at 

a single point.  

Proof: Let the equations of the three lines be ax + by + c = 0, dx + ey + f = 0, and 

gx + hy + i = 0. We can write these equations in matrix form: 

[
a b c
d e f
g h i

] [
x
y
1

] =  [
0
0
0

] 

If the three lines intersect at a single point, then there exists a unique solution to 

this system of equations. This means that the matrix is singular, i.e., its 

determinant is zero. 

Therefore, if the equations of three lines in a circle intersect at a single point (i.e., they 

intersect at the center of the circle), then the determinant Γ𝑐 formed by their coefficients 

is zero. Figure 3 shows the three lines in a circle intersecting at a single point. 
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By Figure 1, the series equation of n numbers of circles from the fixed circle to 

the origin or infinity is given by the preceding equation, which is the determinant 

equation of any one circle containing another circle. 

Γ𝑐1
+  Γ𝑐2

+ Γ𝑐3
+ Γ𝑐3

+  … … … … … … … … … … … + Γ𝑐𝑛
= 0                        (9)                                                        

The determinant equation Γ𝑐𝑖
 represents a specific geometric condition 

concerning another process or reference for each circle. The series equation 

represents the cumulative influence of these conditions in the system Γ𝑐1
+  Γ𝑐2

+

Γ𝑐3
+ Γ𝑐3

+  … … … … … … … … … … … + Γ𝑐𝑛
= 0 

Comprehending the individual impact versus. The combined effect of the 

geometric configurations is the key to understanding the link between the two. 

Although not shown, the representation in figure 1 contextualizes these 

mathematical relationships in a geometric environment.  

Lemma 2:  

If the sum of the coefficients of any two equations of three lines in a circle is 

equal to zero, then the summation series of the determinant Γc  is zero.  

Proof: Let the equations of the three lines be ax + by + c = 0, dx + ey + f = 0, and 

gx + hy + i = 0. We can write these equations in matrix form: 

1. 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 

2. 𝑑𝑥 + 𝑒𝑦 + 𝑓 = 0 

3. 𝑔𝑥 + ℎ𝑦 + 𝑖 = 0 

These can be represented in matrix form as: 

[

𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

] [
𝑥
𝑦
1

] =  [
0
0
0

] 

Suppose that the sum of the coefficients of the first two equations is zero,  

i.e., a + d = b + e = c + f = 0. Then we can write the matrix in terms of the first two rows: 

1. a + d = 0 ⟹ d = −a 

2. b + e = 0 ⟹ e = −b 

3. c + f = 0 ⟹  f = −c 

Substituting the following values for the coefficients in the second row: 

[
𝑎 𝑏 𝑐

−𝑎 −𝑏 −𝑐
𝑔 ℎ 𝑖

]                                               (10)                                                        
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However, the matrix representation for three lines stays unaltered, thus splitting 

the matrix into two matrices, the sum of which yields the original matrix. One of 

these matrices contains a row of zeros, representing the zero-sum of coefficients. 

Using determinant properties, if a determinant's two rows (or columns) are 

identical or proportional, its value is zero. 

[
𝑎 𝑏 𝑐

−𝑎 −𝑏 −𝑐
𝑔 ℎ 𝑖

] 

The determinant is 0 since the first and second rows are proportional with a factor 

of -1. Furthermore, the determinant of any matrix with a row (or column) of zeros 

is also zero.  

Thus: 

|[
0 0 0
𝑑 𝑒 𝑓
0 0 0

]| = 0                                                                  (11)                                                        

𝐴𝑑𝑑𝑖𝑛𝑔 𝑢𝑝 𝑡ℎ𝑒 𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡𝑠, 𝑤𝑒 ℎ𝑎𝑣𝑒: 

|

𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

| = |
𝑎 𝑏 𝑐

−𝑎 −𝑏 −𝑐
𝑔 ℎ 𝑖

| + |
0 0 0
𝑑 𝑒 𝑓
0 0 0

| = 0 + 0 = 0 

Similarly, if the sum of the coefficients of the second and third equations, or the 

first and third equations, is zero, we can use the same method to show that the 

summation series of the determinant Γ𝑐  is zero, which is showing at figure 4. 

