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ABSTRACT

The transmission dynamics of the dengue disease with imperfect vaccination and re-infection are being consid-
ered & analyzed. The model exhibits backward bifurcation when the basic reproduction number (Rg) is less
than 1. However, using the Lyapunov function as well as the LaSalle Invariance Principle, it is demonstrated
that with perfect vaccination and no re-infection, the DFE point is globally asymptotically stable. If Ry > 1,
there exists a distinct endemic equilibrium that is locally asymptotically stable. Numerical results of the model,
using relevant parameter values, indicate that the increasing rate of vaccination waning resulted in the increase
of infected individuals. Further numerical results suggest that the disease will continue in the community in the
presence of re-infection. It also suggests that the dengue virus can be controlled effectively using the perfect
vaccine.
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1 Introduction

Aedes mosquitoes can transmit the virus to human beings through their bite [1]. Almost all age groups,
including infants and adults, are susceptible to dengue. Symptoms of dengue usually start to show 3-14 days
after a mosquito bite [1]. The infected person is more likely to get dengue shock syndrome or dengue hemorrhagic
fever 12 weeks later [2]. After recovering from one dengue serotype, a person gains lifetime immunity to that
serotype but is still susceptible to the other three serotypes. In 2019, the world saw the highest number of
cases ever reported. In the past 20 years, the number of cases has more than doubled, from 505,430 in 2000
to over 2.4 million in 2010 and 5.2 million in 2019, according to WHO. Between 2000 and 2015, the overall
number of deaths jumped from 960 to 4032 with the youngest age groups bearing the worst impact. In 2020 and
2021, the number of illnesses and deaths that are reported seems to be going down [1]. The dengue outbreak
in Bangladesh is being prolonged by inadequate sanitation, improper hygiene systems and a dense population.
To stop the spread of the disease, government representatives, non-governmental organizations, policymakers,
and institutions must start taking quick nationwide action (e.g., mosquito control and vaccine deployment).
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Therefore, the reduction of mosquitoes, through acts like larvaciding, adulticiding, and eliminating breeding
grounds, as well as use of human protection (health care), are the primary strategies for preventing dengue
transmission. Although research is ongoing, none of the four serotypes of the virus presently has a specific,
effective human vaccination [1]. The potential effects of dengue vaccines are being evaluated using a variety
of mathematical models that have been developed [3, 4, 5, 6]. Ferguson et al. [1] used a partial differential
formulation that takes infection history into account to test the hypothesis that the Dengvaxia vaccine functions
similarly to a hidden natural infection in increasing host immunity. According to research by Chao et al. [7], a
vaccine with a 70% to 90% success rate has the potential to drastically decrease the frequency and severity in
the short and medium term [8]. Gonzales-Morales et al. [8] demonstrated that vaccination programs can reduce
the frequency and size of dengue outbreaks using mathematical modeling depending on vaccine interaction and
dengue strain type. Backward bifurcation in the kinetics of dengue transmission was demonstrated by Garba et
al.[3]. A fractional order model was suggested by Al-Sulami and Hamdan et al. [9, 10]. Also, Iboi and Gumel
[11] mathematically evaluated the effectiveness of the vaccine immunization.

Here, we formulated a new model with imperfect vaccination and in the presence of re-infection in line with
the model described in Garba et al. [3] by considering a compartment for the vaccinated infected human class
and re-infection of the recovered human class. The model is formulated in section 2. The basic mathematical
analysis and stability of the equilibrium points are presented in section 3. In section 4, numerical simulations
and discussions are performed.

