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ABSTRACT

In this paper we prove that, if U is a o-square closed Lie ideal of a 2-torsion free o-prime
ring Rand d: B( & is an additive mapping satisfying &{u") = d(u)u + ud(u). for all
u€ell thendluv) = dludv +wd(¥) nholdsforall v € U.
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1. Introduction

Throughout the paper, we consider R to be an associative ring with centre Z. [a.b] = ab-ba
which denotes the commutator of a and b, we will use the identities: [ab.c] = [a.c]b + a[b.c]
and [@.5c]l = [a.b)e + Bla.c]l forall a.b.c €R _ An additive subgroup U of R is called a
Lie ideal if [U.R] & U. An additive mapping @ 8 (R  is called a derivation if
dlab) = dle)s + ad(®) holds for all @b €8 and it is called a Jordan derivation if
d(@®) = d(a)a + ad(a) holds for all @ € R. Clearly every derivation is a Jordan derivation but
the converse is not true in general. A ring R is said to be a prime ring if @b = 0 (a, b € R)
implies thata =0 or b=0. An additive mapping /* A s called a generalized derivation with
the associated derivation €:R(2 if fleb) = fla)e + a (8} holds for all & 5 € R: it is called
a Jordan generalized derivation with the associated derivation d of R such that
fl@*)= fla)a + ad(a) holds for all @ € R . R. Awtar [1] proved that if UV € Z s a square
closed Lie ideal of a 2-torsion free prime ring R and €:A(f s an additive mapping such that
d(u®) = d@u+ud@) forallu€ U then dluv) = d@v +ud() holds for all uv € U.

We need the following lemmas due to R. Awtar [1] for proving our result.

Lemma 11 If U€Z is a Lie ideal of a ring R, then
dluv + vu) = dludy + wd(@)+ 40+ vd(w) holds for all v+ € U.

Lemma 1.2 If Y € Z s a Lie ideal of a ring R, then dluvu) = d@vu + ud(@u + uvd ()
holds for all v € U.

Lemma 13 if UE&Z is a Lie ideal of a ring R, then
dluvw + wew) = d@dvw + ud(vdw + wwdW) + dlwlvu + wd(vdu + wed(w) holds for all
u v, w € .
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Lemma 1.4 If V£ Z s a Lie ideal of aring R, then u"[wv] =0 holds for all wv €U

where  u¥ = dluv)- dQudv i ud(v)