Therefore, if the sum of the coefficients of any two equations of three lines in a 

circle is equal to zero, then the summation series of the determinant Γ𝑐  is zero. 
 

4. Conclusions 

To conclude, this study uses determinants to demonstrate how the linear condition 

of a circle that contains circles both inside and outside its perimeter can be proven. 

the study investigates the conditions under which a circle might include other 

circles in the form of a determinant. The characteristics that describe this 

condition are determined by the study using mathematical ideas and methods. The 

results of this study will be helpful to mathematicians, physicists, and engineers 

who study circles and their properties, as well as to designers and engineers who 

have to build circular structures that can hold additional circles. In the end, this 

study adds to the body of information about circles and their behavior and has 

applications in a variety of industries that use circular shapes. Circle containment 
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conditions provide a potent modeling and analysis tool for circular objects and 

systems, and have a wide range of applications in a variety of disciplines. Insights, 

techniques, and applications in the fields of geometry, physics, engineering, 

computer science, and other fields may be discovered as a result of further study 

and development in this area. 
 

References 

[1] Anghel, N. Determinant Identities and the Geometry of Lines and Circles. Analele 

ştiinţifice ale Universităţii" Ovidius" Constanţa. Seria Matematică, 2014, 22(2), 37-50. 

[2] Perry, O., Perry, J., Perry, O., & Perry, J. (1981). The geometry of the circle. Mathematics 

I, 132-138. 

[3] Gelfand, I. M., Alekseyevskaya, T., Gelfand, I. M., & Alekseyevskaya, T. Circles: A 

Look at Euclidean Geometry. Geometry, 2020, 231-401. 

[4] Loney, S. L. (Sidney Luxton),"The elements of coordinate geometry".   Macmillan and 

Co.  London, 1860. p .39. 

[5] Kim, D., Kim, D. S., & Sugihara, K. Euclidean Voronoi diagram for circles in a 

circle. International Journal of Computational Geometry & Applications, 2005, 15(02), 

209-228. 

[6] York, D., Evensen, N. M., Martı́nez, M. L., & De Basabe Delgado, J. (2004). Unified 

equations for the slope, intercept, and standard errors of the best straight line. American 

Journal of Physics, 72(3), 367-375. 

[7] Middleditch, A. E., Stacey, T. W., & Tor, S. B. (1988). Intersection algorithms for lines 

and circles. ACM Transactions on Graphics (TOG), 8(1), 25-40. 

[8] Tyrrell, J. A., & Powell, M. T. A theorem in circle geometry. Bulletin of the London 

Mathematical Society, 1971, 3(1), 70-74. 

[9] William Spottiswoode, “Elementary Theorems relating to Determinants”, longman, 

brown, green, and  longman, paternoster row, London, 1856, p220 

[10] Weld, L. G. A short course in the theory of determinants. Macmillan and    Company, 

(1893). 

[11] Hamami, Y., & Amalric, M. Going round in circles: A cognitive bias in geometric 

reasoning, (2023). 

[12] Hammad, H. A., Alshehri, M. G., & Shehata, A. Control functions in G-metric spaces: 

Novel methods for θ-fixed points and θ-fixed circles with an application. Symmetry, 

2023, 15(1), 164. 

[13] Wang, Y., & Nishimura, T. Envelopes created by circle families in the plane. arXiv 

preprint arXiv:2301.04478, (2023). 

[14] Galiev, S. I., & Khorkov, A. V. Optimization of the Number and Arrangement of Circles 

of Two Radii for Forming a k-Covering of a Bounded Set. Computational Mathematics 

and Mathematical Physics, 2019, 59, 676-687. 

[15] Agarwal, P. K., Nevo, E., Pach, J., Pinchasi, R., Sharir, M., & Smorodinsky, S. Lenses 

in arrangements of pseudo-circles and their applications. Journal of the ACM 

(JACM), 2004, 51(2), 139-186. 

 



10 

The Condition of a Circle Containing other Circles in Determinant Form 

 
Figures: 

 

 
Figure 1 . A circle containing small circles. Figure 2. Fixed circle containing another circle and 

make three equations. 

 

 

Figure 3.The circle containing other circle then its 

radius bigger than small circle. 

Figure 4.  n numbers of circles from the fixed circle 

to the origin or infinity. 

 

  


