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ABSTRACT

The purpose of this research work is to employ the Optimal Auxiliary Function Method (OAFM) for obtain-
ing numerical approximations of time-dependent nonlinear partial differential equations (PDEs) that arise in
many disciplines of science and engineering. The initial and first approximations of parabolic nonlinear PDEs
associated with initial conditions have been generated by utilizing this method. Then the Galerkin method is
applied to estimate the coefficients that remain unknown. Finally, the values of the coefficients generated by the
Galerkin method have been inserted into the first approximation. In each example, all numerical computations
and corresponding absolute errors are provided in schematic representations. The rate of convergence attained
by the proposed method is depicted in tabular form.
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1 Introduction

Nonlinear parabolic partial differential equations (PDEs) are used in simulating a wide variety of physical
phenomena in the technological and scientific realms, from turbulence to particle dispersion, as well as in
establishing the valuation of a wide range of derivative financial instruments. They are utilized in the endeavor
of providing an explanation for a wide range of occurrences, including liquid filtration, sound, heat, diffusion,
chemical reactions, fluid dynamics, environmental contamination, and many more.

Nonlinear parabolic PDEs have been numerically studied using the well-known Adomian Decomposition Method
[1]. The adaptive grid Haar wavelet collocation method [2] has been used to get quantitative solutions to these
types of equations. Lang [3] has authored a book on the applicability of multilevel solutions to the parabolic
PDE system. For fully nonlinear PDEs, Arash Fahim et al. [4] developed a method that combines Monte
Carlo with a finite difference scheme. JW Wang et al. [5] have published an article utilizing a fuzzy control
approach to address the complexities of nonlinear parabolic PDE systems. Several authors have put together
a comprehensive reference work on these nonlinear PDEs. This book [6] covers a wide range of approaches
and various aspects of these equations. Various eminent authors have published numerous books on these
nonlinear PDEs [7, 8, 9, 10]. They have thoroughly examined these types of equations and analyzed their
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relevance to real-world issues. In order to address some particularly challenging instances of parabolic PDEs,
the field of wavelet analysis has recently emerged as a significant mathematical tool [11]. Ekren has provided
the viscosity solutions for fully nonlinear parabolic spatial PDEs [12]. In order to deal with the nonlinearity
of parabolic PDEs, Mironchenko et al. [13] have utilized the monotony-control system. To estimate solutions
to a set of nonlinear parabolic PDEs, Izadi et al. [14] have proposed an innovative hybrid spectral collocation
methodology. In the research study cited in [15], an expansion of the Taylor series has been presented as a
method for numerically solving parabolic PDEs. Many renowned authors [16, 17, 18, 19] have approximated
parabolic PDEs associated with different boundary conditions with the help of the Galerkin Finite Element
Method. Kamrujjaman et al. [20] have applied the finite difference method to renowned nonlinear PDEs. Alam
et al. [21] have provided the approximate solutions of different parabolic PDEs—heat and wave equations.
Each of the above approaches offers benefits and drawbacks. Likewise, we generalize a recently established
methodology called the optimal auxiliary function method (OAFM) to the context of PDEs. The pioneers of
this approach were Marinca & Marinca [22]. For obtaining an analytical solution of the fluid’s thin layer in
the cylinder’s vertical orientation, they used this methodology. This method offers a means of controlling the
convergence of numerical solutions with the assistance of convergence-control parameters in order to achieve
the desired level of accuracy. Asserting such a command allows for controlled execution. It is a straightforward,
convergent, moderate, and explicit method for obtaining nonlinear approximations. A further application of
this approach was made by Marinca et al. [23] to resolve the nonlinear Blasius issue. In addition to this, it has
been used to analyze the nonlinear vibrations of a pendulum that has been folded around two cylinders [24].
This method has been offered as an approximate analytical solution for the nonlinear boundary issue of viscous
flow that is created by a stretched surface with partial slippage [25]. The thin layer of a third-grade fluid has
been modeled using the optimal auxiliary function method so that it can be simulated on a moving belt [26].
It has also been demonstrated that the technique is superior to other approaches in terms of its effectiveness in
addressing challenges brought on by misalignment [27]. Recently, Laiq Zada has utilized this method in order to
create approximate-analytical solutions to partial differential equations and generalized modified b-equations,
as referenced in [28] and [29]. In reference [30], the OAFM is generalized to the realm of partial differential
equations and is employed to approximately solve KdV equations. Ullah et al. [31] have just recently utilized
this strategy in order to evaluate fractional KdV equations. In reference [32], the proposed method has been
employed for the steady nanofluids. The method has recently been applied in biological modeling [33]. In the
research studies cited in [34] and [35], a thorough study into the electronic and physical modifications of a
low-power PMS generator has been carried out with the assistance of the OAFM.

