GANIT J. Bangladesh Math. Soc. (ISSN 1606-3694) 31 (2011) 95-104

AROUND A CENTRAL ELEMENT OF ANEARLATTICE

Jahanara Begum
Department of Mathematics, Dhaka College, Dhaka
E mail : drk_azam@yahoo.com

and
A.S.A. Noor
Department of ECE, East West University, Dhaka.
E mail: noor@ewubd.edu

Received 30.12.2010 Accepted 25.02.2012

ABSTRACT

A nearlattice S is a meet semilattice together with the property that any two elements
possessing a common upper bound have a supremum. It is well known that if n € S is a neutral
and upper element then its isotope S, = (S; M) is again a nearlattice, wherex "y =(x A y) v (x
An)v (¥ An)forall x,y € S. In this paper we have discussed the central elements in a
nearlattice and also in a lattice. We included several characterizations of these elements. We
showed that for a central element n € S, P,(S) = (n]* x [n), where P,(S) is the set of principal
n-ideals of S. Then we proved that for a central element n € S, an element ¢ € S is central if
and only if it is central in S,. We also proved that for a lattice L, L, is again a lattice if and only
if n is central. Finally we showed that B is a Boolean algebra if and only if B, is a Boolean
algebra with same complement when # is central. Moreover, B = B,.
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1. Introduction

By a nearlattice S, we will always mean a (lower) semilattice which has the property that
any two elements possessing a common upper bound, have a supremum. Nearlattice will
form a lattice if it has a largest element. A nearlattice S is distributive if and only if for all
Xz S, tA((xAY)V(XxAZ)=({AXxAY)V(tAXAZ). Let S be anearlattice and S € S.
Then S is called a standard element if forall x, v, € S, tA[(x AY) V(X AS)]=(EAXAY)
Vv (t A x A 5). In a nearlattice, an element s is neutral if for any ¢, x, y € S, s is standard and
SA[EAX)V(EAY]=(EALtAX)V(SALAY). An element s of a nearlattice S is called a
medial element if m(x, s, y) = (x Ay) v (x As) vV (¥ A s) exists for all x, y € S. An element s
of a nearlattice S is called sesquimedial if for all x, y, z € S, Ji(x, y, z) exists in S where
J@, 1, 2) =[x AS) VI A)AIGAS) V(EZAS)]V((XxAY) V(YA z). Every sesquimedial
element is medial. An element # of a nearlattice S is called an upper element if x v n exists
for all x € S. Every upper element is of course sesquimedial. An element is called a central
element of S if it is neutral, upper and complemented in each interval containing it. We
know by [2] that for a neutral element n € S if n is sesquimedial then S, = (S; M) is again a
nearlattice where x Ny — (x A y) v (x A n) v (v A n). For a fixed element n of a nearlattice
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S, a convex subnearlattice containing »n is called an n-ideal. An n-ideal generated by a
finite number of elements aj, ..., a,, is called a finitely generated n-ideal denoted by (ay, ...,
am)s- Set of all finitely generated n-ideals of S is denoted by F,(S). An n-ideal generated by
a single element is called a principal n-ideal. The set of all principal n-ideals of S is
denoted by P,(S). If S is a lattice then (ay, ..., a)n=[ai A ... Aay An,al v ... v a, Vv n].
Thus (a), = [a A n, a v n]. For detailed literature on n-ideal of lattices and nearlatices we
refer the reader to consult [3], [5], [7], [8]. In this paper we have given several
characterizations of central elements of a nearlattice. We proved that for a central element
n e S, P,(S) = (n]” x [n). Then we proved that for a central element # € S, an element 7 € S
is central if and only if it is central in S,. We also showed that for a lattice L, L, is again a
lattice if and only if # is central. Finally we extended a result of Goetz’s result on isotopes
of Boolean algebras.

1. Isotopes L, when n is a Central Element

We start this paper with the following characterization of a central element of a nearlattice.

Theorem 1.1. Let S be a nearlattice andneS. Then the following conditions are
equivalent :

(i) n is central ;
(i) n is standard, upper and complemented in each interval containing it.

