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Abstract 

The Author introduces a novel geometric framework in which the observable universe 
is realized as a three-dimensional slice embedded within an infinite-dimensional 
Hilbert manifold. Unlike conventional approaches, which treat the universe as a self-
contained manifold, our construction provides a rigorous embedding of compact 
Riemannian 3-manifolds into separable Hilbert spaces, yielding. Smooth foliations 
generated by unit-length normal vector fields. This yields a moduli space of embedded 
universes, modeled as a smooth, infinite-dimensional Fréchet manifold —a structure 
not previously explored in this context. Extending the framework into a quantum field-
theoretic setting, The Author defines global fields over the ambient Hilbert space and 
interpret physical observables as restrictions to individual slices. This gives rise to a 
fiber bundle of Hilbert spaces indexed by foliation parameters, supporting a relational 
interpretation in which field configurations, locality, and even dimensionality emerge 
from the geometry of slicing. As a concrete example, The Author embeds the 3-sphere 
into ℓ� 𝑎𝑛𝑑 visualize the resulting foliation. The Author concludes by discussing the 
implications of this approach for the emergence of physical law, the ontological status 
of the ambient space, and the geometric origin of dimensionality. 
 

Keywords :  Hilbert manifolds; foliation theory; infinite-dimensional geometry; 
Fréchet manifold; moduli space; manifold embeddings. 
 

1.  Introduction 
The idea that our universe may not be a closed, self-contained structure but instead a 
lower-dimensional submanifold embedded in a higher-dimensional ambient space has 
emerged as a recurring theme across modern physics and philosophy. This notion 
underlies some of the most ambitious theoretical frameworks in contemporary science. 
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In string theory, for example, fundamental particles are modeled as one-dimensional 
strings whose vibrational modes give rise to the particle spectrum. These strings 
naturally propagate in ten or eleven dimensions, depending on the theory, with the 
extra dimensions typically compactified on Calabi-Yau manifolds or orbifolds [1,2]. 
M-theory generalizes this structure by introducing membranes (branes) of various 
dimensionalities, suggesting that our observable universe might be a 3-brane 
embedded in a higher-dimensional bulk [3]. This brane-world perspective finds 
concrete realization in models such as those proposed by Randall and Sundrum [4,5], 
in which our 3+1-dimensional universe is embedded in a 5-dimensional anti-de Sitter 
spacetime. These models aim to explain the hierarchy problem and propose that 
gravity can “leak” into the bulk, while standard-model4 fields remain confined to the 
brane. A conceptually related but mathematically distinct framework arises in 
holographic dualities, particularly the AdS/CFT correspondence [6], which posits a 
duality between a gravitational theory in a higher-dimensional bulk and a quantum 
field theory on its lower-dimensional boundary. These ideas have revolutionized our 
understanding of space, gravity, and gauge theory. Still, they also challenge the status 
of spacetime itself, raising the possibility that geometry is emergent rather than 
fundamental. 

Parallel to these developments in physics, the mathematical literature has provided 
rigorous tools for understanding embeddings, foliations, and infinite-dimensional 
manifolds. Whitney’s classic embedding theorem [7], later extended by Nash [8], 
established that any smooth 𝑛 − 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 manifold can be embedded in 
Euclidean space of sufficiently high dimension. In the infinite-dimensional setting, 
Kuiper [9] and Henderson [10] showed that every finite-dimensional smooth manifold 
can be smoothly embedded into a separable Hilbert space, and that such Hilbert 
manifolds possess remarkable topological flexibility. Foliation theory, too, has seen 
deep development, particularly in the study of global structure and leaf geometry [11-
13]. In this context, a manifold is partitioned into submanifolds (leaves) that locally 
resemble slices of a product structure. These ideas are powerful in both mathematics 
and physics, where foliations often model physical evolution (as in the ADM 
formalism) or describe configuration spaces with symmetry. 

Despite this extensive progress, the use of infinite-dimensional foliations to model the 
universe-and to define quantum fields over such structures-remains largely 
unexplored. Existing physical models, such as brane-world scenarios and holographic 
dualities, typically assume a fixed higher-dimensional background, rather than 
constructing a systematic geometric moduli space of embedded universes. More recent 
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efforts in quantum gravity and emergent spacetime, such as deriving geometry from 
entanglement [23], defining Hilbert-space-based models of spacetime [24], and group 
field theoretic approaches [25], point to the importance of Hilbert manifolds, but do 
not offer a direct foliation-theoretic construction. Our work addresses this gap by 
proving the existence of smooth foliations of compact 3-manifolds within separable 
Hilbert manifolds, and by interpreting physical observables as restrictions of global 
fields across slices. This provides both a rigorous mathematical framework and a 
novel conceptual bridge between geometry and physics. 