2 Model Formulation

The human individual is classified as: susceptible human(Sy), vaccinated human(By,), exposed human (Ep,),
infected human(J) , vaccinated infected human(Zps), recovered human(Rp,) . So, the all population at time ¢ is
Ny = Sp+ By + Ep + I, + Iy + Ry Similarly, the vector population is classified as: susceptible mosquito(.S, ) ,
exposed mosquito(FE, ), infected mosquito(I,) and so, the total mosquito population is N, = S, + E, + I,,.
We have considered the given assumptions in formulating the model:

A1: The susceptible individuals(S}) are recruited into the human population at a constant rate ITy,.
A2: The susceptible mosquito population(.S,) is being produced at a constant rate IT,.

A3: Exposed individuals are less infectious than infected individuals.

A4: Vaccinated infected individuals are less infectious than infected individuals.

The susceptible human population is generated via recruitment of humans (by birth or immigration) into the
community (at a constant rate, ITj,). This population is decreased following infection which can be acquired via
effective contact with an exposed or infectious vector at a rate \j, (the force of infection of humans), given by

_ Chv (nva + I’u)

A
h Nh )

(2.1)
where, 0 < 7, < 1 represents the low transmissibility of the exposed mosquitoes compared to the infected
mosquitoes.

Similarly, it can be shown that the force of infection of mosquitoes (denoted by A,), is given by

_ Cho (M ER + I, + n21pp)

Ao ;
Np

(2.2)

here, 0 < 71, 72 < 1 accounts for the relative infectiousness of exposed humans and vaccinated infected humans
in relation to infected humans.

Now, we construct the following system of NDE to represent the transmission dynamics of the dengue virus
while taking into account all of the assumptions:
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% =TI, +wBp — CSh — MuSh — S,

dd% =(Sp — M(1—e)By — wBp, — up B,

% = ponEn — onln — (pn + 6n) In,

% =1 =p)onEn — Onoln — (n + 0np) Ins, (2:3)
% = ¢nln + Gnolny — pnRp — aAp Ry,

dj;” =11, — A\ySy — [0S,

df;’“ = A\Sy — 0uEy — 1B,

dﬂiﬁ“ = 0By — pyply — 0y 1y

Figure 2.1 illustrates the flow diagram of the model (2.3), while Table 2.1 describes the model’s associated
parameters.
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Figure 2.1: Model (2.3) flowchart.
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Table 2.1: Model (2.3) parameters with descriptions.

Parameters Description

11, Recruitment rate of human

11, Recruitment rate of mosquito

Cho Infection rate of mosquito

o Disease-induced death rate for human

Onb Disease-induced death rate for vaccinated human
Ah The force of infection of human population
Ao The force of infection of mosquito population
Lk Natural death rates for human

Lo Natural death rate for mosquito

e Vaccine efficacy

Vaccination rate

Waning rate of vaccine

Ony Onb Recovery rate
op, Progression rate from Ej to I, class
Ov Progression rate from E, to I, class

a, p, 1, N2, 1y~ Modification parameters

3 Analysis of the Model

3.1 Positivity and boundedness of the model solutions

We have the following lemma:

II
Lemma 1. The region, ) = {(Sh, By, Ep, I, Iy, Ry, Sy, By, Iv) S+ B+ Ep+In+Inp+ Ry < 7h, Sy +
122

11, : . . . .
E,+1, < —} C Ri, is positively invariant and attracting for the fundamental model (2.3).
[

The lemma can be proved using the procedure described in [12].

3.2 Disease-free equilibrium(DFE)
The DFE of the model (2.3) is given by
EO = (S;kl’ BZ’ E;’ IZ’ I;Lklﬂ ;kw 5:7 E:;7 I:)7

I I I,
— ( n(wtpm) né 10,00, 0, =2, 0, 0).
pn (C+w+pn)" pn (C+w + n) o

3.3 Local Stability of DFE

The transmission matrix F' (associated with new infection terms) and the transition matrix V' (considering
transferred terms) are calculated using the idea in [13, 14] and are given by

