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ABSTRACT

In this paper direct product and wreath product of transformation semigroups have been
defined, and associativity of both the products and distributivity of wreath product over direct
product have been established.
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1. Introduction

Direct product and wreath product of transformation groups are well known (see [1,3,5]).
We have generalized these products to transformation semigroups. We have proved that
both direct product and wreath product are associative, and that wreath product is
distributive over direct product.

2. Direct Product and Wreath Product
Definition 2.1

Let S be a semigroup and X a non-empty set. S will be called a transformation
semigroup on X if there is a mapping ¢: SxX—X, for which we write

&S, X) = s(X) and which satisfies the condition
(5152)(X) =S1(S2(X)), for each xeX and for each S3, S, €S.

If S is a monoid, i.e., if S has an identify element 1, then the mapping ¢ is further assumed
to satisfy 1(X) =X, for each X € X.

For every transformation semigroup S on X, there is a homomorphism i : S — E(X), the
semigroup of all mappings f : X — X, given by yAS) = f, where f(X) = s(x). E(X) is usually
called the full transformation semigroup on X.

Let X; and X, be two non-empty disjoint sets and let S; and S, be transformation
semigroups on X; and X; respectively.
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Definition 2.2

The direct product of S; and S,, written S;xS,, is defined as a transformation semigroup
on X;UX,, the elements of S;xS; being the ordered pairs (S, Sz), S1 €51, S2 €S,, with (Sy,
S2)(X1) = S1(X1) ,(S1, S2)(X2) = S2(X2), for each X;€X;, Xp€X,. The multiplication in S;xS; is
component-wise. It is easily seen that S;xS, is indeed a transformation semigroup. If S;
and S; are finite, the number of elements of S;xS; is obviously the product of the numbers
of elements of S; and S,.

Theorem 2.1

If S1, S;, Ss are transformation semigroups on Xi, Xp, X3, then (S1xS;) x Sz = S;x(S5,xS3) is
a transformation semigroup on X;UX; UXs.

Proof

Obviously, the map ((S1, S2), S3) = (S1, (S2, S3)) is an isomorphism of semigroups (S x Sy)
x Sz and S; x (S, x S3). To see that it is also so as transformation semigroups, we note as a
typical case, ((S1, S2), S3)(X1) = (S1, $2)(X1) =S1(X1), and also, (S, (S2, $3))(X1) = S1(X1).

Definition 2.3

The wreath product of S; with S,, written S; ¢ S, is the transformation semigroup on X; x
X, consisting of elements & on X; x X, which are given by 8: X; x X; > X3 x X; such that
AX1, X2) = (8, (X,),8,(X,)), with s, in S, and each s, in Sy,8, ,s, = being an

element of S; determined by X,.

It follows from the definition that if S;, S,, X1, X5 are finite, then

|1 ¢Sl = [5,[* x[s,
and X; respectively.

, Where | S | and | X5 | denote the numbers of elements of S (i=1,2)

3. Wreath Product as a Direct Product

An equivalent description of wreath product in terms of direct products is given below:
Theorem 3.1

If (S1, X1) and (S,, X;) are transformation semigroups, then

(Slg S,, X1><X2) = (( XX SI’XZJX SZ,E U XLXZJU ij, where each X,eX, , Slx = Sl
Xz €X>y 72

XpeXy

and ‘Xl’xz =X, .

Proof
Let € € (S1 ¢ Sz, X1xXy). Then éXy, Xp) = (01,x2(X1)’ 05(X)), for some oy €S; and

Oy, €51, where 0, , isinS; and depends on X.
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Define @ (S; ¢ Sy, Xy x X s s X X
efine @: (516 Sy, Xy x Z)H[[ngxz 19‘2} 2’(ngx2 1’X2JU 2]

by (AD)(X, x, ) = 01, (%), (A))(X2) =0u(X2).

Next, let O (( X SLXz)sz,( U XLXZJUXZJ.Then

XpeXy X€X5
9(X1,x2 ) =0, (XLXZ) =0,(X,)., for some
Oix, €95,01x, dependingonx, and 5, €5,.