The application of the Galerkin Weighted Residual Method (GWRM) dates back centuries, even before the
advent of computers. The method is acknowledged to be one of the best and most widely applied methods. In
the book cited in [36], Lewis and Ward have provided a detailed description of the procedure. Hossan et al.
[37] have successfully implemented this strategy on the well-known Black-Scholes model. In their analysis of
the Fredholm equations, Shirin et al. [38] have used the Galerkin method in conjunction with other specialized
polynomials. The method has been applied to the boundary value problems in the research cited in [39]. It
has also been employed to numerically calculate the eigenvalues of the Sturm-Liouville problem [40]. The
technique has had extensive application in issues involving metal beams and polygonal ducts with rounded
corners. [41, 42].

Inspired by all previous research, our proposed methodology has been deployed to solve some renowned nonlinear
parabolic PDEs that are associated with corresponding initial conditions. So far, the method has not required
any complicated computations due to the variety of boundary conditions considered. As far as we know, this
approach to solving these kinds of PDEs is not available. All approximate results are analyzed in light of the
exact solutions of the parabolic PDEs that have been provided.

This article is split into four distinct sections. Section 2 provides a formal derivation of our suggested approach.
In the third section, the approach’s implications are shown while analyzing four problems characterized by high
nonlinearity. Graphs of errors and numerical findings are included here as well. The fourth section contains
some concluding remarks and a general discussion.

2 Mathematical Formulation
Let us start with a general PDE of the form [28]:

A[M(z,t)] + T[M(z,t)] + g(x,t) =0, €D (2.1)



oM
subject to the boundary/initial conditions §2 [M - 0.
Here A is considered the linear operator, and T is regarded as the nonlinear operator. Again we consider g(z,t)
and M (x,t) as known function and unknown functions respectively. The domain of interest is D.

Let the form of the approximate solution of Equation (2.1) be
M(z,t) = Mo(z,t) + My(2,t,C;),i =1,2,3....p (2.2)

where C;’s are currently unknowable p parameters. Here My(x,t) is the initial approximation and M (z,t) is
the first approximation. In this case, p is a positive number chosen at random.
Substituting (2.2) in Equation (2.1) we get,

A[M (z,t)] + Y[M(z,t)] 4 g(x,t) = 0
or, A[My(z,t)+ Mi(x,t,C;)] + L[ Mo(x,t) + Mi(z,t,C;)] + g(x,t) =0
or, A[My(z,t)] + A[Mq(z,t,Cy)] + Y[ Mo(xz,t)] + Y[Mi(z,t,C;)] + gz, t) =0 (2.3)

Since the nonlinear operator is A, then we use the following linear equation to approximate the value of initial
approximation My(x,t) at the outset:

To estimate the first approximation of solution (2.2), we consider the second differential equation in the following
form which also comprises the nonlinear operator T,

A[M;(z,t,Cy)] + Y[ Mo(z,t)] + T[My(x,t,C;)] =0, Q |:M1, 88]\51:| =0 (2.5)