0 0 0 Chv T kS Chv kS
0 0 0 0 0
- 0 0 0 0 0
Chvnl Hv,u/h Chvl_-[vﬂlh ChvﬁQHvﬂh 0 0 ’
ILL'UHh Ho I, Ho 11,
0 0 0 0 0
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and
k1 0 0 0 0
—pop, ka O 0 0
V=|-1=-p)on 0 ks 0 0],
0 0 0 ks O
0 0 0 -0, ks

where, ki = o, + pn, k2 = ¢n + pin + 0n, k3 = bny + pn + Oy, ks = 0y + 6y, ks = p1y + . Therefore, Rg is
expressed as

Cou/—hakabskaks o gLk (ks + 00) [k (—1 + p) on — mbaks — ponks]

Ro= 3.1
" kikokskakspu, 11y, (3.1)

Theorem 1. The DFE, Ey, of the model (2.3) is locally asymptotically stable if Ro < 1 and unstable if Ry > 1.

3.4 Effect of Perfect Vaccination and No re-infection

3.4.1 Global stability of the DFE in the case of perfect vaccination (w = 0) and no re-infection
(@=0)

Theorem 2. When Ry < 1, the DFE, Ey, is globally asymptotically stable.

Proof. Let the Lyapunov function
F = [iEn + folp + falny + faBy + f51y, (3.2)

where,

A= \/*k1k2k3k4k5k8uhuvﬂhﬂu (nuks + 0v) [n2ks (=1 +p) o) — mkoks — poyks],

B = pnokaoy, — pksoy — nikaks — nakooy,
_Hvﬂhk5B (nvks + Uv)

fl - A )

e IL, oo (oks + ov) k1ksks

2 A )

= NIl i, (Nuks + oy) ki1kaks

3 A )
o nka +Uv

f4 - k4 ’

Js=1

Now, from (3.2) we have

F = fiEn+ foln + falny + faEo + f51,,

_ Hvﬂhk5B (nvk5 + Uv)

. . oy pnkiksks (noks + 0w
= [Ah(sh-i-(l—e)Bh)—klEh]-i- Hnkaksks (1oks + o)

[pO'hEh - kith]

A A
Ty i (ks + o) kol ks + 0w [ AL
4+ MeMlotn (noks + 0v) kikzks (U= p)onn — ksl | + 2500 (2250 B ] 4 0y By — ks,
A k4 Mo
mEn I n21ny ks BnyksE,  Bksksl,
= vks v Hv X —1).
(ks + o) T Chopn [kmhumo T ekaRo | Fallnpie Ro A T [(Ro—1)

Thus, F<oif Ro < 1 and F =0 if and only if Eh = fh = fhb = E"U = 'U = 0. According to the LaSalle
Invariance Principle [15], the DFE, Ejy, is globally asymptotic stable if R < 1. O

3.5 Stability of Endemic Equilibrium

Let the endemic equilibrium point be

ok ok sk Kk Kk ok sk sk sk
E1:<Sh s B ERS IR Iy Ry, ST, BT I )’
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where
I, (A (1 =€) +w + )
(CHun+ X)) [N (L —e) +w+pn] —w(’
o (I,
T AN (=€) Fw ot ] —wC
AT A (1= €) + ke + C(1 = )] (un + aAy)
ki [(CH+ pn+ A7) (e (L —e) + k) — As] (un + aXp* — AoXp)’
I = pop AT, [)\,’;*(1 —e)+ ke +¢(1— e)} [,uh + a)\,’;*]
kiko[(C+ pn + A5 ) (N (1 —€) + ko) — As] (un + aX), — AoA;)’
NP pon [N (1—e) + ke +C (1 —e) | (un + aX;*) (1 —p)

*k
Spt =

*k
Eh —_—

Iy : 3.3
" ks [(C+ pn + M) (5 (1= €) + ko) — As] (jn + aXp" — AsXpY) (3:3)
- AL AL [N (L—e) + ke +C(1—e) ]

Rh = )

Fu[(Cmn + AR (R (L= €) + ko) = Ag] (un + aAj” = A2A77)

