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Abstract 

This paper concerns the unsteady mixed convection laminar boundary layer flow past a vertical wedge in the presence of thermal radiation. 
The governing equations have been solved by the straightforward finite difference method for the entire frequency range. We observe that the 
Richardson’s number, Ri, strongly affects the skin friction, heat transfer and mass transfer. The effect of the Schmidt number, Sc, on the mass 
transfer is significant, whereas the skin friction and the heat transfer are almost unaffected by it. Also the heat transfer is considerably 
dependent on the conduction-radiation parameter, Rd, but the influence of this parameter on the skin friction and the mass transfer is rather 
weak. 
 

I. Introduction  

Mixed convection has been the focus of research because of 
its application in electronic equipment cooled by a fan and 
flows in the ocean and in the atmosphere. In this 
phenomena, the forced and the free convection effects are of 
comparable magnitude. Therefore, mixed convection takes 
place when the effect of buoyancy forces on a forced flow 
or vice versa is significant. There are various applications in 
thermal engineering and science where the influence of 
mixed convection is to be investigated. Examples of these 
applications include atmospheric boundary layer flows, 
solar energy systems, boilers, compact heat exchangers, and 
cooling of electronic devices.  

Due to the occurrence in many interesting and important 
fluid-mechanical problems, oscillating flow and heat 
transfer under the influence of free-stream oscillation have 
been the important topic of research, for example, the 
accelerating and decelerating phases of missile flight, the 
intermittent flow in an engine during unstable combustion, 
heat transfer encountered in liquid rocket and turbo-jet 
engines, and thermal failure of the resonance tube heating in 
which the effect of heat generation appears to be significant. 
Lighthill 1 first initiated the investigation of how a boundary 
layer responds to fluctuations of the external velocity about 
a steady mean. Yih2 presented an analysis of the forced 
convection boundary-layer flow over a wedge with uniform 
suction and blowing, whereas Watanabe3 investigated the 
behavior of the boundary-layer over a wedge with suction 
and injection in forced flow. Recently, Sing et al.4 have 
studied the behavior of unsteady mixed convection flow of 
an incompressible viscous fluid over a vertical wedge with 
constant suction/injection. Al-Harbi and Ibrahim5 investiga-
ted the development of mixed-convection boundary-layer 
flow along a symmetric wedge with variable surface 
temperature embedded in a saturated porous medium. 
Prasad et al.6 analyzed the magnetohydrodynamics mixed 
convection flow over a permeable non-isothermal wedge in 
the presence of variable thermal conductivity. A steady 
mixed convection boundary layer flow over a vertical wedge 
with the effect of magnetic field embedded in a porous 
medium has been studied by Kumari et al.7. Hossain et al.8 
examined a steady two dimensional laminar forced flow of a 
viscous incompressible fluid past a horizontal wedge with 

uniform surface heat flux. Moreover, Kandasamy et al.9 
presented the effects of variable viscosity and thermo-
phoresis on magneto-hydrodynamics mixed convective heat 
and mass transfer past a porous wedge in the presence of 
chemical reaction.  

The radiative effects have important applications in physics 
and engineering particularly in space technology and high 
temperature processes such as nuclear power plants, gas 
turbines and thermal energy storage. Yih10 studied the effect 
of radiation on mixed convection flow optically dense viscous 
fluids about an isothermal wedge embedded in a saturated 
porous medium. Chamkha et al.11 investigated the steady-
state, hydromagnetic forced convective boundary-layer flow 
of an incompressible Newtonian, electrically conducting and 
heat-generating/absorbing fluid over a non-isothermal wedge 
in the presence of thermal radiation effects.  

Many transport processes occurring both in nature and in 
industries involve fluid flow with the combined heat and 
mass transfer. Coupled heat and mass transfer problems in 
presence of thermal radiation are of importance in many 
processes and have, therefore, received considerable 
attention in recent times. The study of heat and mass 
transfer with thermal radiation is of great practical 
importance to engineers and scientists because of its almost 
universal occurrence in many branches of science and 
engineering. Motivated by the aforementioned applications, 
the present analysis is devoted to study the unsteady laminar 
boundary layer mixed convective heat and mass transfer 
with conduction-radiation interaction of viscous incom-
pressible fluid past a vertical wedge.   