The nonlinear term in Equation (2.5) is expanded in the form as
My x, t, Cl
Mo (e, )] + VM, 6] = VMo, )] + 3 M)

K
k>1

Y (Mo (, 1)) (2.6)

where x!=1.2.3...k and T(*) stand for the differentiation of order x of the nonlinear operator Y. Instead of
solving Equation (2.5), we want to find a way to circumvent the difficulties of resolving the nonlinear differential
equation in (2.5) and hasten the first approximation’s swift convergence and the implication of the solution

M (z,t). Therefore, Equation (2.5) is shown to have an alternate expression

AM (.8, Cp)] + Bi(Mo(z, t), Co) Y (Mo(, 1)) + Ba(Mo(x, 1), C;) = 0 (2.7)
with
Q| Mi(x,1,C)), W —0 (2.8)

B; and Bs are presumed to be the random auxiliary functions that rely on the initial approximation My (x,t) and
unknown parameters C; and Cj, where i = 1,2,...,s and j = s+ 1,5+ 2, ..., p respectively. The positive integer
p and the auxiliary functions can be chosen in a wide variety of ways, providing us with a lot of flexibility. The
auxiliary functions By (My(x,t), C;) and Ba(My(z,t), C;) are not unique; they rely on the initial approximation
My(z,t) or on the combinations of My(z,t) and Y[My(z,1t)].

The unknown parameters’ values C; and C; have been obtained by applying the Collocation method in the
research article cited in [28]. But in this research article, we have employed the Galerkin method which is as
follows: .

First of all, the approximate solution M (x,t) can be redefined as :

M(z,t) = My(z,t) + M (z,t) (2.9)
= Mo(z,t) + > _tC;i0;(x) (2.10)
j=1



where the functions ¢;(x) are called the coordinate functions. The residual function of Equation (2.1) can
be written as,

R(z,t) = A[M(z,t)] + T[M(z,t)] + g(z.1) (2.11)
Then the residual function R(z,t) by the coordinate functions and set the residual equation as
/ Rlz, )6i(z)dz = 0
D

or, /D (AN (2, 0)] + T (2, 0)] + gz, 1) ) = 0 (2.12)

Then we substitute the redefined solution (2.12) in the residual equation (2.12). It results in the following
equation,

/D [A [Mo(x, £) + itcﬂsj— (x)} +T [Mo(x, £) + itcmj(x)} +g(z, t)] i(z)dz = 0
j=1

j=1
or, iCJK” = Fz (213)
j=1
where,
D
Fo= [ [Ab (e 0]+ Y00 + g(o.0)] (o) (215)

The linear part of Equation (2.13) has been solved for the initial solution. Then the initial solutions are used
for determining the coefficients C; and C;. The method has been elaborated for the particular test problems in
the following section. .

With these known parameters, the approximated solution M (z,t) is clearly defined. Other methods for ap-
proximating nonlinear analytical solutions rely on pre-existing solutions, but we build the solution from scratch
using only a minimal quantity of convergence-control parameters C;(i = 1,2,...,p) that are elements of the
so-called optimal auxiliary functions.

The optimal auxiliary function method is a sequential approach that swiftly converges on the exact solution
following the first iteration of the process. This method is based on the establishment and modification of
auxiliary functions, as well as a simple mechanism for regulating the convergence of the solutions.

3 Numerical Examples and Applications

In this part of the article, we will look at the numerical solutions to several well-known nonlinear parabolic
equations (the Benjamin-Bona-Mahony equation, Fisher’s equation, the shock problem, and the Burger-Fisher
equation) associated with initial conditions. In addition to the exact solution, graphical and numerical repre-
sentations of all the numerical results and the absolute errors are provided here.