The novelty of this paper lies in establishing a rigorous foliation framework within 
infinite-dimensional Hilbert manifolds that admits a smooth Fréchet moduli space of 
universes. Unlike earlier approaches, we explicitly construct families of foliated 
embeddings generated by unit-length normal vector fields and extend this structure to 
a quantum field theoretic setting. This dual perspective, geometric and field-theoretic, 
highlights dimensionality and physical law as emergent features of the foliation 
structure. 

The idea that our universe may not be a closed, self-contained structure but instead a 
lower-dimensional submanifold embedded in a higher-dimensional ambient space has 
emerged as a recurring theme across modern physics and philosophy. This notion 
underlies some of the most ambitious theoretical frameworks in contemporary science. 
In string theory, for example, fundamental particles are modeled as one-dimensional 
strings whose vibrational modes give rise to the particle spectrum. These strings 
naturally propagate in ten or eleven dimensions, depending on the theory, with the 
extra dimensions typically compactified on Calabi–Yau manifolds or orbifolds [1,2]. 
M-theory generalizes this structure by introducing membranes (branes) of various 
dimensionalities, suggesting that our observable universe might be a 3-brane 
embedded in a higher-dimensional bulk [3]. This brane-world perspective finds 
concrete realization in models such as those proposed by Randall and Sundrum [4,5], 
where our 3+1-dimensional universe is embedded in a 5-dimensional anti-de Sitter 
spacetime. These models aim to explain the hierarchy problem and propose that 
gravity can “leak” into the bulk, while standard model fields remain confined to the 
brane. A conceptually related but mathematically distinct framework arises in 
holographic dualities, particularly the AdS/CFT correspondence [6], which posits a 
duality between a gravitational theory in a higher-dimensional bulk and a quantum 
field theory on its lower-dimensional boundary. These ideas have revolutionized our 
understanding of space, gravity, and gauge theory, but also challenge the status of 
spacetime itself—raising the possibility that geometry is emergent, not fundamental. 
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Parallel to these developments in physics, the mathematical literature has provided 
rigorous tools for understanding embeddings, foliations, and infinite-dimensional 
manifolds. Whitney's classic embedding theorem [7], later extended by Nash [8], 
established that any n-dimensional manifold can be embedded in Euclidean space of 
sufficiently high dimension. In the infinite-dimensional setting, Kuiper [10] and 
Henderson [9] showed that every finite-dimensional smooth manifold can be smoothly 
embedded into a separable Hilbert space, and that such Hilbert manifolds possess 
remarkable topological flexibility. Foliation theory, too, has seen deep development, 
particularly in the study of global structure and leaf geometry [11,12,13]. In this 
context, a manifold is partitioned into submanifolds (leaves) that locally resemble 
slices of a product structure. These ideas are powerful in both mathematics and 
physics, where foliations often model physical evolution (as in ADM formalism) or 
describe configuration spaces with symmetry. 

Despite the extensive development of embedding theorems and foliation theory in 
both finite- and infinite-dimensional contexts, their application to modeling the 
universe as a foliated structure in Hilbert manifolds remains largely unexplored. 
Existing physical models, such as brane-world scenarios and holographic dualities, 
typically assume a fixed higher-dimensional background rather than constructing a 
systematic geometric moduli space of embedded universes. Our work addresses this 
gap by proving the existence of smooth foliations of compact 3-manifolds within 
separable Hilbert manifolds, and by interpreting physical observables as restrictions of 
global fields across slices. This provides both a rigorous mathematical framework and 
a novel conceptual bridge between geometry and physics. 

