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ABSTRACT 

In the paper [3],we have shown that the function ܦ ∍ ߣ ⟼ HD൫ܬ( ఒ݂)൯ ∊ ℝ is real-analytic, 
where ܦ is the set of all parameters ߣ.In this  paper, using a holomorphic function ߢ ∶
(ℂ ⧵ {0}) × (ℂ ⧵ {0}) ⟶ ℂ ⧵ {0}, ,ܽ)൫ߢ ܾ)൯ =  

మ and the conjugacy property, we show that the 
Hausdorff dimension function ܦ෪ ∍ (ܽ, ܾ) ⟼ HD ቀܬ൫ ݂,൯ቁ ∊ ℝ  is real analytic, where ܦ෪ =
Thisfunctionascribestothepolynomial  .( ܦ)ଵିߢ  ݂,theHausdorffdimension of its Julia 
setܬ( ݂,). 
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1. Introduction 

Hausdorff dimension is used to measure roughness of objects in mathematics. Hausdorff 
dimension as a function of subsets of a given metric space usually behaves extremely 
irregularly. For example, if    ݊ ≥ 1 and К(ℝ) denotes the space of all non-empty compact 
subsets of the Euclidean space ℝ, then the function К(ℝ) ∍ ⟼ ܭ (ܭ)ܦܪ ∊ ℝ, ascribing to 
the compact set  ܭ its Hausdorff dimension (ܭ)ܦܪ,  is discontinuous at every point. It is 
therefore surprising indeed that the function  ܿ ⟼  is continuous, where ܿ belongs to (ܬ)ܦܪ
,  the main cardioid of the Mandelbrot set ℳܯ ,  and ܬdenotes the Julia set of the 
polynomial ℂ ∍ ݖ ⟼ ଶݖ + ܿ. Because of it's irregular behavior, the real analyticity of the 
Hausdorff dimension function has been studied by many mathematicians for different types 
of dynamical systems. In the paper [3], we have proved that the Hausdorff dimension 
function  ܦ ∍ ߣ ⟼ HD൫ܬ( ఒ݂)൯ ∊ ℝ  is real-analytic for the family of cubic polynomials 

ఒ݂(ݖ) = 1) ݖ − ݖ −  ,(ଶݖߣ

by using the theory of parabolic and hyperbolic graph directed Markov systems with infinite 
number of edges. 

In this paper, by using the conjugacy property, we show that the Hausdorff dimension 
function ܦ෪ ∍ (ܽ, ܾ) ⟼ HD ቀܬ൫ ݂ ,൯ቁ ∊ ℝ is real analytic, where ܦ෪ =  for a ( ܦ)ଵିߢ 
holomorphic function 
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ߢ ∶ (ℂ ⧵ {0}) × (ℂ ⧵ {0}) ⟶ ℂ ⧵ {0}, ,ܽ)൫ߢ ܾ)൯ =  
మ . 

We know that [2] “a holomorphic endomorphism ܶ ∶ (ܶ)ܬ →  is expansive if and only if  (ܶ)ܬ
ܶ  contains no critical point of ܶ and an expansive holomorphic endomorphism (ܶ)ܬ ∶  ℂ  →
 ℂ is not expanding if and only if ܶ has at least one parabolic fixed (periodic) point. It has 
been proved already by Fatou that all parabolic fixed (periodic) points for ܶ ∶  ℂ  →  ℂ  are 
contained in  ܬ(ܶ). A rational function ݂ ∶  ℂ  →  ℂ is called parabolic [2] if its restriction to 
the Julia set  ܬ(ܶ) is expansive but not expanding, equivalently, if the Julia set contains no 
critical points but contains at least one parabolic periodic point."  
 
2. Review of the Family (ࢠ)ࣅࢌ = ) ࢠ − ࢠ −  (ࢠࣅ

This section underscores the important detail of the family  

ఒ݂(ݖ) = 1) ݖ − ݖ − ܦ∍ࣅ ,(ଶݖߣ ⊊ ℂ ⧵ {0} 

from the paper [3], where ܦ is the set of parameters ࣅ∊ ℂ ⧵ {0}defined by 

ܦ = ൞λ ∊  ℂ ⧵ {0} ∶   ఒ݂ has no non − zero parabolic or finite attracting periodic points
 and one finite critical point of  ఒ݂ escapes to ∞           ൢ. 

