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Abstract

The primary objective of this task is to take steps an indicative immersion into the subject of complex geometry by
providing several characterizations of Kahler manifolds. We have defined complex, Hermitian, almost complex and Kéhler
manifolds in this paper and studied some of their features. The main purpose of this article is with a view to understanding
the complex, almost complex and Kdhler manifolds and their relations with Lie brackets and affine connections. Finally,

a theorem which is related to Kéhler geometry is established.
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I. Introduction

It would not be propagation to say each person is necessarily
a bit accommodate with geometry. In modern times, topology
and geometry’ are the sections that mathematics curiosity are
possibly be aware of. Most probably geometry and topology
are more famous because they are very easy to visualize
and understand. The flexibility and generality of topological
shape help to realize their concepts easily.

Once in a way, we want more solid forms than the ones narrated
by topological spaces’. Then we move to smooth and Riemannian
manifolds’, which organize notions such as differentiability,
integration and distances®, where all features draw of real
numbers. In this paper we will talk about complex manifolds
and observe how their forms narrate to racial landmark of which
will lead to Hermitian and Kéhler manifolds>*°.

Complex and Kéhler manifolds*!* have huge applications
in quantum mechanics and supersymmetry studies. In this
paper we will establish different forms which have relevancy
with physics®. In Fundamental complex analysis, the partial
derivatives must have to satisfy the Cauchy-Riemann
equations®. So we will say about both differentiability and
analyticity of a function.

A complex as well as a Kdhler manifold obeys a complex
formation where every coordinate neighborhood C™ and the
alteration of coordinate must have to be analytic.

In this article first we have discussed about complex
manifolds, their properties, example and proved a theorem
which is related to it. Then we deal with Hermitian and
almost complex manifolds andtheir features'.

Finally, we have explained the Kéhler manifolds?, some of
its characteristics and proved a theoremwhich is our main
interest. Then we draw our conclusion.

* Author for correspondence. e-mail: smidhdu@du.ac.bd, meznan9@du.ac.bd

II. Complex Manifolds

Definition 2.1"" A complex-valued function f:C™ — C is
holomorphic if f = fi +if2 maintain the Cauchy-Riemann
equations for each z° = x” + iy” as
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A mapping (f, ., f"): €™ = €" is said to be holomorphic
if every function f7, (1 < p < n) is holomorphic.

Definition 2.2 A nonempty set M is said to be a complex
manifold if (i) M being a topological space, (ii) M being
comes from pairs {(U;, ¢;)}, where {U;} is a cluster of open
sets that make M and ¢,: U; - U; € €™, (iii) If U; and U; so
that U; N U; # @, then the transition map

Vi = @ior " @;(U;nU) = @ (U; N U)

is holomorphic. The dim¢(M) = m.

Example 2.3 The sphere S2is a complex manifold which can
be defined by the Riemann sphere C U {co}.

Differential Forms on Complex Manifolds

Suppose M is a differential complex manifold having
dimension m. Also let @, T be g-forms on Qg (M) at a point
p demarcating a complex g-form ¢ = w + ir. The vector
space of g-form at p is declared as QZ (M)E. 1t is clear that
QI (M) © O} (M)® and the adjacent of § is & = w — it. The
g-form will be real if € = ¢.

Let w € QZ (M)® (g <2m) and r, s are positive integers
and r + s = q. Also suppose thatV; € T,M™ (1 <i<q) be
belongs to either T,M* or T,M~. If w(V;) = 0 or else r of
the V; in TpM+ and s in T,M~, w is called bidegree (7; s). The
pairs (7, s)-forms at p is expressed as Q,,* (M).
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Definition 2.4 The outer derivative of an (1, s)-form

1

- 1 u vy v
w r'slwﬂll___,#r'vl'__msdz Y- dzH*r Ndz'1 ... ... dz¥s for

¢(p) = z* can be written as

1 d dz 47
W= rls! azl wﬂl:---v.‘lr,vl,...,vs zh+ aZ_l w.“l:---v.“r,vl,...,vs z X

dzFLA ... ... dz*r Ndz"! ... ... dz",

where dw is the composition of (r + 1, s) and (1;s + 1) -forms.
By resolving the act of in order to its target we get d = @ + 0
, Where

0: QS (M) - QY (M), 8: Q° (M) - Q' (M). The operators
@ and 0 are declared as Dolbeault operators.