Define 5”[( x Sl,ijXSZ’( U Xl,XQJUXZJ—)(SlgSZ,XlxXg)by

X2€X3 X2 Xy

(P X)) = (010, (%).02(X,)) -
If 0’e(S1¢ Sy, X1xXo) is given by
0(x1.%2) = (0], (%),0%(X,)), where o} € S;and o7, & S;and depends on X,,
then @(0')(X,,)= 01, (%))
P(0)(%,)= 05 (X,)
and (060')(X, ., ) = (0,075, )():(5,03)(%,)) .
Hence p(00')(%, ) = (01,07, )(%)
P(00')(%,) = (3,05)(%,)) -
Also, (9(O)p(0))(X,,,) = (01,07, ()
(@O)P(ON(X) = (0,0)(X,)
L YO0)= dHODE) .

Thus ¢ is a homomorphism.

If 0'c ((Xz:Xz SLijx SZ’(ngxz X x, j U ij is given by
' (X, )= 01, (X1,) = 03(%,)

then @(6')(X,%,) = (0" 1.x, (X,),572(X,)) .

Also, (00')(X,,,)=(01.x, 015, (X, )

(06)(X,)=(020"2)(%,)
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Hence ((00))(X, %)= (011,01, (X, ), 020"2(x,)) and

W (O (0)) (X, %)= (G1x, O 1x, (X,),020"2(X,)) so that . Y 00) = HOHO) ie., Pis
a homomorphism .

Now

(@W)O) (X1, ) =W (D)X 1, ) =015, (X)),
and ((py )(0)(%,) =@y (0))(X,)=02(X,))
(DP)(O)= 6.

¢l//: ((Xzzxz Sl,ijXSZ’(X UX xl,Xz)UXZJ‘
2€AR2

Also, (PD)(O)(X1,%2) = HAO))(X1.X2) = (T4, (%1),0, (%)) =0(X;, X, ).
S PAO)=0,andso .. PO=155, %1%, -

Thus @and ¥are inverses of each other. Therefore, both @and ¥ are isomorphisms.

The following remarks are very significant and useful.

Remarks

(1) If (S1, Xy) and (S, Xy) are transformation semigroups with 82 = {1 % }, , then
(51 x S5 X3 U Xp) and (Sig S, X; x Xp) may be identified with (S5, X;) and

([ IT Sy, J, U Xl,Xz] respectively, ignoring the trivial action of S, on X,. Here, each
XpeXy XpeXy

S,, =S, and each X

Lx, —

is in 1-1 correspondence with X; with X, <>X,and

1,%,

Six, (Xix,) =S1(X;). Thus, in this case, S; x S; = §; and Sig Sp = ( I1 SLXZJ (direct

XpeX

product) as semigroups.
(ii) If Si=11,, J, then both (S1 x Sz, X1 U X2) and (S1g Sz, X1 x Xz) may be identified with

(S2, Xy) since Six,=Six = 1X2 , for each pair of elements X,, X% €X,.

X
(ii1) If S and S”are transformation semigroups on the same set X, then (S;¢ S, X x X) may

be identified with (( stj xS, UX, v Xj . As semigroups, S¢ S’ = ( HSX)X S.

xeX xeX xeX

If, in particular, S = S”and X is finite with | X| =n, then S¢ S=ZSxSxSx-++---xSx§

(n+ 1 copies).
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4. Associativity of Wreath Products
Theorem 4.1

If (S1, X1), (S2, X3), ( Sz, X3) are three transformation semigroups, then ((S1 ¢ Sz) ¢Sa,
(XpxX2) xX3) = (516 (S2 6 S3), (Xyx(XoxX3) .

Proof
Define ¢:(S1¢S;2) ¢Sz — S1¢(S2¢S3) and
w:S16(S26S53) > (S16S,) g Ss as follows:
If Oe((S16 S2) ¢ S3) 1s given by A(X1,X2).Xs) =( @, , ,03(X;) ) where

Q) 4, €516 Sz, depends on X3 and is defined by

12, (%) = (014, (%),03,4, (X)) 50 that
A1, X2), %)= (05, . (%), 02,4, (%)), 03(%5)) , then @(6) is given by
AO(Xe, (X0, X5)= (T, ; (%1505, (), 55(X3))
Also, if 0eS;¢ (S, ¢ Ss) is given by
1. Xo, X)) = (0,000 510) (X): 023(X9 X)) = (Tt (X)s (02,55 (%), 573(X5))),
then Y(6) = (G115 5, (X)), 02,5, (%), 53(X,)) .