Proof. (i) = (ii) is trivial from the definition .

(i1)) = (i). Suppose n is standard and complemented in each interval containing it. It
is enough to prove that n A ((AX)V(EAY)=(mAtAX)V(BALAY)

Since (nAatAax)v(natay)<n<(tax)v(tay)vn, there exists reSsuch that
nAar=matax)v(matay) and nvr=_G(AX)V(EAY)VER

(tAx)v(EAy)vn

(mAtAX)V(BAEAY)

Figure 1
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Now tAx=(AX)A[EAX)V(EAY)VH]
=(tAx)A(nvr)
=(tAxAn)v(tAxnar) (asn isstandard).
Similarly tAy=(AyAn)V(EAYAF)
So (AX)VUAY)=UAXARNVUEAXAF)IVIEAYAR)VEAYAT)
=(tAxar)v(iEanyaryv(nar)<r
Therefore nA((tAX)V(EAY)<nAT
=(mAtAx)v(nAtay)
But the reverse inequality is trivial.
Hence n A((tAx)v(EAY)=(mAtAx)V(BALAY)

Therefore 7 is neutral, and so 7 is central O

We know from [1] that for a neutral element » of a lattice L, L, is a medial nearlattice.
Now we have the following result.

Theorem 1.2. Suppose L is a lattice and ne L is standard. Then the isotope L, is a
lattice if and only if n is central in L.

Proof. Since 7 is standard, so by [2, Theorem 2.1]
(L) =(F, (L))
Thus L, is a lattice if and only if (P,(L);<) is a lattice, But by [7],

P (L) is a lattice if and only if n is complemented in each interval containing it. Therefore
L, is a lattice if and only if n is central in L O

Corollary 1.3. For a central element ne L of a bounded lattice, L, is also a bounded

lattice with n as the smallest and n' as the largest element.
Moreover, xNy=m(x,n,y) and x Uy =m(x,n',y) O

Theorem 1.4. Let L be a bounded lattice and n € L be central. If ' is the complement of n
then n'is also central.

Proof. Let a<n'<b

Consider (avnr)Ab
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Now n' Al(avn)Abl=[n"A(avn)|ab
=[(a/\n’)v(n/\n')]/\b iasnis standard)
=[(@arn)vO]ab
=aAnn' Ab=a

n'v[(avn)abl=n"v(arb)v(ban) (asnisstandard)
—n'vav(bnan)

=n"v(bAan)
=(bAan)v(ban)
=bAa(nvn') (asnisstandard)
=bnal =b.
Therefore (av n) Ab is the complement of n’' in [a,b].
Now we shall show that for all x,y e L,
xa(yvn)=(xaAy)v(xan)
Now n/\[X/\(yvn')]zx/\n/\(yvn')
=XA [(y An)v(nA n’)] (as n is neutral)
=XAYAR
Also n/\[(x/\y)v(x/\n')]:(x/\y/\n)v(x/\n/\n’)
=xAyAn (asnisneutral)
Again nv[x/\(yvn')]z(nvx)/\(yvnvn') =nvx,
and nv[(x/\y)v(x/\n')]z(x/\y)vnv(x/\n')
=(x/\y)v[(nvx)/\(nvn')], (as n is distributive)
=(x/\y)v[(nvx)/\l]
=(xApy)v(nvx)
=nvx
Therefore x A(yvn')=(xAy)v(xan'), (as nis standard) .

So n' is standard.
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Therefore n' is central by Theorem 1.1. O
The following result is due to Kolibiar [6]

Lemma 1.5. If'an element is central in a lattice then it is also central in the dual lattice.
Proof. Let n be central in L. Suppose a<,n<,b in L.
Then b<n<a in L.
So there exists € [b,a] such that nAt=b and nvi=a in L.
Then nv,t=5b and na,t=a in L.
Thus 7 is complemented in [a,b] in L.
Moreover for all x,y e L, xng(yvyn)=xv(yAan)=xv(xAan)v(yAn)
=xV [n Axv y)] (as n is neutral),
=[xv ) ax]vv ) an]
=(xVv y)A(xVvn) (asnis standard),
= (XAYIV  (xngn).
This implies # is standard in L? .

