GANIT J. Bangladesh Math. Soc. (ISSN 1606-3694) 31 (2011) 53-64

JORDAN k-DERIVATIONS OF CERTAIN NOBUSAWA
GAMMA RINGS

Sujoy Chakraborty*

Department of Mathematics
Shahjalal University of Science and Technology, Sylhet-3114, Bangladesh
E-mail: sujoy chbty@yahoo.com
and
Akhil Chandra Paul
Department of Mathematic
Rajshahi University, Rajshahi-6205, Bangladesh
E-mail: acpaulru_math@yahoo.com

Received 25.11.2010 Accepted 16.7.2011

ABSTRACT

From the very definition, it follows that every Jordan k-derivation of a gamma ring M is, in
general, not a k-derivation of M. In this article, we establish its generalization by considering M
as a 2-torsion free semiprime I'y-ring (Nobusawa gamma ring). We also show that every Jordan
k-derivation of a 2-torsion free completely semiprime I'y-ring is a k-derivation of the same.

1. Introduction

For the sake of completeness of the study, we begin with the following introductory
definitions and examples.

Definition 1.1 Let M and I' be additive abelian groups. If there exists a mapping
(a,a,b) > aab of M xI'x M — M such that the conditions

(@) (a+b)ac=aac+bac, a(a+p)b=aab+apb, ac(b+c)=aab+aac,

and (b) (aab)pc =aa(bpc)
are satisfied for all a,b,ce M and o,B eI, then M is said to be a gamma ring in the
sense of Barnes[1], or simply, a gamma ring (symbolically, T'-ring).

Example 1.1 If R is an ordinary associative ring, U is any ideal of R, and I is the ring of
integers, thenRisaT-ringwithI'=Ror,T"=Uor,I"= 1. Also, U is aI'-ring withT" = R.

Definition 1.2 In addition to all the assumptions and conditions in the definition of a I'-
ring given above, if there is another mapping (a,a,B) > aap of I'x M xI" - T such that

the properties

(@*) (a+PB)ay=cay +pay, a(a+b)p=cap+abp, caP+y)=aap+aay,
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(b*) (aab)pc =a(abp)c =aa(bpc), and
(c*) aob =0 implies oo =0
hold for all a,b,ce M and a,B,yel’, then M is called a gamma ring in the sense of

Nobusawal[9], or simply, a Nobusawa I'-ring (symbolically, I'y -ring).

Example 1.2 If R is an ordinary associative ring with the unity 1, then Ris a I"y, -ring with
I'=R.

The notions of derivation and Jordan derivation of a I'-ring have been introduced by M.
Sapanci and A. Nakajima [10] as follows.

Definition 1.3 Let M be aT-ring, and let d : M — M be an additive mapping such that
d(aab)=d(a)ab +aad(b)
is satisfied for all a,be M and o T ; then d is called a derivation of M.
Definition 1.4 For aTI'-ring M, if d : M — M is an additive mapping such that
d(aca) =d(a)aa + aod(a)
holds for all ae M and a T, then d is said to be a Jordan derivation of M.

In accordance with the notion of derivation of a I'-ring mentioned as above, H. Kandamar
[8] has introduced the concept of k-derivation of a 'y -ring as follows.

Definition 1.5 Let M be a I'y -ring, and let d:M —-M and k:I' > T be additive
mappings. If

d(aab)=d(a)ab + ak(a)b + acd(b)
is satisfied for all a,beM and a €T, then d is called a k-derivation of M.

Example 1.3 Let M be a 'y -ring, and let ac M and aeT" be any two fixed elements.
Define the additive mappings d:M — M and k:T'—> T by d(x)=aax (for all xeM )
and k(B) =paa (for all B eT"), respectively. Then d is a k-derivation of M, for
d(xBy) = ac(XBy) = aaxPy — xpaay + xpacy
= (aux)By — X(Bac)y + xB(acy) = d(x)By + xk(B)y + xBd(y).
Now we introduce the concept of Jordan k-derivation of a T'y -ring using the notion of k-
derivation of a I'-ring due to H. Kandamar [8] as bellow.

