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ABSTRACT

We study and develop the concepts of homomorphism and anti-homomorphism to derive some important results in the
theory of gamma rings. This article attempts to analyze some of the results of Ali et al. [1] in case of classical rings for
extending those in the context of gamma rings. We establish a number of results related to automorphism, anti-
automorphism and Jordan automorphism on Jordan ideal of prime gamma rings to obtain a new characterizing result. If
M is a 2-torsion free prime gamma ring fulfilling a suitable condition, J is a non-zero Jordan ideal as well as a subring of
M and ¢: M — M is a Jordan automorphism, then we prove that ¢ is an automorphism or ¢ is an anti-automorphism.
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1. Introduction

We begin by recalling the concept and some properties of gamma ring. If M, I" are two abelian groups under addition and
(a,a,b) = aab is a map of M X T X M — M such that (a + b)ac = aac + bac, a(a + f)b = aab + +afib, aa(b +
¢) = aab + aac, and (aab)Bc = aa(bfc) V a,b,c € M and a, B €T, then M is called a gamma ring (shortly: a I'-
ring). Nobusawa introduced the concept of gamma ring in [5] and Barnes developed various properties of gamma rings
in [2]. M is called 2-torsion free & 2x = 0 forces x = 0V x € M. Here M is called (i) prime & al’'MI'b = 0 (with
a,b € M) forces a = 0 or b = 0; and (ii) commutative < xyy = yyxVx,y E Mandy €I'.Ifa,b € M and a € T, then
[a, b], = aab — baa is called the commutator (sometimes called the Lie product) of a, b with respect to a. As a result,
M is commutative < [a,b]l, =0V a,bEManda €T. Ifa,b € M and a €T, then (a o b), = aab + baa is called
the Jordan product of a, b with respect to a.

Consider J as an additive subgroup of M. J is called (i) a left (or, right) ideal & MT] c J (or, JTM c J); (ii) an ideal &
myu € Janduym € ]V m € M,y € I'and u € J; and (iii) a Jordan ideal < (u o m),, € ] (thatis, iff uym + myu € J)
Vue]J,meMandy €T.x €M is called a nilpotent element & ¥y € I An € Z* (depends on y) such that (xy)"x =
(xy) (xy) ... (xy)x = 0. ] is called (i) a nil ideal & each element of ] is nilpotent; and (ii) a nilpotent ideal & I n € Z*
for which (JT)™] = (JT)(JT) ... (JT)J = 0. Every nilpotent ideal of a ['-ring is thus a nil ideal.

For I'-rings M and N, an additive map ¢: M — N is called (i) a homomorphism & @(aab) = ¢(a)ap(b) V a,b € M and
a € T; (ii) an anti-homomorphism < @(aab) = @(b)ap(a) ¥V a,b € M and «a € T; and (iii) a Jordan homomorphism <
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p(aaa) = p(a)ap(a) Va € M and a € I'. From the very definition, it follows that every homomorphism and anti-
homomorphism of I'-rings is a Jordan homomorphism of the same, but the converse is not always true.

We know that a bijective homomorphism of a I'-ring onto another I'-ring is called an isomorphism, and an isomorphism of
a I'-ring onto itself is called an automorphism. A bijective additive map ¢: M — M is thus called an automorphism, an
anti-automorphism and a Jordan automorphism < @(aab) = p(a)ap(b), p(aab) = p(a)ae(b) and p(aaa) =
p(a)ap(a) Va,b € M and a € T, respectively.

Oukhtite et al. [6] developed the concept of homomorphism and anti-homomorphism on o-Lie ideals in the theory of
classical rings. Afterwards, Dey and Paul [3] worked with the notions of homomorphism and anti-homomorphism on a
non-zero ideal in the theory of gamma rings. Later on, Paul and Chakraborty [7] also worked on the development of the
concepts of homomorphism and anti-homomorphism to derive some more important results in the theory of I'-rings.