 In this paper, we explore a precise mathematical version of this idea. We construct a 
framework in which a smooth 3-dimensional manifold 𝑀� (representing a spatial 
universe) is embedded as a leaf in a foliation of an infinite-dimensional Hilbert 
manifold ℳ�.. Drawing on foundational results in differential topology, such as the 
Whitney and Nash embedding theorems [14]. Their infinite-dimensional extensions by 
Kuiper and Henderson [9,10]-we prove that: 

For any compact, oriented Riemannian 3-manifold 𝑀�, there exists a smooth, infinite-
dimensional Hilbert manifold ℳ� that admits a foliation    {𝛴�}�∈� by isometrically 
embedded copies of 𝑀�. Moreover, the space of such foliations, parameterized by 
unit-length normal vector fields, forms a smooth infinite-dimensional Fréchet 
manifold. 
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This result formalizes a moduli space of parallel universes, each modeled as a 
geometric slice within a smooth ambient space. Our construction builds directly from 
a base embedding 𝑓�: 𝑀� ↪ ℋ, and generates entire foliations by translating along 
smooth normal vector fields—akin to producing a family of parallel hypersurfaces in 
classical differential geometry. The moduli space of these foliations resembles a 
geometric configuration space, where each point corresponds to a full universe. On 
this structure, we propose a conceptual extension of quantum field theory: instead of 
defining fields strictly on a single spacetime slice, we treat quantum fields as global 
sections over bundles defined on the ambient manifold ℳ�, with each restriction 
ϕ� ≔ Φ|�� yielding an ordinary field theory on that slice. This perspective allows us 
to view physical laws as emergent from geometry and dimensionality as a 
contextual property determined by embedding rather than assumption. 

The structure of the paper is as follows. Section 2 develops the mathematical 
framework and proves the main embedding and foliation theorem. Section 3 interprets 
the physical implications, including the idea of quantum fields defined across the 
foliation. Section 4 discusses the philosophical consequences of embedding, 
emergence, and mathematical ontology. Section 5 presents a concrete example: the 
embedding and foliation of 𝑆� ⊂ ℓ�. 

2. Mathematical Framework 
We now formalize the geometric setup that underpins our model. We aim to describe 
how a compact 3-manifold 𝑀� can be embedded into an infinite-dimensional Hilbert 
manifold ℳ�,  and how such embeddings give rise to smooth foliations whose 
moduli space admits a natural differential structure. 

Let 𝑀� be a smooth, compact, connected, and oriented 3-dimensional Riemannian 
manifold with metric 𝑔. 𝐿𝑒𝑡 ℋ denote a separable infinite-dimensional real Hilbert 
space, such as ℓ�(𝑁), and 𝑙𝑒𝑡ℳ� be a smooth Hilbert manifold modeled on ℋ, as 
described in [15,16]. 

We assume that 𝑀� is smoothly embedded into ℋ via a smooth map 𝑓�: 𝑀� ↪ ℋ. By 
classical results from Henderson [9] and Kuiper [10], any such manifold 𝑀�  admits 
such an embedding into a separable Hilbert space. The image 𝑓�(𝑀�) will serve as the 
reference slice in the foliation we construct. 

2.1 Foliation Structure and Definitions 
We begin by recalling several foundational definitions relevant to our setting, adapted 
to infinite-dimensional manifolds following [11,13]. 
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Definition 1 (Foliation) 

A  foliation  ℱ of a smooth manifold ℳ is a decomposition of ℳ into a disjoint union 
of connected, injectively immersed submanifolds called leaves such that  ℳ admits an 
atlas of charts {(𝑈�, ϕ�)}, where each chart maps 𝑈� ⊂ ℳ diffeomo,rp                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    
70hically onto an open set in 𝑅� × 𝑅∞��, and such that leaves locally correspond to 
slices of the form 𝑅� × {const}. 

Definition 2 (Leaf) 

Given a foliation ℱ on ℳ, a leaf  Σ ∈ ℱ is a connected, injectively immersed 
submanifold of ℳ such that each point in  Σ admits a neighborhood in ℳ where the 
foliation looks locally like 𝑅� × {const}. 

Definition 3 (Codimension) 

The codimension of a foliation ℱ is the difference between the dimension of the 
ambient manifold ℳ and the dimension of each leaf. In the context of Hilbert 
manifolds, this codimension may be infinite. 

We will construct foliations of ℳ∞ ⊂ ℋ by translating the reference embedding 𝑓� 
along smooth, unit-length normal vector fields. These normal variations give rise to 
families of parallel embedded submanifolds, each diffeomorphic to 𝑀�. 