Definition 1.6 Let M be a Ty -ring, and let d:M —-M and k:T —T be additive
mappings. Then d is said to be a Jordan k-derivation of M if

d(aca)=d(a)aa + ak(a)a+aad(a)

holds forall aeM and a T
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Example 1.4 Let M be a Iy -ring, and let d be a k-derivation of M. Consider
M, ={(x,x):xeM} and T|={(a,a):a€l'}. Let the operations of addition and
multiplication on M, and I} be defined by

(o, 00) +(0p,005) = (0 + 0,0 +0y), (0,0 )(X,X) (0,0, ) = (0 X0y, 0 X0y )
for every x,x;,x, e M and a,a,,a, €', respectively. Then M, is clearly a Nobusawa

I',-ring under these operations. Let d,:M; > M, and k;:I; - I, be the additive
mappings defined by

d; (%, ) = (d(x),d(x)) and k; (o, a) = (k(e), k(e))
forall xe M and ael, respectively. If we say (x,x)=aeM and (a,a) =y el for
any xeM and a eI, then we have
d, (aya) = d; ((x, X)(at, )(X, X)) = (d (xox), d (xox))

= (d(X)ax, d(X)ax) + (XK (o)X, Xk (o) X) + (xoud (X), Xoud (X))

=d, (a)ya +ak, (y)a +ayd, (a)
Hence, it follows that d, is a Jordan k,-derivation of M. Obviously, d, is not a k-
derivation of M.

Considering M as a I'-ring (until any further notice is mentioned hereafter in this
section), we recall some important definitions needful for us as follows:

Definition 1.7 An additive subgroup U of M is called a left (resp., right) ideal of M if
MT'U cU (resp.,, UM U ). U is called a two-sided ideal, or simply, an ideal of M if
U is a left as well as a right ideal of M (that is, if both myueU and uymeU for all
meM,yel andueU).

Definition 1.8 M is said to be a 2-torsion free I'-ring if 2a =0 implies a=0 for all
ae M . Besides, M is called a commutative I'-ring if xyy = yyx holds for all x,y e M
and yel'. Theset Z(M)={ceM :cam=mac for all a e’ and me M} is known as
the center of the I"-ring M.

Definition 1.9 If a,be M and a T, then [a,b], =aab —baa is called the commutator
of a and b with respect to o .

Lemma 1.1 If M is a T'-ring, then, for all a,p,ceM anda,BeT :
(i) [a,b], +[b,a], =0; (ii) [a+b,c], =[a,c], +[b,C],;
(i) [a,b +c], =[a,b], +[a,cly ; (iv) [a,b]q.p =[a,b], +[a,b]g-



56 Chakraborty and Paul

Remark 1.1 A necessary and sufficient condition for a I'-ring M to be commutative is that
[a,b], =0 forall a,beM and aeT .

Definition 1.10 An element x e M is called a nilpotent element if (for any y €T"), there

exists a positive integer n (depending on v) such that (xy)"x = (xy)(Xy)...(xy)x =0.
Besides, an ideal U of M is said to be a nil ideal if each element of U is nilpotent.
Moreover, an ideal | of M is called a nilpotent ideal if there exists a positive integer n such

that (IF)" 1 = (IC)(IT)...(IC)1 =0.
Remark 1.2 Every nilpotent ideal of a I"-ring is nil.

Definition 1.11 (i) M is called prime if al'MI'b =0 (with a,b € M) implies a=0 or b=0;
(ii) M is said to be completely prime if al'lb =0 (with a,b € M) implies a=0 or b=0; (iii)
M is called semiprime if alMI'a=0 (with aeM ) implies a=0; (iv) M is said to be
completely semiprime if al'a=0 (with ae M ) implies a=0.