We are inspired to perform this attempt from the work of Ali et al. [1] in the theory of classical rings in order to generalize
extensively some of their results in the context of gamma rings. If M is a 2-torsion free prime I'-ring fulfilling a suitable
condition, J is a non-zero Jordan ideal as well as a subring of M and ¢: M — M is a Jordan automorphism, then we prove
that ¢ is an automorphism or ¢ is an anti-automorphism.

2. Main Results

We start this section with the following well-known identities on commutators.
() [a,b]g + [b,a], = 0,
(i) [a + b,c], = [a,c]q + [b, clas
(i) [a, b + ¢], = [a, b]q + [a, c]a,
(IV) [a' b]a+B = [a' b]a + [a' b]/?a
(v) [aBb,cl, = aB[b,c]l, + [a,clBb + aB(cab) — aa(cBb), and
vi) [a, bBc], = bBla, c], + [a, b],Bc + ba(aBc) — bB (aac).

We need to consider throughout this section hereafter that a I-ring M fulfills the condition
*) aabfic = afbac V a,b,c € Mand a,f €T.

If M fulfills the condition (*), then the last two commutator identities become (respectively)
(V) [aBb,cly = aB[b,cl, + [a, c]Bb, and
(VD) [a, bBc], = bBla,cly + [a, baBc.

Unless otherwise stated, M will represent a prime I'-ring and J will represent a non-zero Jordan ideal of M (throughout
this section hereafter)

Lemma 2.1 Let M fulfills the condition (*). Then 2[M, M]T] € ] and 2JT[M,M]r < J.

Proof. Leta,b € Mandc €.
Forany a, 8,y € T, we get (c o [a,blg)p — ((coa)gob)g+ ((cob)goa)s €] .
It gives ¢f(aab — baa) + (aab — baa)Bc — ((caa + aac) o b)z + ((cab + bac) ca)g €] .
This implies that cfaab — cfbaa + aabfic — baafc — caafib — aacfb
—bBcaa — bfaac + cabfa + bacfa + aficab + afbac € ] .

Using (*), we obtain 2(aab — baa)fc € ].
It gives that 2[a, b],fc EJ]Va,bEM,c €] and a,B €T.
That is, 2[M, M]:T] < J.
Similarly, Va,b € M,c € Jand a,f €T,

2cf(aab —baa) = ((cob)goa)g —(co[a,bly)pg—((cea)yob)g €] .
This gives 2JT[M,M]- S J. O

Lemma 2.2 [fa € M and al'] = (0) [or JTa = (0)], then a = 0.

Proof. Forany x e M,c € Janda € I, we get (co x), € ].
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According to hypothesis, af((cex),) =0Vx €EM,c€Janda,f €T.

Now we get 0 = af(cax + xac) = afcax + afixac = afxac, since afc = 0.

That is, afMaj = 0.

Since / # 0 and M is prime, the above equation yields that a = 0.

If JTa = (0), in view of the similar arguments with necessary variations, we also obtain that a = 0. O

Lemma 2.3 Let M be 2-torsion free fulfilling the condition (*) such that aaJfb = (0)V a,b € M and a,§ € T. Then
a=0o0rb=0.

Proof. From Lemma 2.1, we get 2[M, M].I'] < J.
Therefore, Vu,v € M, c € J andy,§ € T, we get 2[u, v], 8¢ € J.
By hypothesis, we get 2aa[u, v],6cfb = 0.
The 2-torsion freeness of M then gives

€)) aalu, v],8cfb = 0.
Now substituting vva (with v € T) for v in (1), we obtain

0 = aalu, vval,8cfb = aavv[u, a],6cfb + aalu, v],vadcfb.

Since aajBb = (0), we get aalu, v],vadcfb = 0.
Hence we obtain aavv|[u, a]y&ﬁb =0VYuveEM,cejanda,pB,y,6,v ET.
This implies that aaMv[u, a],6cfb = 0.
By the primeness of M, we find that a = 0 or [, a],8cfb = 0.
If [u,a],6cfb =0V u €M, c €]andp,y,é €T, it gives uyadcfb — ayudcfb = 0.
Since adcfb = 0, we get ayudcfb =0Vu € M,c € Jandf,y,6 €T.
This implies that ayM6cfb = 0.
Since M is prime, we get a = 0 or ¢cfb = 0.
Ifcfb=0Vc€jand S €T, then by Lemma2.2, b = 0.0

Lemma 2.4 Let M be 2-torsion free fulfilling the condition (*). If ] is commutative, then | € Z(M).