The absolute error refers to the discrepancy between the observed or estimated magnitude of a quantity and its
real magnitude. The absolute error is determined by the following expression,

Absolute Error (AE) = |M(z,t) — M(x,t)| (3.1)

where M (z,t) is the exact value and M (z,t) is the approximate value. The absolute error of the measurement
shows how large the error actually is. In addition, the Rate of Convergence [13] can be defined as follows:

_log

CR (3.2)

N log%

where €1, €2 are the absolute errors (AE) defined in Equation (3.1) for time step ¢; and to, respectively.



Test Problem 1 : The Benjamin-Bona-Mahony equation models long waves in a nonlinear dispersive system.
The equation is also called Regularized Long-Wave Equation (RLWE). It is considered an improvement
of the KdV equation. The equation covers the areas of surface waves of long wavelengths in liquids, acoustic-
gravity waves in compressible fluids, hydromagnetic waves in a cold plasma, and acoustic waves in anharmonic
crystals.

Let us consider the Benjamin-Bona-Mahony equation of the following type [28],

oM (z,t) BPM(z,t)  OM(x,t)
ot 020t Oz

M (z,0) = sech? (Z)

OM (z,t) _o
O (3.3)

+ M (x,t)

where z € [0,0.07] and ¢ > 0. The following provides an exact solution to the problem mentioned in (3.3)

M (z,t) = sech? (Z - é)

The first-order approximate solution to the corresponding problem is given by,

Cl( sech? (4) tanh (4) %scchﬁ (4) tanh( )) +C’2< sech® (4) tanh(4)
iy () o (3)) - st () - s ()] o

The solution (3.4) can be written in the form of

M (z,t) = sech? (4) +1

M(x,t) = My(,t) + Y tCj5 (), n=1,234 (3.5)
j=1

where,
o1 () :% sech? (z) tanh G) ; sech® (Z) tanh (g)
éo() :% sech® (7 ) tanh (5 ) + %sechg (5) tant ()
da(w) = —sech” (7).,
du(w) = — sech® (7).

The corresponding residual function can be represented as,

R(x,t)zﬁ(z\?(x,t))— ’ (A”I(x,t))+a%(ﬂ7(x,t))+(J\7<x,t))%(z\7(x,t)) (3.6)

0
ot 0x20t

To obtain the values of auxiliary parameters’ we set the residual equation as,

0.07
/0 R(z,t)¢;(x)dx =0
n 0.07 2 i
o 300 [(z»g AL +t¢J<a§4° +Zt0k%¢k> +M0t3%1@( )
j=1

00T 1AM, @3 M,  OM, OMy
/0 [_ ot " omor  ox Mo

]

or, iCJKU = Fl
=1



where,

007 0%¢; 0 My | <, ., Ok 00,
K"/o [‘éj‘ ot Tt Ty 210G, | Mt | Gi)ds
0.07 8M0 (93M0 (9M0 8M0
Fi_/o l_ ot oot on Moy |4l

The values of these coefficients are therefore inserted in the solution (3.4), yielding the final outcome. In the
following table, the absolute errors obtained by different methods and our proposed method have been shown.

Table 3.1: Tabular Representations of the absolute errors of (3.3) at different values of x

: Absolute Error for z = 0.03 Absolute Error for x = 0.04
Present Method In [28] In [44] Present Method In [28] In [44]
0.01| 1.411273 x 1079 | 1.4104 x 107% | 2.2664 x 107" | 1.584927 x 10=% | 1.1584 x 10~% | 2.7703 x 10~*
0.02 | 6.004954 x 1079 | 5.9887 x 107% | 6.03525 x 107%* | 9.480540 x 107 | 9.4689 x 10 | 7.04304 x 10~*
0.03 | 2.432482 x 1079 | 2.4349 x 107% | 1.13601 x 1079 | 1.910947 x 107% | 1.9126 x 107% | 1.28165 x 107
0.04 | 7.697610 x 107% | 7.6908 x 107% | 1.80786 x 107 | 6.992144 x 10~% | 6.9944 x 10~% | 2.00908 x 10~%
0.05 | 1.516464 x 107 | 1.5168 x 107" | 2.63254 x 107 | 1.429545 x 10~ | 1.4298 x 10~™ | 2.88653 x 107%