We have seen in [3] that the set of parameters ܦcontains a deleted neighborhood of  0, and 
for each λ ∊  ℂ ⧵ {0},  we get 

ఒ݂
ᇱ(ݖ) = 1 − ݖ2 −  .ଶݖߣ3

The finite fixed points of  ఒ݂  are the solutions to the equation ఒ݂(ݖ) =   ,We see that .ݖ 

ఒ݂(0) = 0          and ఒ݂ ൬−
1
ߣ

൰ = −
1
ߣ

 

and we also have 

ఒ݂
ᇱ(0) = 1               and ఒ݂

ᇱ ቀ− ଵ
ఒ
ቁ = 1 −  ଵ

ఒ
 . 

Hence we get the followings from [3].  

“The number  0  is a parabolic fixed point of  ఒ݂  with multiplicity equal to  2  and with one 
petal. The ray [0, +∞)forms its attracting direction and the ray (−∞, 0] forms its repelling 
direction [4]. Since any two polynomials bi-Lipschitz conjugate on their Julia sets have the 
same moduli of multipliers at corresponding periodic points, so if  ߣ, ∍ ߛ  ℂ ⧵ {0} such 
thatቚ1 − ଵ

ఒ
ቚ ≠ ቚ1 − ଵ

ఊ
ቚ, then ఒ݂  and  ఊ݂    are not bi-Lipschitz conjugate on their Julia sets. In 

particular, if  ߣ, ߛ ∈ (0, 1)  and  ߣ ≠ then ఒ݂and ఊ݂   ,ߛ   are not bi-Lipschitz conjugate on their 
Julia sets. Moreover, if  ݃(ݖ) = (ݖ)then ఒ݂  ,ݖ̅ = (݃ ° ݂ఒഥ  ° ݃ିଵ)(ݖ),  that is ఒ݂  and ݂ఒഥ are bi-
Lipschitz conjugate and their dynamics are symmetric about the real axis. Also, they share 
same topological and geometrical properties."  
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We have also shown in the paper [3] that one of the two critical points of  ఒ݂ approaches  ∞  
and other one is contained in the parabolic basin of  0, and as a consequence, we get that  ఒ݂is 
a parabolic polynomial, and for each ܦ∍ࣅ the Julia set  ܬ( ఒ݂) is disconnected[4]. By using the 
theory of parabolic and hyperbolic graph directed Markov systems with infinite number of 
edges([5], [6]), we have proved in the paper [3] that the Hausdorff dimension function ܦ ∍
ߣ ⟼ HD൫ܬ( ఒ݂)൯ ∊ ℝ  is real-analytic.  

2.1 Revision of the set of parameters,ܦ 

Here we will give few more detail of the set ܦ . In the paper [3], we have assumed that the 
set ܦ is open, but we have skipped the proof. Here we will show that the setܦ  is open and is 
contained in some left half-plane. 

Lemma 2.1 The set of parameters  ܦ  is open. 

Proof.  To prove the Lemma, first we will prove that for all compact set ܭ ⊂ ℂ, there exists a 
neighborhood ܷ of  ∞  such that  

⩝ ߣ  ∊ ,ܭ ఒ݂൫ ܷ൯ ⊆  ܷ. 

Consider the function   ℎ(ݖ) = ଵ
௭
 and define ݃ఒ =  ℎିଵ ° ఒ݂  ° ℎ . Then 

݃ఒ(ݖ) =  ଵ

ഊቀభ


ቁ
 =  ௭య

௭మି௭ିఒ
= + ݖ  ௭మ ା ఒ௭

௭మି  ௭ ି ఒ
  , 

and hence 

݃ఒ
ᇱ (ݖ) =  1 −  (ଵାఒ)௭మାଶఒ௭ାఒమ

(௭మି ௭ି ఒ)మ  . 

We have ݃ఒ(0) = 0 and ݃ఒ
ᇱ (0) = 0. For some small  0 < ߳ < 1,  define  

                 ࣯ = ൛(ߣ, (ݖ ∊ ܭ × ℂ ∶ |݃ఒ
ᇱ |(ݖ) < 1 − ߳ൟ. 

Then  ࣯ ≠ ∅  since   ܭ × {0} ⊆ ࣯,  that is, ࣯ is a non-empty open set. There exist  ܷ, ܸ ⊂
ℂ  such that ܭ ⊂ ܷ, {0} ⊂ ܸ with ܷ × ܸ ⊂ ࣯. Since  ܸ is an open set containing 0, without 
loss of generality we may assume that  ܸ = ,0)ܤ ߜ  for some (ߜ > 0. By Mean Value 
Inequality, for all ݖ ∊ ܸ = ,0)ܤ  (ߜ

|݃ఒ(ݖ) −  ݃ఒ(0)| ≤ (1 − ݖ|(߳  − 0| ⇒ |݃ఒ(ݖ)| < (1 − ߜ(߳  <   ߜ

and so we have ݃ఒ(ܸ) ⊆ ܸ for all  ߣ ∊  .ܭ

Now ℎ is an open map, implies ℎ(ܸ)is open and ℎ(0) = ∞ ∈ ℎ(ܸ). Denote  ∞ ∈ ℎ(ܸ) = ܷ, an 
open neighborhood of ∞. Since  ݃ఒ =  ℎିଵ ° ఒ݂ ° ℎ, for all ߣ ∊  we have ܭ