S** _ H’U

v )\:* +Hv’
B =
k4 ()‘:* + /’Lv)

I** _ O—’L)H’UH’U

At the endemic equilibrium state, the forces of infection (with mass action) are
= Cho (M Ey™ + 17); A" = Cho (M ER + I + maIj7). (3.4)
Using (3.3) in (3.4),we obtain
A [Alg()\;;*)S + Aga(A5F)? + Agg\i* + Agy] =0, (3.5)

where,

_ ks + ko (1 —
Ars = a (1 —e) Cp,Ilp, 7]1+&+M +a(l—e)k 1—(p¢h3+ 2 (1= p) o) ,
ko ks k1koks

a (1l —e)Crolly [7711 + 2}

1-— k
Azz = CpoIIp n1+&+w pn(l—e)+aks +a(l—e)(— 2
k k}3 k’4
on (ponks + k2 (1 — p) dns)
+ pokipn (1 =€) + pooks |1 — Fhake Cl—e)+ks+pn(l—ce)|,

1- ks + ko (1 —
A23 - Chv,uhHh m + Pon + n2 ( p) an (kﬁ + (1 - e) C) + ,U«vak'l 1-— oh (p¢h ° 2 ( p) ¢hb)
ko ks k1kaks

LAY 5 pon . (L—p)meon
) (m + k5> (1 — e) pnllpIL,CR, {771 T T s }

i +Hvklﬂh((1*6)g+k6+(1*e),ufh)

(ko + pnks —w),
Aoy = ,uv/ﬁlkl (C +w+ /Lh) [1 — ”Ri].

The root A\}* = 0 of (3.5) corresponds to the DFE and other non-zero equilibria satisfy the following equation.

FONT) = Als()\i*)3 + A22(/\2*)2 + Aoz A" + Aoy, (3.6)

Backward bifurcation may occur if there are several non-zero (endemic) equilibria. The coefficient A;g is always
positive, but Asy is positive if Ry is less than one and negative if R4 is more than one, as can be seen from the
above. Hence we have the following results using [12].
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Case-1: For RZ >1

Table 3.1: Depending on the sign of A, Ao, and Ass, number of real positive roots
A Ay Ass  No. of real positive roots of f(A**)

>0 >0 <0 1
>0 >0 >0 1
>0 <0 <0 1

>0 <0 >0 1if f(A*)<0and3if f(A**) >0

Case-2: For Rﬁ <1

Table 3.2: Depending on the sign of A, Ao, and Ay, number of real positive roots
A Ay Ass  No. of real positive roots of f(A**)

>0 >0 >0 0
>0 <0 >0 0
>0 <0 <O 2

>0 <0 >0 0if f(A%)>0and 2if f(A*) <0

By Table 3.2, we can observe that two endemic equilibria exist. So when Ass < 0 and Ass < 0, a phenomena
of backward bifurcation may occur.

3.6 Presence of Backward Bifurcation

We apply the centre manifold theory [13, 16] investigating the possibilities of backward bifurcation. For this, we
use change of variables. Let Sy, = z1, By, = x2, By, = x3, I = x4, Iny = 5, Ry, = x6, 5, = v7, By = 28, [, = X9,
such that Ny, = 21 + 22 + 3 + ©4 + x5 + ¢ and N, = x7 + xg + x9. Here, the Jacobian of the system at the
DFE (E;), denoted by J(E1), is given by