II. Mathematical Formulation 

A two-dimensional unsteady laminar mixed convection 
boundary layer flow of an optically dense viscous and 
incompressible fluid past a wedge under the influence of 
thermal radiation is considered. The physical configuration 
and coordinate system of the problem are shown in Figure 1. 
In this figure, δM, δT and δC represent the approximate 
momentum, thermal and concentration boundary layer 
thickness, respectively. It is assumed that the surface 
temperature of the wedge, species concentration and free 
stream are oscillating with small amplitude but not in the 
direction.  
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Under the usual Boussinesq approximation, the conservation 
equations for the unsteady, laminar, two dimensional 
boundary layer flow problem can be written as 
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In the above equations, x and y are the coordinates parallel 
with and perpendicular to the wedge surface, u and v are the 
velocity components in the x- and y-directions, respectively, 
ν is the coefficient of viscosity, g is the acceleration due to 
gravity, βT and βC are the coefficient of volumetric 
expansion for temperature and concentration, respectively, α 
is the thermal diffusivity, κ is the thermal conductivity and 
D is the molecular diffusivity of the species. Furthermore, T 
and T∞   are the temperature of the fluid in the boundary 
layer and the ambient fluid, respectively, C and C∞ are the 
species concentration and the ambient concentration.  

 
 

Fig. 1. Flow configuration and coordinate system 
 
The corresponding boundary conditions are 
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Here, Tw is the mean surface temperature wherever  Tw > T∞  
and  Cw is the mean surface concentration with Cw  > C∞. In 
addition the free-stream velocity U (x, t) is assumed to be of 
the form   
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where  U0,  ε  are constants and  ω  is the frequency. 

The quantity rq on the right-hand side of equation (3) 

represents the radiative heat-flux in the y-direction. In order 
to reduce the complexity of the problem the optically thick 
radiation limit is considered in the present analysis. Thus the 
radiative heat-flux term is simplified by using the Rosseland 
diffusion approximation for an optically thick fluid 
according to 
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In the above expression, σ is the Stefan–Boltzman constant, 
a is the Rosseland mean absorption coefficient and σs is the 
scattering coefficient.  
Now, ψ  is the stream function  that satisfies the continuity 
equation (1) and is defined by  
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When  ε << 1, the functions  ψ ,  T  and  C  may be developed 
in the following forms 
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where only the real part is to be taken as it has physical 
meaning. 
Now, we substitute  (7)–(10) into (2)–(4) and equate the 
coefficients of  ε0  that give 
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For the set of above equations, ψs, Ts and Cs represent the 
steady-state solutions that can be determined by the 
following functions: 
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Using (14) into (11)–(13), we obtain 
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with boundary conditions 

0, 1, 1f f θ ϕ′= = = =    at  η = 0 (18) 

1, 0, 0f θ ϕ′ = = =     as  η → ∞. (19) 

Substituting the expressions (7)–(10) into (2)–(4) and 
equating the coefficients of ε give equations for time-
dependent components ψ1,  T1  and  C1 as   
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The associated boundary conditions become 
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To non-dimensionalize the equations (20)–(22), we consider 
the following expressions  
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Using (14) and (25) into (20)–(22), we obtain 
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Here ξ = ωx1/2/U0, Grx = GrT + GrC = g{  βT (Tw − T∞) + βC 
(Cw − C∞)}cos(π/4)x3/ν2

  is the global Grashof number with 
GrT  being the Grashof number for thermal diffusion and 
GrC the Grashof number for mass diffusion, Rex = U0x

3/2/ν  
is the Reynolds number, Ri = Grx / Rex

2 is the Richardson’s 
number, Pr = ν/α is the Prandtl number, Sc = ν/D is the 
Schmidt number. Other parameters are defined as Rd = 4σ

3T∞ /κ(a + σs), ∆ = Tw/T∞ − 1 where Rd is the conduction-

radiation parameter and ∆ is the surface temperature 
parameter. 

The corresponding boundary conditions for (26)–(28) are  

0, 1, 1F F ′= = Θ = Φ =    at  η = 0                          (29) 

1, 0, 0F ′ = Θ = Φ =   as  η → ∞. (30) 

The sets of equations (15)–(19) and (26)–(30) are solved by 
employing the straight forward finite difference method12. 
Of interest are the skin friction, the rate of heat transfer and 
the mass transfer which are expressed following Kumari     
et al.7:  
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In this study, the results are presented in terms of Au/ξ
1/2, 

Aq/ξ
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Here the real parts of the transverse velocity gradient, 
temperature gradient, and mass gradient at the surface are 
Fr″, Θr′ and Φr′  respectively, and the imaginary parts of 
those are Fi″, Θi′ and Φi′. 
 