ఒ݂൫ ܷ൯ =  ఒ݂(ℎ(ܸ) = ℎ൫݃ఒ (ܸ)൯ ⊆ ℎ(ܸ) =  ܷ.   

Now we will prove the Lemma. 
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The finite critical points of ఒ݂  are the solutions to the equation ఒ݂
ᇱ(ݖ) = 0,  which are ఒܿ =

ିଵ ± √ଵାଷఒ
ଷఒ

 .By definition of  ܦ , a finite critical point of ఒ݂must escape to  ∞.Since ߣ =  − ଵ
ଷ

 ⇒

 ܿି భయ
= 1 is a double critical point and lim

→ஶ
݂ି

 భ
 య

 (1) = 0, so ߣ =  − ଵ
ଷ

∉ ߣ  . Fixܦ   ∈   .ܦ

Consider the compact set ܭ = , ߣ)തܤ 1).   Then there exists a neighborhood ܷ of  ∞  such that  

⩝ ࣅ  ∊ ,ܭ  ఒ݂( ܷ) ⊆ ܷ. 

Since ߣ ∈  ,  there exists ܿఒబܦ ∈ Crit( ఒ݂) and a positive integer  ܰ =   such that(ߣ)ܰ

ఒ݂బ
 ൫ܿఒబ൯ ∈ ܷ   ⩝ ݊ ≥   .(ߣ)ܰ

Take a small neighborhood ofߣ ,  say  ߣ)ܤ  , − is small enough so that  ݎ  where  ,(ݎ ଵ
ଷ

∉
, ߣ)ܤ (ݎ ⊆ , ߣ)തܤ 1). 

Define 

ܺ = ,ߣ)} ߣ :(ܿ ∈ , ߣ)ܤ ܿ  and (ݎ ∈ Crit( ఒ݂)},   

and define a function  

ߩ ∶ ܺ → , ߣ)ܤ  ,ߣ)൫ߩ    ݕܾ    (ݎ ܿ)൯ =  . ߣ

Then  ߩ  is analytic and since the gradient of the function  ߩ  is ∇ߩ = 1 at any point (ߣ, ܿ) ∈ ܺ,
, ߣ)ܤ in  ߩ  does not have any critical point and hence there is no critical value of  ߩ  Then .(ݎ
by Inverse Function Theorem, there exists a neighborhood  ܰ of (ߣ, ܿ) and a neighborhood 
ߣof ܯ  = ,ߣ)൫ߩ ܿ)൯such that  ߩ ∶ ܰ → :ଵିߩ is a bijection and ܯ ܯ → ܰ is analytic. We can 
choose  ݎ > 0 small enough so that ܯ = , ߣ)ܤ   Then .(ݎ

ଵିߩ ∶ , ߣ)ܤ (ݎ → ߣ   ,ܺ ⟼ ,ߣ) ܿ) 

is analytic. Thus there exists a map ିߩଵ ∶ ߣ)ܤ  , (ݎ → ܰ  given by  ߣ ⟼ ఒܿ ∈ Crit( ఒ݂) which is 
analytic. 

Define 

 ߮ ∶ , ߣ)ܤ  (ݎ → ܷby    ߮(ߣ) = ఒ݂
ே(ఒబ)( ఒܿ) ∈ ܷ. 

Then  ߮  is continuous and ߮(ߣ) ∈ ܷ, which imply that߮ିଵ( ܷ)is open and ߣ ∈  ߮ିଵ൫ ܷ൯ ⊆
Now it is enough to show that ߮ିଵ൫  .ܭ ܷ൯ ⊆ ܦ . 

Let  ߛ ∈ ߮ିଵ൫ ܷ൯ be arbitrary. Then  ߮(ߛ) ∈ ܷimplies 

ఊ݂
ே(ఒబ) ൫ܿఊ൯ ∈ ܷ ⇒  ఊ݂

 ൬ ఊ݂
ே(ఒబ)൫ܿఊ൯൰ ∈ ఊ݂

൫ ܷ൯ ⊆ ܷ. 

