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Abstract

The main target of this article is to study about Lie Groups, Lie Algebras. This article will enrich our knowledge about Algebraic
properties of manifolds, how Lie Groups and Lie Algebras are working with their properties. Finally, we have discussed an example
by showing all the properties of Lie Algebra,Lie Groups for a special Group and a Theorem has established.
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I. Introduction

Lie Groups undoubtedly one of the significant special class
of differentiable manifolds. A group where group operations
are C” is called the Lie Group.

In this article, we’ll discuss about the foundations and
formulations of Lie Groups. The central focus will be on the
relationship between a Lie Group and its Algebra of the Left
Invariant vector. We’ll also prove a theorem, after verifying
an example showing all the properties of Lie Groups and their
Lie Algebras.The significance of this paper is the explanation
of all properties of corresponding Groups.

II. Lie Groups

Definition 2.1 A differentiable Manifold N with group
feature is defined as a Lie Group and the map

NxN — N defined by
(o,7) > or'is C”

Map 7+>7 ' and (0,7)+> OTassociated with
NxN — N are C” because they are
compositions of

7> (e,7) and

(o,7) = (0,7") > o1 of C* maps.
where, € denotes unity of N

Example 2.2 A Lie group is a group of symmetries. In that
sense we can say that the circle has a lot of symmetries and
form a Lie group.

Example 2.3' General Linear Group G/ (n, R) of all
n X n matrices with real entries and non-zero determinant
is a Lie group under the usual multiplsication of matrices.
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III. Lie Algebras
Definition 3.1 Lie Algebra is a set of vectors g accomplished by

[ , ]:gxg—)ggivenby

(i)[xy]=~[r.x]

(ii)[[x,y],z]+|:[y,z],x]+[[z,x],y]:0x,y,ze g

Example 3.2 G/ (n, R) form Lie Algebra when properties
of Lie Bracket are satisfied. i.e.

[A,B]=AB—-BA
where A, B are square matrices of order 7 .

Definition 3.3 Lie Algebra will be Abelian if all brackets are
set equal to zero.

IV. Left Invariant

Lie algebra of N is like algebra of Left Invariant. Lie
Algebra at any point is equivalent to Lie algebra as tangent
space at identity of that Lie Group.

Definition 4.1° A form @ is said to be Left Invarianton N if

ol w = forevery CON .

We denote differentiable p — forms as

Eliny(N) = Z553" Effy, (N).

linv
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V. 9 Verifying all the Characteristics of Lie Groups and
Its Algebras for the Group GI(2,C) 4

Let us consider “general linear” group G/ (n,(C)- Ifn=2
, then Gl(n,((j)will be special group which is indicated by
S1(2,C) where

SI(2,0)= {(f ZJ‘ps —qr= 1} , where (1: Z] ect

(a) First we will prove that Sl((Z, (C),o> will be a group.

For convenience let N = §I(2,C).
Let us consider the map

o: NxN —> N
Then N is closed, associative under usual matrix operation.

The neutral element of this group is [1 OJ eN.
0 1

r s

-1
ps—qr\—-r p r s
-1
forwhichpqopq :1 0.
ros ros 0 1

Hence, N satisfies all the properties of being a group.

\v4 (p qj e N there exists an element

(b) Now we will show that ( N, 9) is a topological space:

Let us define a topology 6. on C by virtue of the definition
of open balls as

B,er+(2) ={y €Clly —z| <r}.

It will satisfy all the properties of being a topological space.

(¢c) We need to show that (( N’(C)’o) is a topological
manifold:

Let us construct the chart

u:={[f ZJGN|p¢o},

x:u—C
with x[(p qj] =(p,q,r) - This is continuous.
ros
x:u—)x(u)g(c3 ,

x! :x(u) — u with

p q
1+gr
p

So,the above map is a homeomorphism. Hence,(u,x) isa
chart of NV .
Let us construct another chart as

{(ﬁ ZJEWO}

yiv>C

with y[(f ZD =(q,r,s) . This is continuous.

y:v—>y(v)cC’ and

o . .
x ' (p,q.r)= . This is also continuous.

y! :y(v) — v with

1+gr

v (g.r.s)=| s
r S

. This is also continuous.

Hence, themap y:v—y (v) is homeomorphism.
So (v, ) is alsoa chart of N
We’ll find third chart as

= e

ziwoC

with Z[(p q}] =(p,q,s) - This is continuous.
ros
z:w—)z(w)g(C3 and
z! :Z(w) — w with

P q
z ' (p.q>8)=| ps—1
q

. This is also continuous.

So,z:w— z(w) is a homeomorphism i.e. (w,z) is a chart
of N.

NowuUw=N  which implies ((N,(C),H) is 3
-dimensional complex manifold.