Lemma 15 If Y% Z jisa Lieideal ofaring R, then [wv]u® = 0 forall wv €U  where

u” jsasin Lemmal.4

2. Jordan Derivations on Lie Ideals of o-Prime Rings

Let R be a ring. A mapping G E(& s called an involution if ({a + &) = ((a) + ((2).(2(a) = =
and ((ab) = ((&) ((2) holds for all a.b € K. A Lie ideal U of R is called a o-Lie ideal if
((3=VU and it is called a o-square closed Lie ideal if it is a o-Lie ideal and for all
u € U,u® € U. Aring R with involution o is said to be a o-prime ring if a®b = aR((b) = {0}
implies that a=0 or b=0. It is worthwhile to note that every prime ring having an involution c is o-
prime but the converse is not true in general. As an example, let T = R % R®, where &* is an
opposite ring of a prime ring R with involution (%.¥) = (3.x). Then T is not prime if
(0,a)T(a.0) = 0. But, R is o-prime if we set (& 2T (x.¥) = 0 and (& 5)T (((x.¥)) = 0. then
aRxx vRb=0 gnd afvx xRb=0 andthus aRx = yRb=aRy= xRb=10 by Oukhtite
and Salhi [6]. We define the set Sieg (&) = {x(&: ((x) = £x} which are known as the set of
symmetric and skew symmetric elements of R. Let U be a Lie ideal of R. We define
CaU)={r€R: ru=wur.vue€U} which we shall call the centralizer of U with respect to R.
Oukhtite and Salhi [12] worked on left derivation on o-prime rings and proved that ¥ € 2 or
@(U) =0  where U is a nonzero o-square closed Lie ideal of R. Oukhtite and Salhi [12] described
additive mappings @:8 (B such that d(*) = 2ud(u) ¥u € U | where U is a nonzero o-square
closed Lie ideal of a 2-torsion free c-prime ring R and prove that d(uv) = ud(¥) + vd(u) for all
wv € U | Afterwords, Oukhtite, Salhi and Taoufiq [11] studied Jordan generalized derivations on
o-prime rings and proved that every Jordan generalized derivation on U of R is a generalized
derivation on U of R, where U is a o-square closed Lie ideal of a 2-torsion free o-prime ring R.
Some significant results on Lie ideals and generalized derivations in o-prime rings have been
obtained by M. S. Khan and M. A. Khan [5]. On the other hand, various remarkable
characterizations of o-prime rings on c-square closed Lie ideals have been studied by many
authors viz. M. R. Khan, D. Arora and M. A. Khan [4] ; Oukhtite and Salhi [7, 8, 9,10] and J.
Bergun, I. N. Herstein and J. W. Kerr [2] and I. N. Herstein [3]. In this paper, we shall prove that
if d:R— R is an additive mapping satisfying d(u?) = 2ud()Yu e U , where U is a o-square
closed Lie ideal of a  2-torsion free o-prime ring R then @luv) = ud(v) + vd(u) for all
w v € U and hence every Jordan derivations on a c-prime ring R is a derivation on R. We begin
with the following results.

Lemma 2.1 Let R be a 2-torsion free c-prime ring and U be a o-Lie ideal of R. Let * € U pe
any element such that [ [ x1] = 0. for all x € R, then [w.x] = 0.

Proof: We have [%[ux1]=0 forax€R  Let ¥ €R | thenxr € R . Replacing x by xy,
we have [u. [ x}-']] =0. gg 0= [u. [ x}-']] = [w x[wv] + [ x]v]
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= [w 2l ¥1] 4 Lo [w x1¥]
= 1'['.:. [ v1] + [ x1le y] + [ x1[w y] + [“- [ -"']]-'F'

= 2[u x][w ¥l.
Since R is 2-torsion free so [wxllwe.  ¥1=0 Forevery = € R we have zv € R _ Putting zx
fory, we have [ x][w zx] = 0. Therefore, 0 = [ x](=lw ] + [u. z]x)
= [w x)z[w x] + [uw x][wz]x
= [u x)z[w x].

Therefore, [wx]R[ux] =0. Since (N =U. we have ((ul=u_ for all “u€U  Let
x € 555 (R). Then () = £ x. If ((w) =u and ((¥) = —x then

Hence [u x1R[w x] = [u x]R([w x] = 0. By the o-primeness of R, we get (ux] = 0.

Lemma 2.2 LetR be a 2-torsion free o-prime ring and ¥ = 0 be a o-Lie ideal and a o- subring
of R. Then either ¥ & Z or U contains a nonzero o-ideal of R.

Proof: First we assume that, U as a o-ring is not commutative. Then for some
wv €U fuvl= 0 and [wv] € U. Therefore the ideal J of R generated by [u v1 is nonzero,
JTE€U and () =]. On the other hand, let us assume that U is commutative. Then for every
ue U [uluxl] =0 for gl x € B Hence by Lemma 2.1, [%x] = 0. This shows that U € Z.

Lemma2.3 If U% Z jsao-Lieideal of a s-prime ring R, then Ca(U) = Z.

Proof: Ca(U) is both a -subring and a o-Lie ideal of R and (U} contains no nonzero o-ideal
of R. In view of Lemma 2.2, Ca(U) € Z. Therefore, Ca(l) = Z.