Theorem 2.5 If M is a complex manifold, w € Q7(M)® and
€ QP (M)C, then

(i) 90w = (80 + 90)w = ddw = 0
(i) 0@ = 0w, 0@ = dw
(i) A (wAE) = dwAE + (—1)T wAIE

and . d(wA&) = dwAé + (—1)9wNdE.
Proof: Tt is enough to prove that w is of bidegree (7, 5).
(i) Since d = g + 9, so we have 0 = d?w =
(0+0)(0+0)w=00w+ (00 + dd)w + d0w

The three parts of right hand side are of bidegree

(r+2,s),(r+1s+1) and (r,s + 2) respectively  and
they vanish separately. This proves (i).

(i) As we know d@ = dw, so we have

06+ 0w =dw = (0 + 0w + 0w + dw.

Since @ , dw belong to bidegree (s + 1,7) and 3@ , dw are

of (s,7r+ 1) , so we can write that dio = dw and 0@
ow.

(iii) We can imagine w is of bidegree (r,s) and & of
(r',s). So d(wA§) = dwAé + (—1)TwAdé
= (0@ + 0)wAE + (—1)IwA(d + 0)¢E
= 0wAE + (—1)TIwNAIE + wAE + (—1)TwNIE
= d(wNE) + d(wA¥).

Where d(wA¢) and d(wA¢) are bidegree of(r +r +
1,s+s)and (r +7,s +s + 1) respectively.
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I11. Almost Complex Manifolds

Definition 3.1!'"15! Let us suppose that M is a differentiable
manifold. Also let J is a tensor field of order (1,1) for
which at every point p of M we can write ]g = —1,. Then
the pair (M,]) is defined as almost complex manifold and J
is called the almost complex structure.

If (M,]) is a complex manifold, then the Nijenhuis tensor
field N: X (M) @ X (M) = X (M) can be defined as

NXY)=[XY]+JUX Y]+ ][IX,JY] - [JX,]JY].

The structure ] is integrable if the Lie bracket of any
holomorphic vector fields X, Y € X(M) is also a
holomorphic vector field, [X,Y] € XT(M). If M is an
almost complex structure, it must be even in dimension. For
this let the dimension of M is n, and also let J: TM - TM
be an almost structure with complex manifold. If J>=-1 then
(detJ)? = (-1)". But when M is a real manifold. then det J is
real number, thus n obviously be even if M has an almost
complex structure. One can show that it must be orientable
as well.

Theorem 3.2 For any A,B € X (M), N(4,B) = 0 if and
only if the structure / on a manifold M is integrable.

Proof. Letus suppose that Z = X +iY and W =U + iV
are two elements of X'¢(M). We elaborate the Nijenhuis
tensor field for which its operations on vector fields in

X (M) can be written as

N@Z W)= [Z,W]+]UZ,W]+][Z,JW] - []Z,]W]
={NX,U) =N, M}+i{NX,V)+ N, U)}...... (1.0)
Now consider that N(4, B) = 0 for any A4, B € X' (M).
From (1.0) it becomes N(Z, W) = 0 for all Z, W € X°(M).
Suppose that Z, W € X (M) c X(M). Because of
JZ = iZ and JW = iW, we may write
After the assumption, N(Z, W) = 0, we get that
[Z,W] =—=i[Z,W] or J[Z,W]=i[Z, W], which means

that [Z,W] € X*T(M). So we can conclude that the
structure J is integrable.

Conversely, let us suppose is integrable. Since
XCM) =Xx*(M) @ X~ (M), we can write separately

ZWeX“(M)asZ=Z"+Z and W = W™* + W~. Then
we can write,

N(Z,W)=N(NTWH +NZ' W) +NZ W) +
N@Z~,W).
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N@EZW)=NWN*WH +NEZ W) +NEZ, W) +

N@Z~,W").