2.2 The Space of Normal Vector Fields 
Let 𝑓�: 𝑀� ↪ ℋ be a fixed smooth embedding. A smooth map  𝑣: 𝑀� → ℋ is said to 
be normal to the embedding if 

⟨𝑣(𝑥), 𝑑𝑓�(𝑇�𝑀�)⟩ = 0 for all 𝑥 ∈ 𝑀� (1) 
We define the space of unit-length smooth normal vector fields along  𝑓� as: 

𝒱 ≔ {𝑣 ∈ 𝐶∞(𝑀�, ℋ) | ∀𝑥 ∈ 𝑀�:  (𝑥) ⊥ 𝑑𝑓�(𝑇�𝑀�),  |𝑣(𝑥)| = 1} (2) 
This space  𝒱 serves as the parameter space for our family of foliations. We will show 
that  𝒱 is a smooth Fréchet manifold, and that each 𝑣 ∈ 𝒱 gives rise to a smooth 
foliation of an open subset of  ℋ by embeddings of  𝑀�. 

Definition 4 (Hilbert Manifold)  

A Hilbert manifold is a topological space locally homeomorphic to an open subset of 
a separable Hilbert space ℋ, equipped with smooth transition maps between 
overlapping charts. A manifold modeled on  ℋ inherits a smooth structure from the 
Fréchet topology of 𝐶∞-maps between Hilbert spaces [15,16]. 
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Definition 5 (Moduli Space of Foliations) 

Given a fixed embedding 𝑓�: 𝑀� ↪ ℋ, the moduli space of parallel foliations is the 
set of 1-parameter families of smooth embeddings 𝑓�(𝑥) = 𝑓�(𝑥) + α𝑣(𝑥), where 𝑣 ∈
𝒱. This space inherits a smooth infinite-dimensional Fréchet structure from 𝒱 ⊂
𝐶∞(𝑀�, ℋ) [11,13] . 

3. Main Theorem 
We are now prepared to state the paper's central result. 

We now formalize the mathematical setting in which our model operates. Our goal is 
to rigorously establish the possibility of embedding a smooth 3-dimensional manifold-
representing a spatial model of the physical universe-into an infinite-dimensional 
smooth manifold. We then explore structural interpretations of such embeddings, 
including the analogy with hyperplanes and foliations. 

Theorem 1 (Foliated Embeddings and Moduli Space): 
Let 𝑀� be a compact, oriented Riemannian 3-manifold, and let 𝑓�: 𝑀� ↪ ℋ be a 
smooth embedding into a separable infinite-dimensional Hilbert space ℋ. Let 𝒱 ⊂
𝐶∞(𝑀�, ℋ) denote the space of smooth, unit-length, normal vector fields along  𝑓�, 
defined as 

𝒱 ≔ {𝑣 ∈ 𝐶∞(𝑀�, ℋ) | ∀𝑥 ∈ 𝑀�:  (𝑥) ⊥ 𝑑𝑓�(𝑇�𝑀�),  |𝑣(𝑥)| = 1} 

1. For each 𝑣 ∈ 𝒱, the family of maps 𝑓�(𝑥) ≔ 𝑓�(𝑥) + 𝛼𝑣(𝑥) defines a 
smooth foliation  {𝛴�}�∈� of an open subset of  (ℋ), where each 𝛴� ≅ 𝑀� 

2. The space of such foliations, indexed by (𝑣 ∈ 𝒱) forms a smooth infinite-
dimensional Fréchet manifold. 

Proof: 

Step 1: 

Let us first show that 𝒱 ⊂ 𝐶∞(𝑀�, ℋ) is a smooth Fréchet submanifold. Define the 
constraint map 

Φ: 𝐶∞(𝑀�, ℋ) → 𝐶∞(𝑀�, 𝑅��𝟙) (3) 
 

given by 

Φ(𝑣)(𝑥) ≔ ��𝑣(𝑥), 𝑑𝑓��𝑒�(𝑥)��, … , �𝑣(𝑥), 𝑑𝑓��𝑒�(𝑥)��,  |𝑣(𝑥)|� − 1� (4) 
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where {𝑒�(𝑥), … , 𝑒�(𝑥)} is a smooth local orthonormal frame for 𝑇�𝑀�, and 𝑘 =
dim 𝑀� = 3. 

Then 𝒱 = Φ��(0). Each component of  Φ is smooth due to the smoothness of the 
inner product and the norm in ℋ. To apply the infinite-dimensional version of the 
implicit function theorem (see Hamilton [17] , we must show that the differential 𝐷Φ� 
is surjective and admits a continuous right inverse. 