Since  ∞ ∈ ℎ൫0)ܤ, ൯(ߜ = ܷ and  ℎ  is a Mӧbius transformation, we have ܷ = ,∞)ܤ ଵ
ఋ

). Now ఒ݂ ∶

ܤ ቀ∞, ଵ
ఋ
ቁ → ܤ ቀ∞, ଵ

ఋ
ቁis an analytic function with ఒ݂(∞) = ∞ and ఒ݂൫߮(ߣ)൯ ∈ ܤ ቀ∞, ଵ

ఋ
ቁfor 

all ߣ ∊ ߮ିଵ ൬ܤ ቀ∞, ଵ
ఋ
ቁ൰, then by Schwarz Lemma, we get 
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lim
→ஶ ఊ݂

൫ ܷ൯ = lim
→ஶ ఊ݂

 ቆܤ ൬∞,
1
ߜ

൰ቇ =  ∞, 

hence  ߛ ∈  .is openܦ and soܦ

Since ఒ݂ does not have any finite attracting or any non-zero parabolic periodic point for each 
)ܬ and the Julia setܦ∍ࣅ ఒ݂) does not contain any critical point, so we get the following 
corollary [1]. 

Corollary 2.2 The only non-zero finite fixed point of ఒ݂,− ଵ
ఒ
 , is a repelling fixed point with 

multiplier ቚ1 − ଵ
ఒ
ቚ > 1.  

By Corollary 2.2, since each ܦ∍ࣅsatisfies ቚ1 − ଵ
ఒ
ቚ > 1, we see that  ܦis contained in some left 

half-plane. 

Corollary 2.3 The set ܦ ⊊ ቄߣ = ଵߣ + ଶߣ݅ ∊ ℂ ⧵ {0} ∶ ଵߣ  < ଵ
ଶ

 and ߣଶ ∊ ℝቅ. 

Proof.Let  ߣ = ଵߣ + ଶ. Then we have ଵߣ݅
ఒ

=  ఒభି ఒమ
ఒభ

మାఒమ
మ .  Sinceቚ1 − ଵ

ఒ
ቚ > 1so we getቚ1 −  ఒభି ఒమ

ఒభ
మାఒమ

మ ቚ > 1, 

which implies  

ቀ1 − ఒభ
ఒభ

మା ఒమ
మቁ

ଶ
+ ቀ ఒమ

ఒభ
మ ା ఒమ

మቁ
ଶ

> 1. 

Hence the solution to the inequality above isfor any  ߣ = ଵߣ + ଶߣ݅ ∊ , ܦ ଵߣ  < ଵ
ଶ
for any  ߣଶ ∊

ℝ.  

 
3. The Family of Cubic Polynomials ൛࢈,ࢇࢌൟ

ℂ⧵{}∋ ࢈,ࢇ
 

Consider the family of cubic polynomials൛ ݂,ൟ
, ∈ℂ⧵{}, where  

݂ ,(ݖ) = 1)ݖ − ݖܽ −  .(ଶݖܾ

We will study the dynamics of  ݂ ,  via topological conjugacy of the function. Since behavior 
of two topologically conjugate dynamical systems are same, if we know the dynamics of one 
function, then we can trivially solve the other.  

3.1 Topological Conjugacy 

Definition 3.1 [1] Two functions ଵ݂ and  ଶ݂  are topologically conjugate to one another if there 
exists a homeomorphism ℎ  so that ଶ݂ = ℎ° ଵ݂  ° ℎିଵ . 

Theorem 3.2 If  ℎ(ݖ) = (ݖ)then݃,  ,ݖܽ = ൫ℎ ° ݂ ,(ݖ) ° ℎିଵ൯(ݖ) = ݖ − ଶݖ − 
మ  ଷ,  that is, ݃,ݖ

and ݂ ,  are topologically conjugate via the Mӧbius transformation  ℎ(ݖ) =   .ݖܽ

The conjugacy is an equivalent relation which respects iterations[1], that is,  

if ଶ݂ = ℎ° ଵ݂  ° ℎିଵ,  then   ଶ݂
 = ℎ° ଵ݂

  ° ℎିଵ  for all   ݊ ≥ 1. 
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If two polynomials are topologically conjugate, then they share equivalent topological and 
geometrical properties. Since ݂ , and  ݃,  are conjugate, so we can study the dynamics of 
the family  

݃,(ݖ) = ݖ − ଶݖ −
ܾ

ܽଶ  ଷݖ

for  ܽ, ܾ ∊ ℂ ⧵ {0} to understand the family ݂,  .Notice that  

݃,
ᇱ (ݖ) = 1 − ݖ2 −

3ܾ
ܽଶ   ,  ଶݖ

and the finite solutions to the equation ݃,(ݖ) = − are  0  and  ݖ మ


 with multiplicities  2 and 

 1,  respectively. Also, we have 

݃,
ᇱ (0) = 1       and          ݃,

ᇱ ቀ− మ


ቁ = 1 − మ


 . 