Because of JZ* = +iZt and JW* = +iWw*
written that N(Z-, W) =NZt, W
write,

it can be
) = 0. We may also

N@ZtwH =[zt, Wt +J[izt, W]+ J[Z*,iwT]
—[izt,iw]
=2[z*,W*] = 2[Z+,W+] = 0.
Since J[ZT,W*] =i[Zt, WT].
Likely N(Z~,W ™) = 0 which proves that N(Z, W) = 0 for
any Z,W € X®(M). Specifically, N(Z,W) =0 for any
Z,W € X(M).

IV. Hermitian Manifolds

Let us suppose that M be a complex manifold of dimension
m and J is a almost complex structure. Then the triple (M,],g)
with the Riemannian metric g is called a Hermitian manifold.

V. Kihler Manifolds

Consider that (M,],g) is a Hermitian manifold. Also demark a
tensor field Q which has operation T, M on as

Q,(X,Y) = g,(J,X,Y) for any X,Y € T,M, where Q is
antisymmetrical that is Q(X,Y) = g(JX,Y) = g(J?X,]Y)
=—-g(0Y,X) =

So we can define Q as a two form which is also called the
Kéhler form.

-, 7).

Definition 5.1 A Hermitian manifold (M,],g) is called a
Kihler manifold if its Kdhler form € is closed, that is dQ is
zero. The metric g is called the Kahler metric on M.

Example 5.2 Suppose M = C™ = {(z}, ......,z™)}, where
C™ is marked with R*™ by the identification z# — x* + iy*.
Let & be the Euclidean metric of R?™, so we can write that

6(&‘%) = 6(667'6319) uy and6(a w’ az ): 0.

]
Beca f]— —_— = - an say that
ecuseo]a“ ay# ]ayﬂ 5.r We can say

6 is a Hermitian metric. In complex field, we have

5(5) =0 (e ) =0

azh’ az?
6(6 6)_8(6 6)_18
azr’9z9) ~ " \azr’az?) ~ 2°M

The Kihler form can be written as

Q= —Zm 1dzH Adz* = Yy dxt Ady#, which  ensures
us that the above form is closed. So we get that § is an

Euclidean metric of R?™ is Kéhler metric on C™. Since all
the properties of being Kéahler manifold are satisfied, hence
C™is a Kédhler manifold.

Theorem 5.3 A Hermitian manifold (M,/,G) is a Kahler
manifold if and only if the structure satisfies

V=0
where V,, is Levi-Civita affection related to g.

Proof. If w is any r-form, then its differential form dw can
be expressed as

1
dow =V = ﬁvﬂwvll_____‘,,rdx” Adx"T A ... Adx'r
We have
1 I
vQ = ZV”Q””dx Adx* Adx®
— 1 k k A u v
= g(fhﬂw — I Qo — T Qe Jdx* Adx* A dx

Since I' is symmetrical, so we get
—laa dx* Adx* Adx? = dQ
= 5018y dx X xV =

Now,
(V) (X, Y)
=Vz[90UX,Y)]
= (VzIX, Y]
=g(VJX = ]V,X,Y)

=g((Vz)X,Y), where V,g = 0 is used.

= Vz[QX, V)]

—gUVvzX,Y) —g(X,VzY)
— VX, Y) — QUV,X,Y

—Q(V4X,Y) — Q(X, V,Y)

This is obvious for any X,Y, Z. So it follows that V,Q = 0
if and only if V] = 0. Which completes the prove.

VI. Conclusion

Complex geometry is difficult but fecund thing. It amazed
us both in its at the first sights limitless altitude. It is very
amazing that the toughest classical mechanics can be easily
described with the help of geometry of manifolds and which
are very close to complex geometry through Kédhler manifolds.
Complex and Kéhler manifolds have great applications in
theories of physics'?!®. Our lesion on complex geometry
seemed that it is an extension of differential geometry.

We are further interested to continue this study especially on
the Kéhler manifolds and will try to extend our research to
Calabi-Yau manifolds and Hyper Kéhler manifolds.
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