Proof. From Lemma 2.1, we get 2[M, M| '] < J.
Forany u,v € M, c,d € ] and a, B,y € T, we thus get [2[u, v]Bc, d]y =0.
Hence [2[u, v]q, d], Bc + 2[u, v]Blc, d], = 0.
Since ] is a commutative Jordan ideal, 2[u, v],B[c,d], = 0.
Using this fact in the above equation, we obtain 2[[u, v],, d],Bc = 0.
The 2-torsion freeness of M then gives [[u, v],, d]yBc =0VYuveM,c,d€ejanda,p,y €T.
By Lemma 2.2, [[u, V], d], =0V u,vEM,d €] anda,y €T.
Now putting ufv (with § € T') for v in (1), we get [[u, uBv],, d]
This implies that [uf[u, vly, dl, + [[u, ulBv,d], = 0.
It becomes 0 = [uf[u, v]q, d], = uB[[u,vle dl, + [u, d], Blu, vl = [u,d], Blu, v,
YVuveM,dejanda,p,y €T.
Further replacing v by véd (with § € I'), the last equation becomes
0 = [u,d],Blu, véd], = [u,d],Bvé[u,d]y + [u,d],Blu, v]6d = [u,d],Fvd[u,d],.
This implies that [u, d],fM5[u,d], =0V u€M,d € ] anda,B,y,6 €T.
The primeness of M then gives [u, d],, = 0 or [u,d], = 0.
In both cases,d € Z(M) Vd € J.Hence ] € Z(M). O

,=0.

Lemma 2.5 Let M be 2-torsion free fulfilling the condition (*) and let | be a subring of M as well. If o: M — M is an
additive map with p(aaa) = p(a)ap(a)Va € Jand a €T, thenV a,b,c € J and a, €T,

(i) p(aab + baa) = ¢p(a)ag(b) + p(b)ap(a);

(ii) p(aabBa) = ¢(a)ap(b)By(a);

(iii) ¢ (aabBc + cabBa) = p(a)ap(b)Bp(c) + ¢(c)ap(b)By(a).

Proof. (i) Forany a,b € J and a € ', we get aab + baa € ], as ] is a Jordan ideal and a subring of M.
By assumption, we get p(aaa) = p(a)ap(a) Va €Janda €T.
Substitute a by a + b to obtain ¢((a + b)a(a + b)) = ¢(a + b)ap(a + b).
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It gives p(aaa + aab + baa + bab) = (¢(a) + p(b))a(p(a) + ¢(b)).
This yields
¢(aaa) + ¢(aab + baa) + ¢ (bab) = p(a)ap(a) + (a)ap(b) + p(b)ap(a) + (b)ag(b).
It then gives
p(a)ap(a) + p(aab + baa) + @(b)ap(b)
= p(@agp(a) + p(@ap() + p(b)agp(a) + p(b)ap(b).
Thus we get

(D @(aab + baa) = p(a)ap(b) + p(b)ag(a),
which proves the claim.

(i1) Substituting b by affb + bBa (where § € T') in (1) and using (*), we get
2) p(aa(afb + bBa) + (afb + bBa)aa) = p(a)ap(afb + bfa) + ¢(afb + bBa)ap(a)
= p(@a(p@Bpb) + p(b)Be(@)) + (p(@)Be(b) + p(b)Be(a))ap(a)
= ¢(@)ag(a)Be(b) + p(@)apb)Be(a) + p(a)Be(b)ap(a) + ¢(b)By(a)ap(a).
On the other hand,

3) ¢(aa(afb + bBa) + (afb + bfa)aa) = p(aaafb + aabfa + affbaa + bfaaa)
= @(aaafb + bfaaa) + ¢(aabfa) + p(afbaa)
= ¢p(aaa)Be(b) + ¢(b)By(aaa) + 2¢(aabfa)
= p(@ap(a)Be(b) + p(b)Be(a)ap(a) + 2¢(aabfa).
Comparing (2) and (3), and using (*), we obtain ¢ (aabfa) = ¢(a)ap(b)Be(a).