Table (3.1) has been used to represent the absolute errors at different time steps for values of z = 0.03 and
x = 0.04. The collocation method was used to generate the values of the coefficients of solution (3.4) in reference
[28]. In light of the information shown in Table (3.1), we are able to draw the conclusion that the solutions are
pretty similar to one another. The test problem has been addressed using the optimal homotopy asymptotic
methodology, as shown in reference [44]. The table shows that our findings are significantly better than those
achieved by the preceding method.

Test Problem 2 : Fisher’s equation [45] is widely considered to be one of the most prominent examples of a
nonlinear reaction-diffusion equation. The equation has been used in different aspects like flame propagation,
chemical reactions, etc.

Let us now consider Fisher’s equation with the initial condition,

OM (z,t) _ 0?M (z,t)

ot 0x?
M(z,0) = (14 ¢%)2

4 6M (x,)(1 — M(x,t))

(3.7)
where z € [0,1] and ¢t > 0. The following equation provides an exact solution to the aforementioned problem
(3.7),
M(z,t) = (1+ €)%

The first-order approximate solution to the corresponding problem is given by,

IV 2 2 2)? 2)* 2\*

M(z,t) = (1+ €)% - t[Cl(l Fen) 2y 02((1 + ety ) + 03((1 +et)” ) + 04((1 +et) ) ] (3.8)
where,

$1(w) = —(1+¢") 7%,

oafw) = (1 +e)2)"
ssa) = —((+e)72)
dale) = —((1 +e‘”)72)4.



The residual function R(x,t) can be defined as

OM(x,t)  O*M(w,t)

ot 5p — OM(@,)(1— M(z,1)) (3.9)

R(z,t) =

and the residual equation can be written as

/0 Rz, 8)6i(z)dz = 0

o 1 82qu & 2
or, e / ¢j —t + 6tMog; — 6t + 6tMog; + (Z 6t Om,c)(ﬁj ¢i(z)dx
j=1 0 k=1

0x2
! oMy  0*M,
:/ - + + 6My — 6MZ | ¢s(x)dx
0

ot Oz

equivalently, Z C,K;; = F,
j=1

where,

1 2 1 n
K :/O lqéj - ta 0, + 6tMog; — 6tg; + 6tMog; + (Z6t20k¢k)¢j] bi(z)dx

0z?
k=1

1 2
oM,  9%M,
Fi:/ l_ 04 0 4 6My — 6M?
0

o 922 ¢i(z)dx

We have evaluated the values of these coefficients by solving the system of equations. The values are therefore
inserted in the solution (3.8), yielding the final outcome.

Table 3.2: Tabular Representations of absolute errors of (3.7) at different time steps

t =0.001 t=0.01
Present Method | Reference [45] | Present Method | Reference [45]
0.0 | 7.00945 x 107 5.0 x 107 8.92336 x 107% 4.7 % 107%
0.1| 1.84484 x 107 1.0 x 107%™ 1.45442 x 10~% 7.0 x 107%

T

0.2 1.90543 x 10796 2.0 x 107% 1.72178 x 107 2.3 %1079
0.3 | 1.75098 x 1070 2.0 x 107™ 1.85299 x 10~ 2.2 x 1079
04| 1.72015 x 1079 2.0 x 107 1.92511 x 1079 2.4 %1079

0.5] 1.84292 x 107 2.0 x 10~ 1.96502 x 10~ 2.5 x 1070
0.6| 2.00938 x 10796 3.0 x 107% 1.97392 x 1079 2.5 x 1079
0.7] 2.08225 x 107 2.0 x 10~ 1.94426 x 10~ 2.5 x 1079