The linearization of Φ at any 𝑣 ∈ 𝒱 is given by 

(𝐷Φ�)(𝑤)(𝑥) = ��𝑤(𝑥), 𝑑𝑓��𝑒�(𝑥)��, … , �𝑤(𝑥), 𝑑𝑓��𝑒�(𝑥)��,  2⟨𝑤(𝑥), 𝑣(𝑥)⟩� (5) 
 

Since 𝑑𝑓�(𝑇�𝑀�) ⊂ ℋ 𝑖𝑠 a 3-dimensional subspace and 𝑣(𝑥) ⊥ 𝑑𝑓�(𝑇�𝑀�), the 
constraints are linearly independent, and 𝐷Φ� is surjective pointwise. It follows that 
the kernel is complemented and the inverse function theorem applies. 

Hence, 𝒱 is a smooth Fréchet submanifold of 𝐶∞(𝑀�, ℋ), modeled on the space of 
smooth sections orthogonal to the constraint directions. 

Step 2: 

For a fixed 𝑣 ∈ 𝒱, define a one-parameter family of embeddings 

𝑓�(𝑥) ≔ 𝑓�(𝑥) + α𝑣(𝑥),  for α ∈ 𝑅. (6) 
 

Since 𝑓� is a smooth embedding and 𝑣  is a smooth, unit-length vector field normal to 
the image of 𝑓�, the map 𝑓� is a smooth deformation of 𝑓�. The derivative of 𝑓� with 
respect to  𝑥  is given by 

𝑑𝑓�(𝑥) = 𝑑𝑓�(𝑥) + α ⋅ 𝑑𝑣(𝑥) (7) 
 

which remains injective for sufficiently small  α, since 𝑑𝑓�(𝑥) is injective and 𝑑𝑣(𝑥) 
is smooth and bounded. 

We define the image leaf Σ� ≔ 𝑓�(𝑀�) ⊂ ℋ. The collection {Σ�}�∈� forms a smooth 
foliation of the union 

ℳ ≔ � Σ�
�∈�

 (8) 
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To verify the foliation property, observe that each point 𝑝 = 𝑓�(𝑥) ∈ Σ� lies on a 
smooth embedded submanifold diffeomorphic to 𝑀�, and that there exists a local chart 
𝑈 ⊂ ℋ such that the foliation corresponds locally 𝑡𝑜 𝑅𝟛 × 𝑅 ⊂ 𝑅∞, with the leaves 
Σ� given by slices 𝑅𝟛 × {α}. This follows from the regularity of 𝑣  and the smoothness 
of the embedding. 

Moreover, since the deformation direction 𝑣  is normal and of constant unit norm, the 
leaves Σ� are equidistant, non-intersecting, and parallel in the ambient Hilbert space 
(locally), satisfying the conditions of a smooth foliation. 

Hence, the map 𝑓� defines a smooth foliation of ℳ ⊂ ℋ by isometric copies of 𝑀�. 

Let 𝑣 ∈ 𝒱 be fixed. Define a family of maps 𝑓�: 𝑀� → ℋ by 

𝑓�(𝑥) ≔ 𝑓�(𝑥) + α𝑣(𝑥),  α ∈ 𝑅. 

Since both 𝑓� and  𝑣  are smooth, the map (α, 𝑥) ↦ 𝑓�(𝑥) ∈ ℋ  is smooth 𝑜𝑛 𝑅 × 𝑀�. 
Define the total space 

ℳ𝓋 ≔ {𝑓�(𝑥) | 𝑥 ∈ 𝑀�,  α ∈ 𝑅} ⊂ ℋ (9) 
 

We now claim that this defines a smooth 4-dimensional submanifold of ℋ, 
diffeomorphic to 𝑅 × 𝑀�, with a foliation by the 3-dimensional leaves 

Σ� ≔ 𝑓�(𝑀�). 

To see this, define the map 

𝐹: 𝑅 × 𝑀� → ℋ,  𝐹(α, 𝑥) ≔ 𝑓�(𝑥) + α𝑣(𝑥) (10) 
Since 𝑓� is an embedding and  𝑣  is smooth and non-vanishing, the map  𝐹  is a smooth 
embedding of  𝑅 × 𝑀�  into ℋ . The image  ℳ𝓋 = Im(𝐹) is thus a 4-dimensional 
smooth submanifold of ℋ, foliated by the 3-manifolds Σ� ≅ 𝑀�. 