(iii) Putting a + ¢ for a (where ¢ € ]) in (ii), we get
“) ¢((a+c)abB(a+c)) = p(a+ ap(b)Bp(a+c)
= (¢(a) + @(c))ap()B(p(a) + ¢(c))
= ¢(@)apd)Be(a) + p(@)apb)Be(c) + p(c)apb)By(a) + ¢(c)ap(b)Be(c).
On the other hand,

5) (p((a +c)abB(a + c)) = @(aabfa + aabfc + cabfa + cabfic)
= @(aabfc + cabBa) + p(aabBfa) + p(cabfic)
= ¢(aabfc + cabfa) + p(a)ap(b)Bp(a) + @(c)ap(b)Be(c).
Comparing (4) and (5), we obtain ¢ (aabfc + cabfa) = p(a)ap(b)Be(c) + p(c)ap(b)fe(a). O

Definition 2.1 For convenience we now define @, (a, b) = @(aab) — p(a)ap(b).

Lemma 2.6 Forany a,b,c € | and a, 8 € T, the following are true.
(i) ©,(a,b) + P, (b,a) =0;

(ii) ®,(a+ b,c) = ®,(a,c) + D,(b,c);

(iii) ®,(a,b + c) = ®,(a,b) + P, (a,c);

(iv) @44p5(a,b) = @y(a,b) + Pp(a,b).

Proof. Obvious. O
Definition 2.2 For convenience we next define ¥, (a, b) = @(aab) — p(b)ap(a).

Lemma 2.7 For any a,b,c € | and a, 8 € T, the following results hold.
(i) ¥Y,(a,b) +¥,(b,a) =0;

(ii) Y, (a+ b,c) =¥, (a,c) + ¥, (b,c);

(iii) W, (a,b + ¢) = ¥, (a,b) + ¥,(a,c);

(iv) Yoip(a, b) = Yy (a,b) + ¥s(a,b).

Proof. Clear. o

Lemma 2.8 Forany a,b € | and a, § € T, the following results are true.
(i) ®4(a,b)B¥,(a,b) = 0;

(ii) Y, (a, b)Bd,(a,b) = 0;

(lll) [(p(a)! (p(b)]a = l'pa(al b) - q)a(al b)’

(iv) ([a, b]y) = ¥, (a,b) + @, (a, b).
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Proof. (i) ®,(a, b)Y, (a,b) = (¢(aab) — p(a)agp(b))B(¢(aab) — @(b)agp(a))
= ¢(aab)By(aab) — g(aab)Bp(b)ap(a) — p(a)ap(b)Be(aab) + ¢(a)ap(b)By(b)ap(a)
= @(aabfaab) — p(aabfbaa) — p(aabfaab) + ¢ (aabfbaa) = 0.

(1) Similar as (i).

(iii) W, (a, b) — @, (a,b) = p(aab) — p(b)ap(a) — ¢(aab) + p(a)ap(b)
= p(a)agp(b) — p(b)ap(a) = [¢p(a), p(b)]q-

(iv) Yo (a,b) + @, (a,b) = @(aab) — p(b)ap(a) + ¢(aab) — p(a)ap(b)
= @(aab) — p(baa) + ¢(aab) — p(aab)
= @(aab — baa + aab — aab) = p(aab — baa) = ¢([a, b],). O

Lemma 2.9 Forany a,b,m € ] and a, § €T, the following results happen.
(i) p([a, b]om) = p(M)BP,4(a,b) + ¥, (a,b)Bp(m);
(it) p(mBla,bly) = Pe(a, b)Be(m) + ¢(m)B¥,(a, b).

