Available online at https://ganitjournal.bdmathsociety.org/

GANIT: Journal of Bangladesh Mathematical Society

CU

: ‘oY, @

\\M; GANIT J. Bangladesh Math. Soc. 44.2 (2024) 039-046
GANIT DOTL: https://doi.org/10.3329/ganit.v44i2.78531

Rationalized Toeplitz Hankel operators on the space of Torus L*(T")
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ABSTRACT

In this paper we introduce the class of Rationalized Toeplitz Hankel operators on the space L2(T™),T being
the unit circle in complex plane and L?(T™) is the space of Lebesgue square integrable functions on 7. We
also introduce the Rationalized Toeplitz Hankel matrix of level n and give the characterization of Rationalized
Toeplitz Hankel Operator .
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1 Introduction

Toeplitz operators, Hankel operators, Slant Toeplitz operators have vast literature and have been stud-
ied extensively in the last few decades .This class of operators have many applications in wavelet theory and
dynamical systems. In 1911, O.Toeplitz introduced the notion of Toeplitz operators and subsequently many
researchers have worked on these operators on different spaces . A parallel study of Hankel operators have been
a subject of investigation for many scholars. Later in 1995, Slant Toeplitz operators were introduced. The first
systematic study of Slant Toeplitz operators was introduced by Ho [8] where he studied many algebraic and
spectral properties of these operators. In [3] the authors introduced Slant Hankel operators on the space L?(T)
and also generalize the notion of Slant Toeplitz operators [1]. After that a lot of work has been done on this
class of operators and their generalizations on different spaces. Recently many researchers (see [6,7,12] ) have
studied Slant Hankel Operators and Slant Toeplitz operators on the Lebesgue space of the Torus T ; so it is
still an interesting area for mathematicians.

Motivated by all these , in 2022 [4], the author has introduced the generalization of all such kind of Toeplitz,
Hankel, Slant Toeplitz and Slant Hankel operators on L?(T) as the Rationalized Toeplitz Hankel operators on
L?(T). Many algebraic and spectral properties can be seen in [4,5]. All these extend the scope of study of
Rationalized Toeplitz Hankel operators on the Lebesgue space L?(T™") of the Torus T™. We begin with the
following preliminaries.
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If T is the unit circle in the complex plane C, then T" is the cartesian product of n copies of T which is

a subset of C". Let du be the normalized Haar measure on T™. Henceforth , we denote vectors in C" as

2= (21,22, ., 2n) and 2t = 201202 2t for t = (14, g, ..., t,) € 27,

The space L2(T™,du) or L?(T™) is the space of all complex valued square integrable functions on T™ with
respect to the measure du. That is

L*(T™) = {f’f : T" — C such that With/Tr fI? < OO}

It is known that L?(T") is a Hilbert space with the inner product defined as follows:
For f,g € L*(T"),

(f.9)= [ £,

We see that e;(z) = 2* .That is, es,4,.. ¢, (21....2,) = 201 25225 is an orthonormal basis of L?(T") and , therefore
, in terms of using the Fourier series we define

L3(T™) = {f = f(z) such that f(z) = Z f:2" with Z If:? < oo}.

tezZn tezZm

We denote L>®(T") as the space of all essentially bounded measurable functions on T™.
That is, L>°(T") is the subspace consisting of all ¢ € L?(T™) such that
i) ¢f € L*(T") Vf € L*(T")

ii) there exists some ¢ > 0 such that Hgbf” < chH Vf e L3(T").

In this paper, we say that t = (t1,t2,...,t,) € Z™ is even if each t; is even, otherwise it is said to be odd.
Also the set
F= {(tl,tg, oy tn) € Z" such that each ¢; = 1,2, ..., k) — 1}

Let € = (21,22, ..., xy) for j € [1,n] N Z where x; = J;;

For j € (1,n] N Z arbitrarily fixed ,in view of ¢;,t;41,...,t, € Z , let
Q[tj,tj+1}...,tn] = {e(tj,tj+1,...,tn) : tZ € Z) 1 S ] < .]}

Qlt;,t;41,...,tn) i an orthonormal basis of L*(T7~1).