Remark 1.3 Every prime I'-ring is semiprime, and also, every completely prime I'-ring is
completely semiprime.

2. Some Consequences

We now state some useful results without their proofs, because all of these results (in this
section) have already been proved in our papers [4] and [5].

Lemma 2.1 Let M be a T’y -ring and let d be a Jordan k-derivation of M. Then for all
a,b,ceM and o,B €T, the following statements hold:

(i)d(aab + baa)=d(a)ab + d(b)aa + ak(a)b + bk(a)a + acd (b) + bad(a) ;
(ii) d(aabpa + apbaa)=d(a)abpa + d(a)pbaa + ak(a)bpa + ak(p)baa
+ aod(b)pa + apd(b)aa + acbk(B)a + apbk(a)a + acbpd(a) + apbad(a) .
In particular, if M is 2-torsion free, then
(iii) d(aabaa)=d(a)abaa + ak(a)boa + aad(b)aa + acbk(a)a + acbad(a) ;

(iv) d(aabac + cabaa) = d(a)abac + d(c)abaa + ak(a)bac + ck(a)baa
+ aad(b)ac + cad(b)aa + acbk(a)c + cabk(a)a + acbad(c) + cabad(a) .

Lemma 2.2 Let d be a Jordan k-derivation of a 2-torsion free I'y -ring M. Then, for all
beM and eI, k(BbB)=k(B)bB +pd(b)B + Bbk(B) .

Lemma 2.3 If d is a Jordan Kk, -derivation as well as a Jordan k, -derivation of a 2-torsion
free I'y -ring M, then k; =k,.

Remark 2.1 k is uniquely determined if d is a Jordan k-derivation of a 2-torsion free T’y -
ring.
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Definition 2.1 Let d be a Jordan k-derivation of a Ty -ring M. If a,beM and aeT,
then we define F, (a,b) =d(aab)—d(a)ab —ak(a)b —aad(b).

Lemma 2.4 If d is a Jordan k-derivation of a I'y -ring M, then for all a,b,ce M and
a,Bel,

(1) F,(ab)+F, (b,a)=0; (ii) F,(a+b,c)=F,(ac)+F,(b.C);

(ii)) F,(ab+c)=F, (ab)+F, (ac); (iv) FOL+B (ab)=F, (ab)+ FB (a,b).

Remark 2.2 d is a k-derivation of a T'y -ring M if and only if F_(a,b)=0 forall abe M
and ael.

3. Jordan k-Derivations of Semiprime T’ -Rings

In classical ring theory, I. N. Herstein [7] has shown that every Jordan derivation of a 2-
torsion free prime ring is a derivation of the same. The similar result for 2-torsion free
semiprime rings has been proved by M. Bresar [2]. Here we extend this result for a 2-
torsion free semiprime I'y -ring to show that every Jordan k-derivation of a 2-torsion free

semiprime 'y -ring M is a k-derivation of M.
Lemma 3.1 Let M be a semiprime I'-ring. Then M contains no nonzero nilpotent ideal.

Proof. Let | be a nilpotent ideal of M. Then (IT")" 1 =0 for some positive integer n. Let us
assume that n is minimum. Now suppose that n>1. Since II'M c | , we then have

(D) IrMrdan)™ ' e aD)"hiran) ™t = o))" Iran) ™21 =o0.
Hence, by the semiprimeness of M, we get (IT)"' 1 =0, a contradiction to the minimality

of n. Therefore, n=1. Thus, IT'l =0. Then I'MI'l c IT'l =0. Since M is semiprime, it
gives | =0.

But, since every prime I'-ring is semiprime, we have:

Corollary 3.1 Every prime I'-ring has no nonzero nilpotent ideal.

Again, since every nilpotent ideal of a I'-ring is nil, it follows that

Corollary 3.2 Semiprime (and also, prime) I"-rings have no nonzero nilpotent element.

Lemma 3.2 The center of a semiprime (or, prime) I'-ring does not contain any nonzero
nilpotent element.