The leaves are disjoint since 

𝑓�(𝑥) − 𝑓�(𝑥) = (α − β)𝑣(𝑥) (11) 
 

and 𝑣(𝑥) ≠ 0 for all 𝑥 ∈ 𝑀�, so Σ� ∩ Σ� = ∅ for  α ≠ β. Each Σ� is diffeomorphic to 
𝑀� via the diffeomorphism 𝑥 ↦ 𝑓�(𝑥). 
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Therefore, ℳ𝓋 ⊂ ℋ is foliated by disjoint embedded submanifolds {Σ�}�∈�, each 
diffeomorphic to 𝑀�, forming a smooth 1-dimensional foliation transverse to the 
normal direction 𝑣 . 

Step 3: 
We now consider the space of foliations ℱ𝓋 ≔ {𝑓�(𝑀�)}�∈� generated by vector 
fields 𝑣 ∈ 𝒱. Since each 𝑓�(𝑥) = 𝑓�(𝑥) + α𝑣(𝑥), the foliation structure is entirely 
determined by the choice of 𝑣 . 

Define the mapping: 

Ψ: 𝒱 → ℱ,  𝑣 ↦ ℱ𝓋 (12) 
This map is injective and smooth, since 𝑣 ↦ 𝑓�(𝑥) is smooth for each fixed α, and the 
topology on 𝒱 is induced from the Fréchet topology on 𝐶∞(𝑀�, ℋ). Moreover, this 
association is bijective: two vector fields  𝑣� and  𝑣� generate distinct foliations unless 
𝑣� = 𝑣�, since the leaves Σ�

(�) and  Σ�
(�) differ pointwise unless the embeddings 

coincide. 

Hence, the moduli space of such foliations is smoothly parameterized by 𝒱,  and 
inherits its Fréchet manifold structure. That is, the space of all such smooth, isometric 
foliations is a Fréchet manifold modeled on the submanifold 𝒱 ⊂ 𝐶∞(𝑀�, ℋ). 

Corollary 1 
Let  𝑀� be a compact Riemannian 3-manifold and 𝑓�: 𝑀� ↪ ℋ a smooth embedding 
into a separable Hilbert space. Then there exists an uncountable family of pairwise 
disjoint, isometric embeddings of 𝑀� into ℋ, forming smooth foliations parameterized 
by smooth normal vector fields 𝑣 ∈ 𝒱 . The moduli space of such foliations is a 
smooth infinite-dimensional Fréchet manifold. 

3.1 Explicit Example: Foliation of 𝐒𝟑 in  𝓵𝟐 
We construct an explicit realization of the abstract setup described in the previous 
theorem. Let 𝑆� ⊂ 𝑅𝟜 be the standard 3-sphere: 

𝑆� = {(𝑥�, 𝑥�, 𝑥�, 𝑥�) ∈ ℝ� | 𝑥�
� + 𝑥�

� + 𝑥�
� + 𝑥�

� = 1} (13) 
We define an embedding  𝑓�: 𝑆� ↪ ℓ� by 

𝑓�(𝑥�, 𝑥�, 𝑥�, 𝑥�) = (𝑥�, 𝑥�, 𝑥�, 𝑥�, 0,0,0, … ) (14) 
 
where the image lies in the first four coordinates of the Hilbert space (ℓ�). This map is 
smooth, injective, and isometric with respect to the induced inner product from (ℓ�). 
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Next, we construct a smooth unit-length normal vector field 𝑣: 𝑆� → ℓ� defined by 

𝑣(𝑥�, 𝑥�, 𝑥�, 𝑥�)
= (0,0,0,0, cos(2𝜋𝑥�) , cos(2𝜋𝑥�) , cos(2𝜋𝑥�) , cos(2𝜋𝑥�) , 0,0, … ) 

(15) 

  

normalized to have |𝑣(𝑥)| = 1 for all 𝑥 ∈ 𝑆�, and orthogonal to the tangent space of 
the embedded image 𝑓�(𝑆�), since it lies in the orthogonal complement of the first four 
coordinate directions. 

For each α ∈ 𝑅, define the embedding 

𝑓�(𝑥) ≔ 𝑓�(𝑥) + α𝑣(𝑥) 

Then 𝑓�(𝑆�) defines a smooth, isometric copy of  𝑆� embedded in ℓ�, and the family 
 {𝑓�(𝑆�)}�∈� forms a smooth foliation of an open subset of  ℓ�. 

This construction provides a tangible realization of the general framework and 
illustrates the geometric intuition behind viewing the universe as a slice in an infinite-
dimensional ambient space. 