For 1 < j <nandt; € Z with j < i < n, we use the notation H;_1(t;,...,t,) for the space L*(T/~1).
B(L?(T™)) is the space of all bounded linear operators on L?(T").

2 Rationalized Toeplitz Hankel operators on L?(T")

In [ 4 ] ,the author had introduced the Rationalized Toeplitz Hankel operator R, of order (k1,k2) on the
space L2(T) as
R¢f = Wk1M¢Wk2f Vf e L?
where k1 and ko are non-zero integers and for k #£ 0, Wy, is defined as

Wi (1) = { gi/k if i is divisible by k

otherwise .

It is proved in [4] that if k1 and ko are not co-primes then a bounded linear operator R is a Rationalized
Toeplitz Hankel operator of order (ki, k2) on L%(T) if and only if M x, R = RM,x,. A similar version is there
in [4] if k1 and ko are not co-primes. Also with the help of Multiplication operator M, on L?(T) the author has
defined Ry = Wy, MWy, Therefore, we will be taking k and k2 as co-primes in this paper. So we begin our
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study with the following definition.

Definition 1. For a nonzero integer k, define an operator Sy as
t/k i t is a multiple of k
otherwise .

Si(z") = { S

That is,

o t2 tn
Sk(zil 252272") _ ) 2Rk st ittty are a?l multiples of k
0 otherwise .

Then , Sy, is a bounded linear operator on L?(T™). If S} is the adjoint of Sk ,then,

* ¢ t1 ta i mi ,mz m _ t1 t2 t mi ,m2 m
(Sh(zi 22z ), 21 2y 2 zpn) = (27 2522, Sk, (27 29 22y ).
0 otherwise .

Hence,

*
t1 ta t _ kity _kaoto knt
S (#1252 zn) = 2t g2t L gpntn

for each (t;...t,) € Z™ or S:(zt) =zt vt € 7.

Definition 2. Let k1 and ko be non-zero integers. For ¢ € L(T™) , the Rationalized Toeplitz Hankel operator
Ry of order (ky,ks), induced by ¢ ,is an operator L*(T") defined as

* 2 n
Ryf =Sk MySy,f Ve LN(T")

where My is the Multiplication operator induced by ¢ on L2(T™) and Sy, is the operator as defined above.

Ry is a bounded linear operator on L2(T™). If RZ is the adjoint of the Rationalized Toeplitz Hankel operator
on L?(T") then , for ¢(z) = Y ¢z where 2 = 21 ... 2, € Z",
we have

n

_ kima kamo knmn
= Sk, My (27" 2522 Lz ™)

_ t1 t2 t
= § ¢t1—k2m1,tQ—kgmg,...,tn—kgmnSkl(Zl 29 Znn)

*
Ry(2™) = Ry (21" 29" .c.z™) = Sp, My Sy, (21" 25" .2 ™)

tezn
— t1 ta t
= E : ¢7€1t1—/€2m1,kztz—k2m2,~-~7k1tn—kzmn(Zl 29 Znn)
tezn

Thus, we have for m = mq,...,m,, and i = (i1, 12, ..., in),

(Rj2™, 2"y = (2™, Ryz")
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— m ) . . [ tn
—_ <Z ) Z ¢k1t1—k211,k‘1t2—k222,...,k1tn—k2zn(Zl 22 Zn )>

(t1,..5tn) EZ™
_ Y t1 t2 t i1 02 4
= < E d)klml*kztlJ€1m2*k2t27~~,k1mn*k2tn(Zl 29 "'znn)’zl 29 Znn> :
ty.tn €Z"

This is true V i = (i1, 2, ...,in) € Z". Thus, the adjoint R, of Ry is defined as

* (M1 Mo Mn) _ x t1 ta tn
R¢(21 Ry TeZn ) - Z d)k/lml7k2t1k)lmQ*thQ...k’lmnkatn (21 2o 2y )

t1...tn €L™

Thus, from here we can have the following two trivial and straightforward results
1) The map ¢ — Ry from L*°(T™) to B(L*(T™)) is linear and one-to-one.
2) MsztSkl = Skleklet.