(d) Now we’ll show that (N, A) is a C” -differentiable
manifold:
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We have seen

{(u,x),p # 0and (w,z),q # O} =A,, =topological atlas
- Now we’ll show that A, is C * -compatible.

Consider the transition map

zox ' ix(unw) = z(unw),

P q
x(p,g,r) = 1+qr
p
P q
Z(( D=(p,q,S)
r S
1+gr

,1 .
). Hence,zox  is

So,zox™! :(p,q,r)=(}9"1>

C” -differentiable.

Similarly, x oz : z(u " W) = x(u " w)is C*
-differentiable.

Hence, ( N, _A) is a ¢ -differentiable manifold.
(e) Now we’ve to show that N be a Lie group.

Let us consider the map g : N x N — N . We have to check
that

[[p qj[pl qID [p qj (pl qu

/’l = o and

ros)\rn s ros)\n s
i:N —> N with

i L = 1 s are smooth.
ros ps—qr\—-r p

Multiplication property is obvious under the usual matrix
multiplication.

i

u Y
x| y
x(u) T )

. -1 . .
Now  construct yoioXx considering  the  above

commutative diagram.
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p q
Sothat yojox(p,q,r)=(yoi) M
p
N 1+gr 4
B 1+gr—gr
—r p

=(—q,—7, p) which implies i is differentiable.

Similarly, using the atlas defined as N X N — N by virtue
of the differentiable A as NV and also N is differentiable.

Hence ((N ,(C),O) is a 3-dimensional imaginary Lie
group.

(f) Suppose Lie algebra of N is L(N). We want to show
that V satisfies all the properties of Lie Algebras.

Let L(N) = {X e T(TN) [1‘* (X, )} =X }
4l ol l,] S1on S b
TN =vector fieldon N .

Let Z[p q] :N —> N with

r.s

/ o q|_(P 4| [P 4
[fzjrlsl ros h S

We can again write that T, nN=L(N)cI(IN) where

o)
L(N)=[c,o]:T,NxT ,N—>T,N .
We have to determine [o,©] using chart (,X) . Since

1
0

_lﬁ &) oj[fol[f zﬂ, fecran

s 01 0 1

0
J €u for j =1,2,3 we have

=0, folpqox’1
R

10
ros AUR

:a,-[(fox‘){x"’(‘: )D

Now

o (fox™) o] (x[l OJJ:( 0 J 7
" “r ) 0 1)) \a" )
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and
b q,
[x'”ol(f Zjox_lJ(pl’ql’ri):[xmOl(f Z]} 7] 1+q1’/i
P
qr+q.r,
R A
:Xm 1 !
rp, +sn r‘I1+S( +ai)
)2
qr+q.r,
=£ppl+qn,pql+—”,rpl+er
|
Now
a‘.[x”‘ol[p q]ox_I](pl,ql,Vl) x[] 0)_6{)5’“0[([, q)"x_l](pp%’rl)u,o,m
p 0 g
_q(+qn -
= p prt =
JZE 4
Sr 0 S
L Jj.0.0)
[ p 0 q]
=l-¢g p 0
|7 0 s |,

So, the value of

S

will be
p 0 gl
3
S
r 0 s |, ox [1:3)
((2), - v ol ()
S o I I IV ()

So,

l(p "I

(=)

Now we’ll calculate

(M%MW%Jﬁhﬂ@%Mw@Jmf

{p%j[f NC T

1
0 1

Ak gl e

r.s

0 0
So. [gj[ 0],((%—2% ) £ =X -Y(X)

0 1 0 1

iy ey &l

a
=C/,| b | =structure constant of N .
c
Hence, N satisfies all properties of Lie Algebras.

Theorem 1 Suppose N and H be two Lie groups with Lie
algebras @ and [) respectively. also let w : N —> H isa
homomorphism. Then
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@) X and dy (X) are Y -related for every XOg

(i) dy : g — b will be homomorphism.

Proof. Suppose that X = dy/(.)( ) .Then X’ and X are
W -related. Since ¥/ is a homomorphism, we have

IW(G) v=y°l .

So, we have

which proves (i).
Now X, )dg . Then [}(_j;]z[jg,ﬂ But [x,)] is
W -related to the left invariant vector field [ X, )}J
Specifically,

[2.5]e)=av ([2.5)) -

But [}Ejﬂ is singular left invariant set of vectors on H

which has value dy/([ X, y](e)) at identity which proves (ii).
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VI. Conclusion

Throughout this paper, some important and primary level
definitions, examples and one theorem which are unignorable
are discussed. Finally, in section V, the example has been
proved which is related toLie Group and Lie Algebra of
Manifold S/(2,C). This type of representation of group as
well as manifold will be beneficial for our further research in
the corresponding field.
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