Lemma 2.4 If U is a o-Lie ideal of a o-prime ring R and aeR. If [DJEU-HH =0 then
[a.U] = 0. thatis, Ca([U.U]) = CoU)

Proof: If [U.U] € Z. then by Lemma 2.3, @ € Z. 50 a centralizes U. On the other hand, let
V.Ul € Z. then we have |w[ux]] =0 for u€U and *x€R . In view of Lemma 2.1,

(. x] = 0. This yields that ¥ € Z. For both the cases we have seen that @ € Cz(U). This gives
that Ca([U. U1 = Co

Lemma 25 Let ¥ % 2 be a o-square closed Lie ideal of a 2-torsion free o-prime ring R and
d:R(R pe an additive mapping satisfying @(u*) = d(@u+ud@) for all €U  |f
u’ = dlurld(v-udv) forall v €U then u"wluv]l =0 foraw el

Proof: In view of Lemmas 1.4 and 1.5, we have [u%. [ v]] = v [wv]- [wv]u® = 0.
This yields that u” € € ([U.U]) = C2(U). py Lemma 2.4. Hence for every ¥ € U | we have
uwlu.v] = 0.
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Lemma 2.6 ([7], Lemma 2.2) Let Y ¥ Z be a o-Lie ideal of a 2-torsion free o-prime ring R
and &8 € B sychthat al/b = all{{by =0, thena=0orb =0,

Theorem 2.7 Let U be a o-square closed Lie ideal of a 2-torsion free o-prime ring R and
d:R(R pe an additive mapping satisfying @(u*) = d(udu+ ud(u), for all u €U  then
d(uv) = d(u)v + ud(v) holds forall v € U |

Proof: If U is a non-commutative Lie ideal of R then U € Z. By Lemma 2.5, we have
a®wla.b]l =0 for all @mb.w el |et us assume that @b €U NS4 (R).  Since
(W = () we have ([aB] =[ab] as [aBlel 1f ((B)=1b and ((a) =&, then

Also, if ((B)= %8 and ((e)=la. then
([ B] = [a b]. Therefore, we have a's w[a, 5] = a’bw ([a.b] = 0. By applying the Lemma
2.6 in the above relation, we obtain that @° =0 or [a.5] =0 for all @b € U N5 (R). Let
I,={pe *'-‘}’-HGU":_'ﬂ aadifiz = (b€ U: [a.b] = 0} Then /2 and Ja are additive subgroups of
U such that . Then by Brauer's trick 1= = U or /2 =U . Using the similar
argument, we have U=foael: U=L} oo U={ael: U=} fU={ael:U=].}
then [a.b] =0 | which yields that ¥ & Z | by Lemma 2.2. Which is a contradiction to the fact
that U € Z. Sowe have U={a€U: U=1I.} and hencea” =0 forall &b €U NS5y (R
This implies

d(ab) = d(a)b + ad(b).¥ a b(U 5,86 (B) e . (1)
Now let u,v €U If we define
wl = u+ () g2 = wl((u)o vl = v+ ()2 = v 1) Then

Ug g vy Vg €U N 5,08 and we have 2u = uy +ug.2v = vy + va.  Therefore, in
view of (1), we obtain

d(2u2v) = dluy vy +uy va + ug vy +uz vg)
=duydvy + uyd (vy) +dluydvy + uy dlvz) +dluzdvy + uzdlvy) + dluzdvz + uzd(ys)

= (de)+dCa))vy + @y + w2ddCa)+ (@6 +dGa))vz + @y + uzdd@s)
= dluy + ugdvy + 2ud(u,)+ dlu, + ugdvs + 2ud(vy) = dQu v, + 2udly,) + 2wy + 2ud(y,) = 2¢
=2d(u)2v + 2ud(@v)
=4d(ur + 4ud()
Thus 4d(uv) = #(d(ulv + ud()). SinceR is 2-torsion free, we obtain

dluv) = dlul + wd(e) If U is a commutative o-Lie ideal of R, then by Lemma 2.2,
U'c Z. Therefore, by using 2-torsion freeness of R and in view of the Lemma 1.1, we have

dlur) = dludr + ud(v)
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In view of above theorem, we obtain the following corollary.

Corollary 2.8 Let R be a 2-torsion free o-prime ring. Then every Jordan derivations on R is a
derivation on R.
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