Therefore by Theorem 1.1, n is neutral and hence central in L o
Now we give a characterization of central element in a nearlattice.

Lemma 1.6. Suppose S =AxB where A is a lattice and B is a nearlattice. Then any
element t = (t,,t,) of Sis central if and only if t,,t, are central in A and B respectively.

Proof. Suppose ¢ =(t,,t,) is central in S.

Let p, <t, <q, in 4. Then (p1, &) < (4, &) <(q1, 1)

Then there exists (r1, 72) € S such that (1,,,) A (1,7, )= (p,, p,) and
(1,5) v (r,r) =(q,,1,)

This implies  At, = p, and 1, v ¢, =¢q,.

So ¢, is complemented in each interval containing it in 4.

For x,y € 4, (x,t,) Al(3,1,) Vv (¢, 1,)]

=((x,,) A (1, 5,)) vV (x,8,) A(8,1,), (as (,,) is standard in S).

This implies (x A (y vV £),5,)=((x AY)V (X AL),L,) ,
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Then xA(yVvt)=(xAy)Vv(xAt)) and so ¢, is standard in 4.

Thus ¢, is central in A4.

Similarly ¢, is central in B.

Conversely, Let #,,z, be central in 4 and B.

Let (py, py) <(t.4,)<(q1.4,) -

This implies p, <t, < ¢, and p, <t, <q,.

So there exists 7, € 4,7, € B, such that,

PL=RALL Py =K AL, qu=r v and g, =1 Vi,

Hence (7,2,) A (r,1,) = (py, py) and (1,6,) v (1,1) = (4,,9>)

Therefore (r,r,) is the relative complement of (¢,,¢,) in

(1> P2).(q1,9,)].

Again for (x,y),(p,q) €S,

APV (G 0)]=(xA(p V), yA(gVE))
=(xAp)v(xat),(yArq)Vv(yAaty)) (as t,t, are standard),
=(xXApP, YAV (XA, YyAL)
=, ) A (P, D)V (x,¥) A (11,15))

This implies (¢, t,) is standard in S and hence it is central O

Thus we have the following result .

Corollary 1.7. For lattices A and B in L =AxB an element t =(t,,t,) € Ax B is central
if and only if t; and t, are central in A and B respectively 0

Lemma 1.8. For a central element n of a nearlattice S, S, = (n]" x[n).
Proof. Consider the map ¢:S, — (n]* x[n),defined by @(a)=(a A n,av n)
Suppose a <b inS,. Then a=(aAb)v(arn)v(ban)

andso ban<aAnn<avn<bvn.

Thus a An<,;ban in(n]®and avn<bvn in[n).
Hence (a An,av n)<(bAn,bvn) in (n]? x[n)

Therefore ¢ is isotone (order preserving).
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Now let a,b € S, are such that @(a) < @(b)

Thatis (a An,av n)<(bAn,bvn)in (n]* x[n).
Then a An<,;bAn in (n] and avn<bvn in [n).
This implies bAn<arn<avn<bvn inS.

So (a), = (b),.

Thus by [2, Theorem 2.1], ac b in S,

and this says that ¢ is order isomorphism.

Finally, Let (¢,,¢,) € (n]* x[n).

Then ¢, <n <t, since n is central,

so there exists ¢ € §, such that ¢, =c An,t, = ¢ v n implies
(t;,t,) = (c An,cvn)=0(c), implies @ is onto.
Therefore ¢ is isomorphism O

Now we include another characterization of a central element in a nearlattice.

Lemma 1.9. Let " be a neutral and upper element of a nearlattice S.Define
©:S — (n]x[n) by ¢(a)=(aAn,avn).

Then the following conditions are equivalent:

(i) nis central;

(ii) © is an isomorphism.

Proof. ()= (ii) ¢(a)=(ann,avn)

o(a nb)=((anb)An,(anb)vn)
={(ann)A(bAn),(avn)a(bvn))
=(ann,avn)a(bAn,bvn)
= ¢(a) A (D)

Similarly ¢(a v b) = ¢(a) v ¢(b)

So ¢ is homomorphism.