Proof. (i) We get p(m)pd,(a,b) +¥,(a b)Bep(m)
= p(m)B(¢(aab) — p(a)ap(b)) + (¢(aab) — p(b)ap(a))Bp(m)
= p(m)By(aab) — p(m)By(a)ap(b) + ¢(aab)Bp(m) — p(b)ap(a)By(m)
= @(mpB(aab)) — ¢(mpaab) + ¢((aab)pm) — ¢(baafm)
= @(mpPaab — mBaab + aabfm — baafm)
= @(aabpm — baafm) = ¢([a, b],fm).
(i) Similar as (i). O

Lemma 2.10 If o: M = M is a Jordan homomorphism on a U'-ring M fulfilling the condition (*), then ¥ a,b, m € | and
a,B,y €T, @,(a,b)Bp(m)y¥,(a,b) + ¥, (a,b)Be(m)y®,(a,b) = 0.

Proof. Lemma 2.9(i) yields us that
(1 p(M)BPy(a,b) + ¥y (a,b)Be(m) = ¢([a, b]l,fm).
Multiplying both sides of (1) by @, (a, b) from the left, we obtain
@, (a,b)ye(m)BP,(a,b) + P, (a,b)y¥,(a, b)Bp(m) = @, (a, b)yp([a, b].fm).

Hence, by using Lemma 2.8(i), we get

2 Dy (a, b)yp(m)BP,(a,b) = Py (a, b)ye([a, bl,fm).
Again multiplying both sides of (1) by W, (a, b) to the right, we get

p(m)B®y(a,b)y¥y(a,b) + ¥e(a,b)Bo(m)y¥e(a,b) = ¢([a, bl,fm)y¥,(a,b).

Using Lemma 2.8(i) again, we then get

A3) WYy (a, b)Bp(m)y¥y(a,b) = ¢([a, b].fm)y¥.(a, b).
Also, from Lemma 2.9(ii), we get

4 e(myla bl) = Pola,b)yp(m) + p(m)yWe(a, b).
Replacing m by [a, b],fm in (4), we get
®) ¢(la, blopmyla,bl,) = ®4(a, b)ye([a, bl.fm) + ¢([a, b],fm)y¥,(a, ).

By adding (2) and (3), we obtain

(6) @, (a,b)yp(m)B®,(a,b) + ¥,(a, b)Bp(m)y¥,(a,b)

= ®,(a, b)ye(la, bl.fm) + ¢([a, b].fm)y¥,(a, b).
Combing (5) and (6), we get
O] @([a, b]opmyla,b]l,) = ®4(a,b)yp(M)BP,4(a,b) + ¥y (a, b)Be(m)y¥,(a,b).
On the other hand, applying Lemma 2.5(ii) and 2.8(iv), we get
¢(la, blofmyla, ble) = ¢([a, blo)Be(m)ye([a, b]a)
= (@4 (a,b) + Wa(a, b))Bo(m)y(Pq(a, b) + We(a, b))
= ®y(a,b)Bp(m)y®,(a,b) + ®q(a, b)Bp(m)y¥,(a, b)
+W,(a,b)Bp(m)y®,(a,b) + ¥, (a,b)Bp(m)y¥,(a,b).

D, (a,b)yp(m)BP,(a,b) + ¥y(a, b)Bo(m)y¥,(a,b)
= ®4(a,b)Bo(m)yP,(a, b) + ®4(a, b)Bp(m)y¥,(a,b)
+Wq(a, b)Bo(m)y®,(a, b) + ¥y (a, b)Be(m)y¥,(a,b).

By (7), we thus get
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Using (*), we then obtain
@, (a,b)Bp(m)y®,(a,b) +¥,(a, b)Bp(m)y¥,(a,b)
= @, (a,b)Be(m)yP,(a,b) + ®4(a, b)Be(m)y¥,(a, b)
+¥,(a,b)Bp(m)y P, (a,b) + ¥, (a, b)Be(m)y¥,(a,b).
Hence, by cancelling the similar terms from both sides, we get
P, (a,b)pe(m)y¥(a,b) + ¥e(a b)fe(m)y®,(a,b) = 0.0

Lemma 2.11 ([4, Lemma 3.10]) If M is 2-torsion free and a,b € M such that aamfib + bamfia =0V m € M and
a,f €T, thena=0o0rb =0.