We are now in a position to get the main result of this class of operators.

Theorem 1. A bounded linear operator R on B(L?(T")) is a Rationalized Toeplitz Hankel operator on L?(T™)
iff
M.y R = RM ..

Proof: Let R = Ry be a Rationalized Toeplitz Hankel operator on L*(T"). Then R = Sy, MyS;, . So
consider

M_iye Ry = M1y Sg, My Sy,
= SklM(szkletSZZ
= RyM, iy

Thus, Ry satisfies the equation M rye R = RM iy
Conversely, suppose that a bounded linear operator R on L?(¢) satisfies the operator equation

Mo X = XMy

and let f(z) = ,cpn fi2", then

Rf(z*)=R ( > ftz’“t>

tezm™

=Y fiM iy R(1)

tezZm
= f(z")R(1)

In a similar way, for ¢t € Z™, we have

R(z'f(z")) = f(z"*)R2!

As pointed in [4,7] and [12] it can be proved that Rz! € L>(T™) for every t € Z™. So if we define for t € Z",
#i(2) = 272 Rz%(2*1), then each ¢; is bounded and, if

#(z) =Y du(2),

tezZm™
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we get ¢ € L>(T"). Thus, for any function g € L?(T"), we can write

9(x) = go(2M) + D e,

OALEL™

So it can be proved that Sk, MyS; g = Rg and ,correspondingly, R is a Rationalized Toeplitz Hankel Operator
on L?(T") of order (kq,kz).

3 Rationalized Toeplitz Hankel matrix of level n

In [5], the author had defined Rationalized Toeplitz Hankel matrix of order (ki,ks) and gave a characteri-
zation of the Rationalized Toeplitz Hankel operator on the space L?(T) in terms of its matrix. Motivated by
this, here we are ready to give the following notion.

Definition 3. Let {a;}iezn be a sequence of scalars. The Rationalized Toeplitz Hankel matrixz of order (ki,k2)
of level 1 is the matriz of the form

Q—Fky,to,.ty  O—ki,—kata.ty Qki,—2kata,... ty
A0,tz,....tn A—ka ta...ty, A—2ks,ta,...,tn
Aky oty Qky,—kasta.. oty Qky,—2ka,ta,... ty

We denote this matriz by Rg)t

A block matrix is said to be Rationalized Toeplitz Hankel matrix of order (kq, ko) of level 2 if it is represented
by

(1) (1) (1)
R_kh)tiiv--wtn R—(kl),—kmt:sm,tn R(1€1)7—2k2,t37~»-,tn
1 1
RO 3yeee R ytn R72k2~,t3;-~~7tn

—ko,t3...

( 1
ki,ts,...,tn Rklv_k’27t3~~-vtn Rk1,—2k2-,t37~-,tn

and ,in general ,the Rationalized Toeplitz Hankel matrix of order (ki, k2) of level n, denoted by R(™ | is defined
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as the block matrix whose expression is

(n—1) (n—1) (n—1)

R — R(* _11) R*kl,(*k_zig&--,tn Rk% :21132
R? 1) RF’”) ]?_273

Ry Ry, k., Ry —ok,

We observe the following from our definition:

1.If ky = ko = 1 then it becomes a Laurent matrix of level n.

2.If k1 = —2 and ks = 1 then it becomes a Slant Hankel matrix of level n.
3.If k; = 2 and ks = 1 then it becomes a Slant Toeplitz matrix of level n.
The pattern above continues for general values of ky and ks .

As proved in [4] and [5], now we give the characterization of Rationalized Toeplitz Hankel operator R, on
the space L?(T") in terms of the Rationalized Toeplitz Hankel matrix.