Proof. Let Z be the center of a semiprime I'-ring M. Then Z is a subring of M (as we
know). Thus, since M is a semiprime I'-ring, Z is so. Hence, by Corollary 3.2, Z has no
nonzero nilpotent element. A similar reason proves the claim for a prime I'-ring.

Lemma 3.3 Let d be a Jordan k-derivation of a 2-torsion free 'y, -ring M. Then
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(i) F,(ab)amala,b], +[ab], amaF,(a,b)=0 and
(i) F, (a,b)Bmp(a,b], +[ab], PmBF,(ab)=0
forall a,beM and aeT.

Proof. We have proved this lemma in our paper [4].

Lemma 3.4 Let M be a 2-torsion free semiprime I'-ring. If a,o,meM and o, " such
that aocmpb + bampa =0, then aacmpb =bampa=0.

Proof. Let xe M and y,8 €' be arbitrary elements. By using aocmpb =—-bampa (where
ab,meM and a,p ') repeatedly, we get

(aamBb)yxd(acmpb) =—(aampb)yxd(acmphb).
This implies, 2((aampb)yxé(aampb))=0.
Since M is 2-torsion free, it gives (aampBb)yxd(aompb)=0;
that is, we have (aamBb)I'MI'(acmpb)=0.
But, since M is semiprime, we obtain acmpb =0. Hence, aocmpBb =bampa=0.

Corollary 3.3 Let M be a 2-torsion free semiprime T'y -ring. Then, for all a,o,me M and
o,pel,

(i) F,(abyamafa,b], =0; (ii) [a,b], amaF,(ab)=0;
(iii) F, (ab)Bmp[ab], =0; (iv) [ab], BMBF, (a,b) = 0.
Proof. Applying Lemma 3.4 in Lemma 3.3, we obtain the required results.

Lemma 3.5 Let M be a 2-torsion free semiprime Ty -ring. Then, for all a,b,u,v,meM
and a,BeT,

(i) Fy (ab)pmpluv], =0; (i) [uv],BmBF, (ab)=0;
(iii) Fy (a,b)Bmplu,v], =0; (iv) [uv], BmBF, (a,b)=0.
Proof. (i) Replacing a + u for a in Corollary 3.3(iii), we obtain
F, (ab)Bmplu,b], =-F, (ab)pmplab], .
Therefore, we have
(F, (@,b)Bmp[u,b], )PmP(F, (a,b)Bmplu,b],, )
=—-F, (a,b)pmp[u,b], pmBF, (u,b)pmp[a,b], =0.

Hence, by the semiprimeness of M, we get F, (a,b)pmp[u,b], =0. Similarly, by replacing
b + v for b in this equality, we obtain F, (a,b)Bmp[u,v], =0.
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(if) Proceeding in the same way as above by the similar replacements successively in
Corollary 3.3(iv), we obtain [u,v], BmBF, (a,b) =0 forall a,b,u,v,meM and a,BeT.

(iii) Putting o+ for a in (i), we get F, (a,b)pmp[u,v], =—F, (a,b)Bmp[u,v], . Then

(F, (a,b)BmBu,v], BMB(F,, (a,b)Bmp[uv], )
= _Foc (aib)BmB[qu]«/ BmBF«/ (a,b)BmB[u,v]a =0.

By the semiprimeness of M, we have F, (a,b)Bmp[u,v], =0.

(iv) As in the proof of (iii), the similar replacement in (ii) produces (iv).

Theorem 3.1 Every Jordan k-derivation of a 2-torsion free semiprime T’y -ring M is a k-
derivation of M.

Proof. Let d be a Jordan k-derivation of a 2- torsion free semiprime I'y -ring M. Let
a,b,u,v,meM and a,B €I'. Then, by Lemma 3.5(iii), we obtain

[Fa (aib)av]ﬁ BmB[ F(x (a,b),V]B

= (F, (ab)Bv - vBF, (a,b))PmP[F, (a,b),v]p

=F, (a,b)BvBmB[F, (a,b),v]g — VBF, (a,b)BmP[F, (a,b),v]z =0,
since vme M and F (ab)eM forall ab,y,meM and o,feT.