 

 
Figure 1: Foliation of  𝑆� in  ℓ� via smooth normal vector variation α𝑣(𝑥). Each slice 

𝑓�(𝑆�) is an isometric embedding of the 3-sphere, illustrating the geometric model 
discussed in Theorem 1. 
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4.Quantum Fields on Foliated Infinite-Dimensional Manifolds 
In the previous section, we constructed a smooth foliation {Σ�}�∈� of an infinite-
dimensional Hilbert manifold ℳ∞ ⊂ ℋ, where each leaf  Σ� is an isometric copy of a 
compact 3-manifold 𝑀�. We now propose a framework for defining quantum fields on 
this foliated geometry, and explore the implications of such a model. 

4.1 Field Configuration Space 
Let ℰ → ℳ∞ be a smooth fiber bundle, where each fiber ℰ𝓅 over a point 𝑝 ∈ ℳ∞ 
represents the value of a quantum field at that point. We define a global field 
configuration as a smooth section 

Φ ∈ Γ(ℰ) (16) 

and interpret each restriction ϕ� ≔ Φ|�� as a conventional quantum field defined on 
the 3-manifold Σ� ≅ 𝑀�. 

This setup allows us to regard  Φ as a “higher-dimensional” or “transversal” field, 
whose behavior across  α encodes how field configurations vary across slices in the 
foliation. In this way, fields are no longer restricted to a single universe but are defined 
over a full family of embedded copies of 𝑀�. 

4.2 Hilbert Bundle Structure 
To support quantization, we associate to each slice Σ� a Hilbert space ℋ� representing 
the quantum states of fields on that slice. This gives rise to a fiber bundle 

π: ℋ 

 
𝑡𝑜𝑡𝑎𝑙 → ℝ, ℋ 

total  : = ⋃ ℋ���ℝ  

modeled as a Hilbert bundle over the foliation parameter space. The smoothness of the 
foliation ensures that the dependence α ↦ ℋ� is continuous in the appropriate sense 
[16]. 

One may then consider global quantum states as sections of this bundle, i.e., 
assignments Ψ: α ↦ ψ� ∈ ℋ�. These represent “superpositions” or coherent quantum 
states that are defined over a range of universes, rather than on a single fixed slice. 
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4.3 Variation and Dynamics Across Slices 
We may further hypothesize that the geometry of the foliation itself induces structure 
on the field theory. For example, a change in the embedding direction 𝑣 ∈ 𝒱  may 
correspond to a deformation of the quantum Hamiltonian, leading to a smooth 
evolution of field-theoretic data across slices. If a suitable connection can be defined 
on ℋone can even define a covariant derivative along the foliation parameter  α, 
yielding evolution equations of the form 

𝐷𝜓�
𝑑𝛼 = 𝒜�𝜓� (17) 

where 𝒜� is a self-adjoint operator (e.g., a Hamiltonian) that may vary with  α. This 
opens a pathway toward defining a dynamic not just within slices, but between-a 
higher-level interaction encoded in the geometry of the foliation. 

4.4 Interpretation and Physical Outlook 
This construction provides a relational view of quantum fields, where physical law is 
not fixed on a single background spacetime but instead emerges from how fields 
behave across a family of embedded geometries. In this setting, dimensionality 
becomes a contextual feature, and observables are not simply localized quantities on a 
manifold, but sections over an entire geometric landscape. 

The traditional quantum field theory, typically grounded on a fixed Lorentzian 
spacetime, thus appears as a restriction of a more general theory defined over a 
foliated, infinite-dimensional configuration space. This approach aligns naturally with 
ideas in algebraic QFT, geometric quantization, and various proposals for emergent 
gravity [19,20], while remaining fully grounded in differential geometry. 

5. Philosophical Implications 
The geometric and quantum framework developed in this work offers more than a 
technical result-it presents a conceptual shift in how we understand space, 
dimensionality, and the foundations of physical law. By modeling the universe as a 
slice in a foliated, infinite-dimensional manifold, we suggest that our familiar three-
dimensional world may be a contextual manifestation of a richer ambient structure. 