0.8| 1.95933 x 10706 2.0 x 107 1.86959 x 10794 2.2 x 1079
0.9 1.59713 x 107 2.0 x 10~ 1.74906 x 10~ 2.6 x 1079
1.0 | 1.00891 x 1079 1.0 x 107 1.58800 x 10794 6.0 x 1079

Table (3.2) has been yielded to represent the absolute errors of (3.7) at different time steps. The table has also
included the reference absolute errors from the previously published literature. Based on Table (3.2), it can
be shown that our suggested methodology provides a high level of precision across the domain and at various
time levels. Comparing the features of the approximate solution with those of the exact solution reveals a high
degree of similarity.

The following table shows the convergence rate of the test problem using our proposed method for different
time steps.



Table 3.3: Convergence Rate (CR) using the present approach for Test Problem 2

t MAE Convergence Rate
0.001 | 2.08 x 1079
0.002 | 7.890 x 10796 1.9234
0.003 | 1.758 x 1079 1.9759
0.004 | 3.122 x 1079 1.9963
0.005 | 4.882 x 1079 2.0035

Figure (3.1) illustrates the required results derived from equation (3.7) employing the developed algorithm of
our provided method for different time steps. Given how similar the approximate and exact solutions are,
distinguishing between them through these diagrams is a challenging task.

Approximate

(a) (b)
Figure 3.1: Exact (on left) and Approximate (on right) solution of (3.7) at different time steps
Figure (3.2) displays the error graphs that show the absolute discrepancy between the numerical and exact

solutions of (3.7). An acceptable level of inaccuracy is provided by the absolute error map for the employment
of the OAFM in illustrating numerical results.

Figure 3.2: The schematic 3D representation of absolute error of (3.7) for different time steps

Test Problem 3: The shock wave is a prominent type of equation used in science and technology. The shock
wave has interesting applications in a variety of areas, such as medicine, biological sciences, material processing,
manufacturing, and microelectronic industries. Let us now take into consideration the uniformly propagating



shock problem [46],

2
OM (z,t) _ 19 M (z,t) _M(x’t)aM(m,t)
ot Re  Ox2 Oz (3.10)
z—4
M(z,0) = o

where x € [-1,1], t > 0 and Re is known as the Reynolds number. Here Re = 1.
The following provides an exact solution to the aforementioned problem (3.10),

2
M(z,t)=1-— "
The first-order approximate solution of (3.10) is obtained as,
M(z,t) = %;1 — Cli:;l +02(i:;1)2 +03(i:;1)3 +C4(z:;1)4] (3.11)
where,
o1(z) = — (z — ;1),
)=~ (28"
ot == (=),
o == (5=5)"
The residual function R(x,t) can be defined as
Ro.t) = OM(x,t) 1 9*M(z,t) Ny OM (z,t) (3.12)

ot Re  0Oz2 Oz

and the residual equation can be written as

/_11 R(z,t)¢i(x)dx =

n 1 t 82¢ a(yb 8M0 n , B X aMO
or, ;Cj/I [‘%Reamﬂ +tMoaJ o (l;t Ck¢k)¢j qﬁi(x)dxf/i - =

1

1 82M, 8M0
+ g M ]sby( )dx

or, Z CjKij = Fz
where,

1 2 o
Kij =/_1 [¢j ]; aa(b; + t Mo a(bj +t¢>g a (ZtQka)%}@( )da

F; =

! AM, 1 82M, aM
[ 2]

ot " Re 0a2

-1

In order to guarantee the efficacy and dependability of this process, a comparison will be made between the
approximate numerical solution and the exact solution in Table (3.4).