Therefore, we get [F, (a,b),V] p =0 (by the semiprimeness of M). But since F, (a,b)eM
(forall a,beM and o €T), it follows that F, (a,b)e Z(M).
Now let v,8 e I'. By Lemma 3.5(ii), F,(a,b)y[u,v], dmdF, (a,b)y[u,v], =0. But, since M
is semiprime, we get

Fo (ab)y[uv], =0. e))
Also, by Lemma 3.5(i), we have [u,v], YF, (a,b)dmd[u,v], yF,(a,b)=0, and hence, the
semiprimeness of M implies that

[uv], YF, (ab)=0. 2)
Similarly, by Lemma 3.5(iv), we get F, (a,b)y[u,v]g6mdF, (a,b)y[u,v]g =0. Since M is
semiprime, it follows that

F, (a,b)y[u,v]B =0. 3)

Again, by Lemma 3.5(iii), we have [u,v]gyF, (a,0)dms[u,v]zyF, (a,b) =0, and therefore,

by the semiprimeness of M, we obtain

[UV]p YF, (2.b) =0. 4)



60 Chakraborty and Paul

Thus, we have
2F, (ab)yF, (ab) = F, (ab)y(F, (a,b) + F, (a,b)) = F, (ab)v(F,(a,b) - F, (ab))
=F, (ab)yd([a,b],) - F, (ab)yd(@a).b],) - Fy(ab)yla,d(b)l,) - F, (ab)v[a, bl -
Since d(a),d(b)e M and k(o) eI', by using (1) and (3), we get
F. (ab)yld(a),b],) = F, (ab)vla,d(D)],) = F, (a,b)y[a, by =0,
and therefore,
2F, (a,b)yF,(a,b)=F, (ab)yd([a,b],). )
By the operation (3) + (4), we obtain
Fo (@b)y[uv]g +[uv]gyF, (ab)=0.
Then Lemma 2.1(i), equation (3) and F, (a,b)e Z(M) gives
0=d(F, (ab)yuvls +[uvlgvF, (a,b)
=d(F, (ab))y[uvlg +d([uv]g)vF, (ab) + F, (ab)k(y)[uvlg
+uvlgk(v)F, (ab) + Fy (ab)yd([uvly) +[uvlgyd(F, (a,b))
=d(F, (@b)yluvls +2F, (a,b)yd([uvlg) +[uv]gvd(F, (a,b)).
Therefore, we get
2F, (abyyd ([uvly) = ~d(F, (ab))y[uvls ~[uvlsvd(F, (ab)) . (©)
From (5) and (6), we then have
4F, (ab)yF,(a,b) = 2F, (a,b)yd([a,b],)
=—d(F, (ab))y[a,b]s —[a,b];vd(F, (ab)).
Thus, we obtain
4F, (a,b)yF, (ab)yF, (ab)
=—d(F, (ab)vla,bls vF, (a,b) —[a,b]s vd (F, (a,b))vF, (ab).

Here, it follows that d(F, (a,b))y[ab]svF,(ab)=0, since [a,b]gyF, (a,b)=0 (by (4));
and also, [a,b]gyd(F, (a,b))yF, (a,b)=0 (by Lemma 3.5(iv)), since d(F,(ab))eM for
all a,beM and o eI . Therefore, we obtain 4F, (a,b)yF, (a,b)yF, (a,b)=0. That is, we
have 4(F,(a,b)y)*F,(ab)=0. So, (F,(a,b)y)*F,(ab)=0 (since M is 2-torsion free).
Thus, F,(a,b) is a nilpotent element of the I'y -ring M. But, we know that the center of a
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semiprime [y -ring does not contain any nonzero nilpotent element (by Lemma 3.2).
Hence, F,(a,b)=0 forall a,beM and o T . It means, d is then a k-derivation of M.