III. Results and Discussion 
In this paper, we examine the effects of the Richardson’s 
number, Ri, the Schmidt number, Sc, and the conduction-
radiation parameter, Rd, on the amplitudes of skin-friction, 
heat transfer and mass transfer. 
Figures 2(a)-(c) depict the effects of varying the 
Richardson’s number, Ri, on the amplitudes of the skin 
friction, the heat transfer and the mass transfer, respectively. 
From the figure 2(a), it is seen that the amplitude of the skin 
friction is higher for higher values of Richardson’s number, 
Ri. But the rate of change of the skin friction from the 
leading edge to the downstream region is higher for lower 
Ri. On the other hand, figures 2(b) and 2(c) show that with 
an increase of Ri, the amplitudes of both heat and mass 
transfer are higher near the leading edge while the reverse 
case is observed in the downstream region.  
 

 

 

 
Fig. 2. Amplitudes of (a) skin friction, (b) heat transfer and (c) 
mass transfer for different values of Ri while Pr = 0.72, w = 0.5, Sc 
= 0.22, Rd = 0.5, ∆ = 0.1. 
 
The effects of the Schmidt number, Sc, on the amplitudes of 
the skin friction, the heat transfer and the mass transfer are 
shown in Figures 3(a)-(c), respectively. Results indicate that 
the amplitude of the skin friction increases with an increase 
of Sc. This is due to the fact that the Schmidt number 
becomes high owing to either increase of the kinematic 
viscosity or decrease of the mass diffusivity of the fluid, and 
the increase of the skin friction is the result of this change of 
the fluid property. The changing of Sc has no strong effect 
on the amplitude of the heat transfer although it has strong 
effect on the amplitude of the mass transfer. As the value of 
Sc increases, the amplitude of mass transfer increases. It is 
because the Schmidt number, Sc, indicates the physical 
properties of the diffusing species. 
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Fig. 3. Amplitudes of (a) skin friction, (b) heat transfer and (c) 
mass transfer for different values of Sc while Pr = 0.72, Ri = 2.0, w 
= 0.5, Rd = 0.5, ∆ = 0.5. 
 
Figures 4(a)-(c) exhibit the influences of the conduction–
radiation parameter, Rd, on the amplitudes of the skin 
friction, the heat transfer and the mass transfer, respectively. 
From the figures, we observe that the amplitude of the heat 
transfer is strongly dependent on the conduction-radiation 
parameter Rd, whereas that of the skin and the mass transfer 
is almost unaffected by it. Also an increase in the 
conduction-radiation parameter results in decreasing the 
amplitude of the heat transfer which validates the findings 
of Chamkha et al.10. The reason is that the smaller Rd 
corresponds to an increased dominance of conduction over 
radiation. 
 

 

 
Fig. 4. Amplitudes of (a) skin friction, (b) heat transfer and (c) 
mass transfer for different values of Rd while Pr = 0.72, Ri = 2.0, w 
= 0.5, Sc = 0.22, ∆ = 0.5. 
 
IV. Conclusions 
We study the unsteady mixed convection boundary layer 
flow over a vertical wedge in the presence of thermal 
radiation. The dimensionless governing equations have been 
solved by the straightforward finite difference method for 
the entire frequency range. We found that for higher 
Richardson’s number, Ri, the amplitude of the skin friction 
is higher. With an increase of Ri, the amplitudes of the heat 
transfer and the mass transfer are found to be higher near the 
leading edge but the reverse case is seen in the downstream 
region. When the Schmidt number, Sc, is decreased, the 
amplitude of the skin friction increases. On the contrary, the 
changing of Sc has no strong effect on the amplitude of the 
heat transfer. Moreover, the amplitude of the mass transfer 
increases as the value of Sc increases. Also the heat transfer 
is found to be strongly dependent on the conduction-
radiation parameter, Rd, but the effect of this parameter on 
the skin friction and the mass transfer is rather weak. 
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