Thus,  0  is a parabolic fixed point of  ݃,  with multiplicity  2  and − మ


is the other finite fixed 

point with multiplierቚ1 − మ


ቚ. So, there is only one petal at the parabolic fixed point 0 for all 

 ܽ, ܾ ∊ ℂ ⧵ {0} (see [4]). 

Define the function 

ߢ ∶ (ℂ ⧵ {0}) × (ℂ ⧵ {0}) ⟶ ℂ ⧵ {0} 

,ܽ)൫ߢ ܾ)൯ =  
మ . 

Corollary 3.3 The function   ߢ ∶ (ℂ ⧵ {0}) × (ℂ ⧵ {0}) ⟶ ℂ ⧵ {0}is holomorphic.  

Proof.  We know that if  ܷ, ܸ ⊆ ℂ  are open, then the set  ߗ = ܷ × ܸ ⊆ ℂଶis open and a 
complex valued function ݂ = , ଵݖ)݂  is defined to be holomorphic if it is holomorphic ߗ ଶ) onݖ
in each variable separately, that is, if for each ݖଵ ∈ ܷ and eachݖଶ ∈ ܸ, the functions ߱ ⟼
݂(߱, ߦ  ଶ) andݖ ⟼ ,ଵݖ)݂  are holomorphic provided the open subset of the complex plane (ߦ
where these functions are defined is non-empty. Note that,ℂ∗ = ℂ ⧵ {0}is open because the 
complement ofℂ∗, which is {0},is closed. Otherwise, if {0} is open, then  ⩝ ߝ  > 0, ݖ ∃ ≠ 0, so 
that|ݖ − 0| < ∧ ߝ  ݖ ∈ {0}, which is impossible. Now, for each ܾ ∈ ℂ∗, the function  ܽ ⟼
,ܽ)൫ߢ ܾ)൯is a rational function, and for each ܽ ∈ ℂ∗, the function ܾ ⟼ ,ܽ)൫ߢ ܾ)൯is a polynomial 
function, and hence are holomorphic on the set ℂ∗. Hence, the function  ߢ൫(ܽ, ܾ)൯is 
holomorphic on(ℂ ⧵ {0}) × (ℂ ⧵ {0}). 

Since every holomorphic function is continuous, soߢ is continuous on(ℂ ⧵ {0}) × (ℂ ⧵ {0}). 
This means, the inverse image of an open set under  ߢ  is open. Since ܦ ⊆ ℂ∗is open, then the 
inverse image of ܦ under ߢ is open. Note that here we are taking the inverse image of a set, 
so there is no concern about the function not being one-to-one.  

Define ܦ෪ = ,ܽ)෪ is open, and for eachܦ Then the set .(ܦ)ଵିߢ  ܾ) ∊ ෪ܦ , we have ࣅ = ࢈
  . Thusࢇ

for each (ܽ, ܾ) ∊ ࣅ෪withܦ = ࢈
 ,  the function ఒ݂ࢇ  and  ݃, have equivalent topological and 
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geometrical properties. So,   ݃,  is a parabolic polynomial with a parabolic fixed point  0 and 
– మ


 is a repelling fixed point of   ݃,  with multiplierቚ1 − మ


ቚ > 1. For each(ܽ, ܾ) ∊ ෪ܦ ,  ൫݃,൯ܬ

is disconnected. Using conjugacy, we can say that ݂ .is parabolic and the Julia set ܬ൫ ݂ ,൯ is 
disconnected. Moreover, for eachିߢଵ(ߣ) = (ܽ, ܾ) ∈  ෪, the Hausdorff dimension functionܦ
෪ܦ ∍ (ܽ, ܾ) ⟼ HD ቀܬ൫݃,൯ቁ ∊ ℝ is real analytic, and hence the function ܦ෪ ∍ (ܽ, ܾ) ⟼
HD ቀܬ൫ ݂ ,൯ቁ ∊ ℝ  is real analytic because of conjugacy property. Hence, weconclude the 
paper by the following theorem. 

Theorem 3.4 ܦ෪ ∍ (ܽ, ܾ) ⟼ HD ቀܬ൫ ݂ ,൯ቁ ∊ ℝ is real analytic, where ܦ෪ =    .(ܦ)ଵିߢ 
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