Theorem 2. A bounded linear operator R on L*(T™) can be represented by Rationalized Toeplitz Hankel matrix
of order (ki,ka) of level n if and only if its matriz satisfies

<R€t7€;> = <R€t+k15j,€t'+t2q>~

Proof: As {e;}sczn is an orthonormal basis of L?(T™),we have

Q[tj,tj+1,...,tn] = {e(tj,...,tn) 1t €2,1 <4< ]}

is an orthonormal basis of L2(T/~1). So, let {aq,s}a,gezn be scalars and

Rep = Z aapea VB EZ".

agZm™

So if

<R€t, et’> = <R€t+klej,€t'+kzej>
for t = (to, ..., tn),t' = (th,..,t}) € Z" and 1 < j < n. We fix t = (ta,...t,),t = (th,...1}) and vary ¢1,t] .
Hence,we get

(Rei(2), ep (2)) = (Retsriers €t/ 4hoe )
= Z Aa,t4kier <€(X(Z)7 et’+k2€1> = Z Aot <€a(2’), e;(z»

= Qt/tkoe ttkiey = At/ t-
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So, R @ Q1,(ty,....tn) — Q1,(t5,...,t7) can be represented as Rationalized Toeplitz Hankel matrix of level 1 as

(t2,t3,...tn)"
Now vary to,t5 and fix (ts,...,t,) and (t5,...,¢,) .Then we get

(Rettkyens €/ 1hoey) = (Rey, eqr).

We get
1) _ pM
R(t/2+k2,té,...,t;)(t2+k,t3,.‘.,tn) - R(t’z,‘..,t;)(tz,,,,’tn)'
So,R : Qa(ts,....t0) — Q2,(t5,...,t1) can be represented as Rationalized Toeplitz Hankel matrix of level 2 as

(t;; ,,,,, tn) °
We continue in this way and can see that the n- Torus L?(T") can be expressed as

L*(T™) = @¢,e2Qn—1(t:).

So ,in the Rationalized Toeplitz Hankel Matrix of level n, (¢/,t,)" entry is R?,ftln and

n—1 _ pn—1
Rtimtn - Rtgl+k2)tn+k1.

Hence ,(Ret1 ke, €4/ +hse, ) = (Res, er). Thus, we can say R(™ = R is the Rationalized Toeplitz Hankel operator
of level n. We have our main characterization as follows:

Theorem 3. A bounded linear operator R on L?(T™) is a Rationalized Toeplitz Hankel operator of order (ki, ko)
iff it can be represented by Rationalized Toeplitz Hankel matriz of order (ki,ke) of level n.

Proof : For ¢ € L>®(T"),let Rfﬁ") is a Rationalized Toeplitz Hankel operator of order (ki,ks) of level n.
Therefore,

(n)
(Ry €tthiens € +haen) = (Sky MpSkyCtikye,s €1 +hse,)

(
<¢(2)2k2t+/€1 kaen , Zkl t'+kikoen >

-y

rezZ”

_ Z aT<Zr+k2t’zk1t’>

rezn

= (¢(2)2"", (Sg,)*2")
= (Sk, My Sy, ed(2), €1(2)).

<Z7‘+7€2t+7€1/€26n , Zklt/+k1k2€n>

S

T

Thus, the matrix of Rq(bn) is a Rationalized Toeplitz Hankel matrix of level n.
Conversely, let (o, /), 1/ ¢z be the matrix of level n . Then for 1 < j <n,
Qg g = <R€t, €t/> = (at+k6j’t,+k26j) = <Ret+k}1€j P et’+k26j>'
Now,

<Sk1MS;2€t, et/> = <]\4'€]€2t7 Szlet1>

= <M€k2t’ Chit’ >
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Also,
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(M kyt Ret,ep) = (Reg, Migeer)
= (Rey, M kyeeyr)

= <R6t7 et’fk25j>

= (Rey + k1, €5, €4)

= (RM_krreq, )

This is true V¢,t € Z". Hence M iyt R = RM iy, Yt € 7.

Thus,
proof.

M x, R = RMx, and hence it is a Rationalized Toeplitz Hankel operator on L?(T™). This completes the
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