If @’ and @ are defined similarly with the o's and o's replacing by o's and o's then 69’
and @’ are given by

(00)((X1, %), X5) =A (07 5, (%) 5%, (%)), T3 (%)

= ((Giys Ol ) (02,0 )X (0353)(%:)
and (6 0)((X1, X2), X)) = A (G135 (X)s( 5.4, (%),0'3(X5)

=(O1.05% 013 (X1 (0 0205 (%), 030°3(Xs )

It is clear that (06") = A )X &) and W(0 )= UOW ), i.e, pand yare
homomorphisms. Also it is evident from the definitions of ¢ and y that they are inverses
of each other. Hence both ¢ and i are isomorphisms.

5. Distributivity of Wreath Products over Direct Products

The following isomorphism theorem may be viewed as showing that wreath product of
the stated type is distributive over as a direct product that arises in a natural manner.
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Theorem 5.1

Let (S1, X1), (S2, X7) and (Ss, X3) be three transformation semigroups. Then
(516 (82 x S3), X1 x (X2 U X3)) = ((S1.6 S2) x (S1.6 Sg), (X1 x Xz) U (Xy x X3)).
Proof

Define

@1 (516 (S2 x S3), X1 x (X2 U X3)) =((S1 6 S2) % (S1.6 S), (X1 x Xp) U (X1 X X3))

by ¢(6) = (8’ 0 (M
where, if 8 (xi, x) = (O-l,xz (X;),(05,03)(X,))= (O-l,xz (X),0,(X,)) 2)
and 0 (x;, X3) = (O-l,x3 (X;),(0,,05)(X;)) = (O-l,x3 (%), 05(X5)) 3)
then (8",6")(x1, X2) = 6" (X1, Xo) = (07, (X1), 62 (X2)) 4)
(07,0")(x1, X3) = 0"(x1, X3) = (0 (X1), 03 (X3)) (%)
Also define

wi(816S2) x (816 S3), (X1 x Xz) U (X1 x X3)) = (516 (S2 x S3), X1 x (X2 U X3))
by w (6,0)=60"where if (6, 8") (X1, X2) = 0" (X1, X2) =( Oy, (X1), 02 (X2)),

(6, 0) (X1, X3) = 0" (x1, X3) =(T,, (1), 03 (X3)), (6)
then 07 (x1, x2) = (0, (X1), (02, 03) (X2) = (0, (X1), 02 (X2)) (7
0" (x1, X3) = (0 (X1), (02, 03) (X3) = (0, (1), 03 (x3)) - (®)

It follows from (1) - (8) that
PV =1(5,65,0(5 680X X0 UK Xy )

and yo :l(Slg (8 2%S3), X% (X3UX3))

Thus both ¢ and y are 1-1 and onto.

Now, let 6, 0c (516 (S7 x S3), X1 x (X3 U X3)) by given by
0(x1, X2) = Ty, (X1), 02(%2))

0(xy, X3) = O\ x, (x1), 03 (x3)) where G, €S,, 65 € S3, and Oy » O eS;

»X3

the former being determined by x, and the latter by x; and

é(xl, Xp) = ?,xz(xl)a 02 (X2)), 0 (X1, X2) = a (x1), 02 (x3))
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where o, €S, o3€ S, and Oy, » Ol €S, the former being determined by X, and the

latter by x.

Then (0 0)(x1, X2) = (01, Oy, (%), 0,02(X,)),
0 0) (x1, %) = (0, 51,X*,5,03(X,)).

Since, ¢ (0) = (0],05)andp (8) = (81,0 2),
where (6,6;)(X,%,) = (0, (%,),0,(X,)),
(0/,63) (X,,%) = (0, (%),05(%,)),

and (60'1,6'2) (X,%,)=(c1x(X),02(X,))
(6'1,60'2)(X,, %) = (01, (X,), 03 (X3)) .

We have ¢ (6 )= ¢ (6) o 6).

Hence ¢ is a homomorphism. Therefore ¢ is an isomorphism. Thus
(S16 (S x S3), X1 x (X2 W X3)) = ((S1 6 S2) % (S1.6 S3), (X1 x Xp) W (Xg x X3).

Application of direct product and wreath product of transformation groups and
transformation semigroups appear in [5,6].
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