Now suppose ¢(a) = @(b). This implies

(ann,avn)=(bAn,bvn),and so,
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ann=banand avn=bvn.

This implies a =b

Therefore ¢ is one-one.

Let t € (n]x[n).

Then ¢ =(¢,¢,) such that ¢, € (n],t, €[n).

Thus #, <n<t,.

Then there exists » € S suchthat rAn=1¢,rvn=t,.
This implies ¢ = (r An,r v n)=¢(r) ,and so ¢ is onto.
Hence S = (n]x[n)

(@)= (@) .Let a<n<b

Since ¢ is an isomorphism, so it is onto.

Then (a,b) € (n]x[n).

Since ¢ is onto, so there exists » € S such that ¢(r) = (a,b).
Thus (r An,rvn)=(a,b),andso ran=a,rvn=>b.
That is r is the relative complement of z in [a,b].

Therefore 7 is central O
Thus we have the following results:

Theorem 1.10. Let n be a central element of a nearlattice S. Then any te S is central if
and only if it is central in S, .

Proof. By the above Lemma, S = (n]x[n)

So t €S iscentral in S if and only if it is also central in (n]x[n).
Then by Lemma 1.5. and Lemma 1.6, ¢ is central in (n]* x[n).

As tis central in (n]* x[n) then by Lemma 1.5, it is central in S, as (n]* x[n) = S, o

Corollary 1.11. For a central element n of a lattice L, L is distributive and relatively
complemented if and only if L, is so O

Theorem 1.12. If nis neutral in L, then the following conditions are equivalent:
(i)  nis central and L is bounded;

(ii))  There exists a unique n' such that for all x € L,x =m(n,x,n")
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(iii)  (L,;;n,\V) is a bounded lattice with n' as the largest element and for any

x,yelL,,xuUy=m(x,n',y).
Proof. (i) = (iii) follows from Theorem 1.3.

(iii) = (ii). Since xVy=m(x,n',y) for all x,yel (i) clearly follows by
choosing y=n.

Moreover n' is unique as it is the largest element of L, .
(it)= (). Clearly nAn'<x<nwvn' forall xelL.

Thus L is bounded. Since » is neutral, we already know by [2, Theorem 2.3.] that L, is a
nearlattice with n as the smallest element.

Now (i) says that obviously n’ is the largest element of L, , and hence L, is a bounded
lattice. Thus by Theorem 1.2, n is central o

Following result is due to Goetz [4].

Theorem 1.13. Let (B;A,Vv, ,0,1) be a Boolean algebra,ne B. Then B, is also a
Boolean algebra with B, = (B; N, Y, ,n,n').

Also the complement of any element is invariant under the formation of isotopes.
Moreover B= B, 0O

We conclude the paper with the following result which is an extension of the above result.

Theorem 1.14. Let "' be a central element of the distributive lattice B= (B;/\,V,O,l). If the
isotope B, = (B;N,U,",n,n") is the Boolean algebra, then B is also Boolean algebra with
the same complement.

Proof. By [1, Theorem 3.1.6], B is distributive as B, is so.
Let a' be the complement of @ in B, .
Then ana'=n andavad' =n'.
Then (ava'yaAn=(arn)v(a An)
=(ana)An
=nAn=n=1An
n=ava
=m(a,n',a")
=(avn)a(ava)a(a rn)

l=n'vn
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=nv(ava)an(ava)a(a vn)

=(avnva)yan(ava vr)a(a' vavn')

=lan(ava vn)al

=ava'vn

So,ava'vn=1=1vn.

Thus a v a' =1 (by the neutrality of n).

Again, 0= (anaYan' =[(and)v(ann)v(a An)]an'
=(anad' anyv(annan)v(a' Anan')
=(ana an)vovo=anra rn

Thus ana' An'=oan'

Again auad =n'

Thus m(a,n’,a’)=n" implies (ana’)yv (a@arn)v(a' An')y=n'

This implies (a Aa')vn'=n"=ovn'

Hence and'=o.

This implies that a' is also the complement of a in(B; A, v,0,1).

Therefore B is also Boolean o
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