Table 3.4: Tabular Representations of absolute errors of (3.10) at different time steps

xr

t =0.01

t =0.02

t=0.03

-1.0

1.28377 x 1079

7.00945 x 1079

6.93521 x 1079

-0.8

1.09049 x 1079

1.84484 x 1079

8.06126 x 10~9°

-0.6

1.05769 x 10705

1.90543 x 10705

9.83131 x 10794

-0.4

1.22779 x 1079

1.75098 x 10~9°

1.24524 x 10704

-0.2

1.64933 x 1079

1.72015 x 1079

1.62435 x 10794

0.0

2.37565 x 10~

1.84292 x 10705

2.17583 x 10704

0.2

3.46761 x 1079

2.00938 x 1074

3.01108 x 10794

0.4

5.02384 x 10~

2.08225 x 1074

4.39187 x 1079

0.6

7.35720 x 10705

1.95933 x 104

7.03143 x 1074

0.8

1.18993 x 10~ %4

1.59713 x 1074

1.31702 x 10793

1.0

2.59828 x 10704

1.00891 x 1093

3.10234 x 10793

According to Table (3.4), it is evident that our aforementioned method guarantees high precision across a variety

of time scales.

Figure (3.3) provides the 3D visual representations of the exact and approximate results of (3.10) for different
time steps. As can be seen in Figure (3.3), it is difficult to differentiate between exact and approximate solutions,
which paves the way for the acceptance of numerical representations derived through the implementation of the
optimal auxiliary function method.

Exact

Approximate

Figure 3.3: Exact (on left) and Approximate (on right) solution with of (3.10) at different time steps

Figure (3.4) exhibits a visual representation of the absolute errors for different time steps and for different values
of z. The figure shows that the absolute errors are quite negligible. In addition, the figure verifies the solution’s
reliability and acceptance of the recommended approach.

Figure 3.4: The schematic representation of absolute error of (3.10) for various time steps

10



Test Problem 4: The Burger-Fisher equation illustrates a conventional concept for modeling the interplay
between the reaction process, the convection impact, and diffusive mobility. The equation is important to the
study of a wide variety of subfields within mathematics and physics, including finance, gas dynamics, and traffic
patterns. Let us consider the Burger-Fisher equation [47] with the initial condition,

OM (x,t) LOM(z,t)  PM(z,t) . Mz )
o + o;M(alc, t) D - 8%12 = BM(z,t)(1 — M(x,t)*) (3.13)
M(z,0) = {2 5 tanh (m >}

where x € [0,1] and ¢ > 0. We choose « =1, 8 =1, and w = 1 to get our approximate solution.
The following provides an exact solution to the aforementioned problem (3.13),

M (z,t) = (; + %tanh [2(;6”:’1) (m _ (wi + ﬂ(wa+ 1))%)

The first-order approximate solution of (3.13) is obtained as,
1 1 —x 1 1 —T\\2
2 gt (7)) + a5+ g tanh (7))
01(2+2tan 1 + Cy 2+2tan 1
1 1 —x\\3 1 1 —x\\4
(2 L (T v (L L (29))] s
teslgtgtam{)) toalgtgtan{y (3:14)

The solution (3.14) can be written in the form of

M(z,t) = (% + %tanh (—Tx)) —t

M(z,t) = Mo(z,t) + Zn:tchﬁj(x), n=1,234 (3.15)
=
where,
o)== (5 + 5t (7))
)= (5 + 31 ()
o)== (545 e (7))
a(z) = — (% + %tanh (%))4

The corresponding residual function can be represented as,

OM ~0M M —~, —~
o Mo - a:EQ—M(l—M) (3.16)

To obtain the values of auxiliary parameters’ we set the residual equation as,

/0 R(z,t)¢p;(x)dx =0

n 2
or, ZCj/ [@ t; 2000 - +Mota¢ﬂ (Ztcka‘/)’“)qb —ta @_W — Mp) + Mot
j=1

Gi(x)dr = /01

R(z,t) =

M, OMy | 9*M,
8t — My—— o7 + —— o7 -3 +M0(1—M0) (;Sz(x)dx

+20,( 30 Cuon)
k=1

equivalently, Z CiKij = F;
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where,