Proof. Foranym € M and a, § € T, we get
@) aamfb + bamfa = 0.

Replace m by nyadt withn,t € M and y,§ € T, and we get

2) aanyadétfb + banyadtfa = 0.
But, by (1), we get adtffb = —bdtfa and banya = —aanyb.
Substituting these in (2), we get — aanybdtfa — aanybdtfa = 0.
This implies us that 2aanybétfa = 0.
By the 2-torsion freeness of M, it then gives aanybétfia = 0.
Thus we get aaMy (bStfa) = 0.
Since M is prime, we get a = 0 or bétfa = 0.
If b6tfa = 0, then we get b6MPBa = 0.
Again, by the primeness of M, we obtainb = 0ora = 0.0

We are now ready to establish our main results as follows.

Theorem 2.1 Let M fulfils the condition (*) and let | be a subring of M as well. If ¢: M — M is an automorphism

Sulfilling p(aaa) = p(a)ap(a) V a € | and a €T, then p(aab) = p(a)ap(b) or p(aab) = p(b)ap(a) V a,b €]
anda €T.

Proof. First we assume that | is commutative. By Lemma 2.4, we then get ] € Z(M).
Applying this fact to Lemma 2.5(i), V a,b € ] and @ € I, we obtain

) 2¢(aab) = p(a)ap(b) + p(b)ap(a).
Again since J is a commutative Jordan ideal and a subring of M, we find that

2) [a,bl, =0V ab€Janda €T.

Hence ¢([a, b],) = ¢(0) = 0.
This implies that [¢(a), ¢(b)], =0V a,b €] and a €T.
We thus get @ (a)ap(b) = p(b)ap(a).
Substituting this result in (1), we get 2¢(aab) = 2¢(a)ap(b).
The 2-torsion freeness of M then gives @ (aab) = @(a)ap(b).
Likewise, we also get 2 (aab) = 2¢(b)agp(a), and hence p(aab) = @(b)ap(a).

Now onward we shall assume that ] & Z(M).

Since we know from [7, Corollary 3.1] that M has no non-zero nilpotent ideal, so J has a non-zero ideal (by [8, Theorem

3.4).

Therefore, by Lemma 2.3, J is a prime ['-ring.

Now ¢|;:] = M is a Jordan homomorphism, and so, by Lemma 2.10, we get

3) P, (a,b)Bp(m)y¥,(a,b) + ¥y(a, b)Be(m)yP,(a,b) =0

Vabme]anda,fS,y €T.

Foranya,b,c € ¢(J) and @, B,y €T, it is clear that

¢~ '(aabfc + cabBa) = ¢~ (@)ap~ (b)Be~ (c) + ¢~ ()ap~ (b)Be~ ().
Now (3) can be treated by means of ¢ ™1, it is then found that
@7 (@o(a, D)Bo~ (@Mm)ye~ ' (Wela b)) + 97 (Wola, b))Bo~ (p(m)ye~ " (Pe(a, b)) =0

Vabme]anda,fS,y €T.

It gives us =1 (P, (a, b)) mye~1(¥,(a, b)) + ¢~ (¥, (a, b))Bmyep~1(d,(a, b)) =0V a,b,m €] and a, B,y €.

In view of Lemma 2.11, we obtain ¢~ *(®,(a, b)) = 0 or o~ 1(¥,(a,b)) = 0.

Ifo Y (®,(a,b))=0Vab€ejanda €T, then®,(a,b) =0V a,b €Janda €T.
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On the other hand, ifgo‘l(‘}’a(a, b)) =0V a,b €] and a €T, then we find that ¥,(a,b) =0V a,b € Jand a € T.
We thus get ®,(a,b) =0or¥,(a,b) =0V ab€eJanda €T.
That is, ¢ is an automorphism or ¢ is an anti-automorphism. O
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