4. Jordan k-Derivations of Completely Semiprime 'y -Rings

In sequel to the last result, we now prove it analogously in case of a 2-torsion free
completely semiprime I'y -ring. To reach our goal in this section, we develop some useful

results in the following way.

Lemma 4.1 A completely semiprime I'-ring has no nonzero nilpotent ideal.

Proof. Let | be an ideal of M such that (I')" 1 =0 for some positive integer N. Assume
that n is minimum and that n>1. Then (ID)" 1 IC(ID)™ 1 = (D)™ ICAIT)"21 =0. Since

n—ll —

M is completely semiprime, we get (IT') 0, which is a contradiction to the

minimality of n. Hence, we conclude that n=1. Thus, we obtain IT'l =0. So, the
completely semiprimeness of M implies that | =0.

But, since every completely prime I'-ring is completely semiprime, we have:
Corollary 4.1 A completely prime T'-ring has no nonzero nilpotent ideal.
Again, since every nilpotent ideal of a I'-ring is nil, it follows that

Corollary 4.2 Completely semiprime (and also, completely prime) T'-rings have no
nonzero nilpotent element.

Lemma 4.2 The center of a completely semiprime (or, completely prime) I"-ring does not
contain any nonzero nilpotent element.

Proof. If Z is the center of a completely semiprime I'-ring M, then we know that Z is a
subring of M. Since M is completely semiprime, Z is also a completely semiprime I'-ring.
So, by Corollary 4.2, Z has no nonzero nilpotent element. It also proves the claim for a
completely prime I'-ring similarly.

Lemma 4.3 Let d be a Jordan k-derivation of a Ty -ring M, and suppose that a,b e M
and a,yeI'. Then F (a,b)y[a,b], +[ab],yF,(a,b)=0.
Proof. This result is proved in our paper [5].

Lemma 4.4 Let M be a 2-torsion free completely semiprime T’ -ring, and suppose
a,beM and y eT suchthat ayb +bya=0.Then ayp=bya=0.

Proof. Suppose that & is an arbitrary element of I'. Let a,beM and yeI such that
ayb + bya=0. Hence, by using ayb =—bya repeatedly, we get

(ayb)d(ayb) =—(bya)d(ayb) = —(b(vad)a)yb = (a(vad)b)yb
= ay(adb)yb = —ay(bda)yb = —(ayb)d(ayb)
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This implies, 2((ayb)3d(ayb)) =0. Since M is 2-torsion free, we have (ayb)d(ayb)=0; that
is, (ayb)I'(ayb)=0. By the completely semiprimeness of M, we get ayb=0. Hence,
ayb=bya=0.

Corollary 4.3 Let M be a 2-torsion free completely semiprime I'y -ring. Then, for all
abeM and a,yel’,

(i) F,(ab)y[ab]l, =0; (i) [a,b], yF,(a,b)=0.
Proof. By applying Lemma 4.4 in the result of Lemma 4.3, we obtain this corollary.

Lemma 4.5 Let M be a 2-torsion free completely semiprime TI'y -ring. Then, for all
ab,u,v,meM and a,yel,

(i) Fy(@b)yluv], =07 (i) [uv],vFy (a,b)=0;
(iii) Fy, (ab)y[uvlg =0; (iv) [uVv]gyF, (ab)=0.
Proof. (i) Replacing a + u for a in Corollary 4.3(i), we get
Fo (@,0)y[u,b], ==F, (ub)yab],, .

Hence, we have F_(a,b)y[u,b],vF,(a,b)y[u,b], =0. By the completely semiprimeness
of M, we obtain F,(a,b)y[u,b], =0. Similarly, by replacing b + v for b in this equality
obtained, we get F, (a,b)y[u,v], =0.

(if) The similar replacements (as above) in Corollary 4.3(ii) yields [u,v], YF, (a,b)=0.