5.1 Is the Ambient Manifold Real? 
A central ontological question arises: is the infinite-dimensional ambient space ℳ∞ 
physically real, or merely a formal construction? In conventional physics, the 
spacetime manifold is the arena in which events unfold. Here, we invert that 
perspective: the “arena” is  ℳ∞, and what we perceive as spacetime is just a slice-one 
among potentially infinitely many. 
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If quantum fields are defined globally on  ℳ∞ and physical law emerges from their 
restriction to leaves, then ℳ∞ is not auxiliary-it is foundational. This aligns with the 
spirit of ontic structural realism [20], in which structures (not objects) are 
fundamental. In our case, the structure is geometric, infinite-dimensional, and 
relational. 

This naturally leads to further questions whether ambient space is observable in 
principle or it functions as a kind of geometric Kantian noumenon-forever hidden, but 
indispensable for the appearance of the physical world. 

5.2 Dimensionality as an Emergent Property 
The framework also suggests that dimensionality is not absolute, but emergent. In our 
construction, each slice Σ� is a 3-manifold, but the ambient geometry has no fixed 
finite dimension. Thus, dimensionality becomes a local, slice-relative feature. 

This resonates with modern developments in emergent gravity and holographic 
theories [21], where spacetime geometry arises from information-theoretic or 
thermodynamic principles. In our setting, geometry arises from the embedding itself. 
Dimensionality is a symptom, not a cause. 

A natural question follows there be slices of different dimension? Could transitions in 
foliation geometry correspond to emergent or lost dimensions? 

5.3 Fields as Cross-Slice Objects 
Our field-theoretic extension frames quantum fields as global sections over ℳ∞, 
rather than confined entities on fixed spacetime. Each restriction ϕ� ≔ Φ|�� gives rise 
to conventional physics, but the global field  Φ exists independently of any single 
universe. 

This recasts quantum superposition in geometric terms: it may not be a property of a 
single state, but a reflection of field coherence across geometrically neighboring slices. 
From this perspective, measurement becomes a projection from the full foliation onto 
one slice-a “collapse” not of the wavefunction, but of the geometric context. This 
echoes relational interpretations of quantum mechanics [21], where physical quantities 
are defined only in relation to other systems. In our case, reality is defined in relation 
to the slice we occupy. 

Open question: Could interference patterns across slices be interpreted as geometric 
entanglement? Might decoherence arise from loss of coherence across the foliation? 
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5.4 Mathematics as Ontology 

Finally, the model contributes to an enduring debate in the philosophy of science: is 
mathematics descriptive, or constitutive of reality? In Wigner's famous essay on the 
“unreasonable effectiveness” of mathematics, he wonders why abstract mathematical 
structures apply so precisely to the physical world. 

Here, the answer may be: because the physical world is a manifestation of such a 
structure. This echoes Tegmark’s “Mathematical Universe Hypothesis [22], which 
proposes that reality is a mathematical object. Our model supports a milder but 
rigorously grounded version of this claim: the universe is an embedded 3-manifold in 
a geometric object-an infinite-dimensional manifold-that exists independently of our 
observation of it. 

5.5 Beyond Speculation: A Geometric Perspective on Reality 
While speculative in scope, this framework is not metaphysical in nature-it is 
geometric and rigorously constructed. The value lies not in asserting ontological 
finality, but in exploring how smooth structures, embedding, and foliation might give 
rise to our experience of space, dimension, and physical law. 

The deeper implication is this: physics may not need a background. It may be the 
background. 

6. Conclusion  
We proposed a geometric framework where the observable universe is modeled as a 
smooth 3-manifold slice embedded in an infinite-dimensional Hilbert manifold. Using 
classical embedding theorems, we proved that any compact Riemannian 3-manifold 
can be isometrically embedded and foliated via normal vector fields, forming a smooth 
family of slices {∑�}�∈ℝ. The space of such foliations forms a smooth Fréchet 
manifold, offering a moduli space of embedded universes. Extending this to a 
quantum field setting, we interpreted global fields over the ambient space whose 
restrictions to each slice yield familiar physics, supporting a relational and emergent 
view of spacetime. An explicit example using 𝑆� ⊂ ℓ� illustrated the construction and 
its physical implications. 
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List of Abbreviations 

AdS/CFT: Anti-de Sitter/Conformal Field Theory correspondence - a holographic     
duality relating gravitational theories in AdS space to conformal field theories on its 
boundary. 

ADM: Arnowitt-Deser-Misner formalism - a 3+1 decomposition of spacetime used in 
canonical general relativity, where spacetime is foliated into evolving spatial 
hypersurfaces. 

Algebraic QFT: Algebraic Quantum Field Theory 
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