—tp;(1 — My) + Moto;

Oz Oz

! 0My 09; . 0Px 0%,
Ki; = /0 [%‘ —tgj—— + Mot~ + (;tckax)% —t

+820;(Y . Cuon) | di(w)d
k=1

2
+ 0" Mo + Mo(1— MO)] i (x)dx

e

1
dM aM
F= | =20y
/0 [ i o2

Then the values of the coefficients Cy, Cs, C3, and C4 are then obtained by solving the system of equations.
Then we substitute these coefficients’ values in solution (3.14) and the final approximated result of (3.13) is
obtained.

Table 3.5: Tabular Representations of absolute errors of (3.13) at different time steps

x t =0.01 t =0.05 t=0.10

0.0 | 7.88760 x 10796 | 2.04019 x 10~%% | 8.44902 x 10~%*
0.1 | 7.39628 x 10796 | 1.92383 x 10-9% | 8.01589 x 10~%*
0.2 | 6.88732 x 10796 | 1.80254 x 10~%* | 7.56136 x 10~ %
0.3 | 6.36334 x 10796 [ 1.67690 x 10-9% | 7.08728 x 10~%*
0.4 | 5.82707 x 10796 | 1.54751 x 10~%* | 6.59576 x 10~%%
0.5 | 5.28131 x 10790 | 1.41505 x 10~ %% | 6.08911 x 10~9%
0.6 | 4.72898 x 10796 | 1.28020 x 10~ %% | 5.56982 x 10~9%
0.7 | 4.17297 x 10790 | 1.14367 x 10797 | 5.04051 x 10~%%
0.8 | 3.61619 x 1079 | 1.00616 x 10~%% | 4.50392 x 10~%%
0.9 | 3.06152 x 10790 | 8.68417 x 10~% | 3.96286 x 10~%%
1.0 | 2.51176 x 10796 | 7.31134 x 1079 | 3.42017 x 10~

Table (3.5) provides absolute errors of the corresponding problem at different time levels. The table assures
that error terms are quite minimal, and enhances the chances of the suggested scheme being approved.

The following table shows the convergence rate of the test problem using our proposed method for different
time steps.

Table 3.6: Convergence Rate (CR) using the present approach for Test Problem 4

t MAE Convergence Rate
0.01 | 7.8876 x 106
0.02 | 3.1840 x 10793 2.0132
0.03 | 7.2265 x 1079 2.0214
0.04 | 1.2954 x 10~%4 2.0288
0.05 | 2.0402 x 10~% 2.0356
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Approximate

Exact

Figure 3.5: Exact (on left) and Approximate (on right) solution with of (3.13) at different time steps

Figure (3.5) is deployed to provide pictorial representations of the exact and approximate data obtained by the
present methodology at different time steps. The figure represents a good agreement between the exact and
approximate data.

Absolute Error

o
o
o

Figure 3.6: The schematic representation of absolute error of (3.13) for different time steps

Figure (3.6) exhibits a visual representation of the absolute errors for various nodes at different time steps. The
figure ensures that the algorithm is reliable enough.

Conclusion

In this research, we have obtained numerical approximations of nonlinear parabolic PDEs with the help of
the initial conditions through the application of the optimal auxiliary function method. This procedure has
been put in place to determine the initial and first estimations of the parabolic PDEs. Then, by adding these
parts, we have derived the first-order approximate solutions. We have also employed the well-known Galerkin
approach to calculate the coefficients of initial estimation. Then, the technique has been applied to numerically
solve a number of well-known parabolic PDEs, with the approximation results being compared to the exact
ones. All of the approximate results, with their graphical representations, as well as their absolute errors, are
provided. In light of these facts, it is clear that the approach that was suggested is efficient, reliable, and
acceptable due to the fact that it is easy to implement. In the future, the proposed method can be applied to
2D and 3D nonlinear parabolic PDEs.
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