(iii) Putting a+f for o in (i), we get F,(a,b)y[uv]s =—Fg(a,b)y[u,v], which then
implies that F (a,b)y[u,v]ﬁ vF, (a,b)y[u,v]ﬁ =0. But, since M is completely semiprime,
we obtain F, (a,b)y[u,v]g =0.

(iv) By performing the similar replacement in (ii) [as in the proof of (iii)], we easily get
this required result.

Theorem 4.1 If d is a Jordan k-derivation of a 2-torsion free completely semiprime I' -
ring M, then d is also a k-derivation of M.

Proof. Let d be a Jordan k-derivation of a 2-torsion free completely semiprime I’y -ring
M, and suppose that a,b,ve M and a,B,y €I . Then, by using Lemma 4.5(iii), we have

[Fe (a,b), V]ﬁ V[F, (a,b), V]B =(F, (a,b)Bv—vB Fo (a,b))v[ Fo (a,b),V]B
= F, (@b)Bwy[F, (a,b),v]s —VBF, (ab)y[F, (ab),vly =0,

since BvyeM and F,(ab)eM forall ab,veM and a,B,yeT . So, [F, (ab),vlg =0
(since M is completely semiprime), where F,(a,b)e M for all ab,veM and a,Bel.
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Therefore, we get F, (a,b)eZ(M).

Now, from Lemma 4.5(iii), we have

Fo (a,b)y[u,v]g =0. @)
And, from Lemma 4.5(iv), we get
[uVv]gvF,(a,b)=0. ()

Thus, we obtain
2F0. (a’b)'YF(x (avb) = Fa (avb)Y( F(x (a’b) - Fa (avb))
= Fa (a,b)Yd ([a9 b]a ) - Fa (a,b)Y[d (a)a b]a ) - F(x (a,b)’}/[a, d (b)]a ) - Fa (a!b)Y[aa b]k(a) .
Since d(a),d(b)e M and k(o) e I', by using Lemma 4.5(i) and (7), we get
Fo (a,b)y[d(a), b]a )=F, (a,b)y[a,d (b)](x )=F, (a,b)y[a,b] k(o) = 0,
and so, we have
2F0& (avb)YFa(aab) = Fa (a’b)yd ([a, b]o. )- (9)

By the operation (7) + (8), we get F, (a,b)y[u,v]g +[uv]gyF,(a,b)=0. Then, by Lemma
2.1(i) with the use of (7), and since F,(a,b)eZ(M), we have

0=d(F, (ab)y[uv]g +[uVv]gvF, (ab))

=d(F, (@ab)vluvlg +2F, (ab)yd([uvlg) +[u,v]gyd(F, (a,b)).
Therefore, we get

2F, (a,b)yd([uvlg) =—d(F, (ab)yluv]g —[uv]gvd(Fy (a,b)) . (10)

Then, from (9) and (10), we have

4F, (a,b)yF, (a,b) =2F, (a,b)yd([a,b],)

=—d(F, (ab)y[a,bls —[a,blgvd(F, (ab)).
Thus, we obtain

4F, (a.b)yF, (a.b)yF, (a,b)
=—d (Foc (aib))Y[a!b]B yFa (a,b) - [aib][} ’Yd (Fa (a,b))'YF(X (avb) .

Now, by (8), we get d(F, (a,b))y[a,b]gyF, (ab)=0 (since [a,b]zyF,(a,b)=0); and by
Lemma 4.5(iv), we obtain [a,b]svd(F, (a,b))yF, (a,b)=0 (since d(F, (a,b)) e M ). Thus,
4(F,(a,b)y)*F,(ab)=0. Since M is 2-torsion free, it gives (F,(a,b)y)*F,(ab)=0.
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So, F,(a,b) is a nilpotent element of the I'y -ring M, where F,(a,b) e Z(M). Hence, by
Lemma 4.2, we get F,(ab)=0 (for all abeM and aeI') from which we conclude
that d is a k-derivation of M.
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