—C — un w 0 0 0 0 0 —mit —h
¢ —W — fip 0 0 0 0 0 iz J2
0 0 —k1 0 0 0 0 —mjs —J3
0 0 pop —ko 0 0 0 0 0
J(E)) = 0 0 —(p-1on 0 —ks 0 0 o o0 |,
0 0 0 on Oy —pn 0 0 0
0 0 —11J4 —Ja —m2js 0 —p, 0 0
0 0 M1Jja Ja M2ja 0 0 —ky 0
0 0 0 0 0 0 0 Oy —ks
where,
ki =on + pn, ky = én + pn + on, ks = onp + ptn + Onp, ks = pty + 0y,
I 1-
ks = pn + w, kr = h py= Mot cle) g=(01-¢),

pn (pn +w—+¢)’ s pn+w+¢
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j . Chv(ﬂh +W) j2 _ C(e - 1)Ch'u jS _ Chv(ec - C —w— Mh) j4 _ Hvuhch'u
11— R - ) - 7.
pn +w+ ¢ pn +w+ ¢ ph+w+ ¢ oIy,

When Ry = 1, we have from (3.1)
k1k2k3k4k5ﬂvﬂh

6= .
\ ~Hkaks kb, T Lk (noks + 00) [n2ka (—1+ p) 0 — mikaks — poks]

(3.7)

Simple eigenvalues of zero exist in the Jacobian (J(E;)) (with all other eigenvalues having negative real part).
The dynamics of the model can therefore be examined using the central manifold theory [16, 17].
Eigenvectors of Jz = J(E) : For Ry = 1, the Jacobian denoted by (Jg) at 8 has a right eigenvector with the
zero eigenvalues which is given by w = (w1, we, ws, w4, ws, we, Wy, Ws, Wo, )T , where,

_ _ popws _ Jaws + Jaws + 12J4Ws

wy; =1, Wy = —/—, w7 = — )
k2 Ho

Qw1 + mujaws + Jawg ~ wzop (1—p) _ Mjaws + Jawg + N2jaws

Wz = Wy = ——— wg = s
W+ pp k3 k4

_ _ Phwa + Pppws _ oyws

ws =1, we = ———— 22 wy = ——.
Hh ks

Moreover, The left eigenvector of Jg is given by v = [v1, v2, v3, V4, Vs, Vs, U7, Us, Vg|, where,

v =1, U4=w, vy =0,
ka
v 4V
vy = 1(<+/$h)7 vy = 12JAV8. v =1,
¢ k3

_ popvs + vs0h (1 — p) + mijaws _ _ MpJ1v1 — Mujav2 + Nyjavs + kavs

V3 = L 5 Vg = 0, Vg = pu .
1 v

Computation of a & b:
The expression for a is after some calculation

1
- x |2 W + — ws — wy — ws + (@ — V)wg —
a 12(C + k)27t % 12 % (((nvws + wg)(gwz — wz — wy — w5 + ( — Dwe — wa)ys

— (gyaw2 — y1(ws + we + wa + w3 + wa))wsny + (—gy2wa + y1(ws + we + w2 + w3 + wWy4))wo
+ wrys(mws + n2ws + wa)) ke + (—(Nyws + wo) ((ws + we + w1 + w3 + wy)g — Wea — wW1)Y3
+ wg(y2(ws + we + w1 + w3 +wd)g — y1w1)ny + (y2(ws 4+ we + w1 + w3 4 w4)g — Yyrw1 )wo+

wrys (mws + n2wd + w4))()krpy — yslly (Mmws + n2ws + wa)(ws + we + w1 + w2 + w3 + w4)))Chv)}
and the expression for b is

1

b=X(@mhmww—@m&mwm—@%mmw+m%%mwm—m%hmm%
k7(< + ]%’),Uv

+ yowokekrpy — kekrpywoys — ILymwsys — Lynawsys — va4y8)a

> 0.

Here, the sign of a is not known. So we have to put conditions on a to exist backward bifurcation. Hence, at
Ro = 1 whenever a > 0, the model (2.3) undergoes backward bifurcation. We have some theorems. This are:

Theorem 3. If the condition a > 0 is true, the model (2.3) exhibits backward bifurcation at Ro = 1.
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4 Numerical Simulations and Discussions

The analytical results are interpreted by simulating the model (2.3) with various parameter values from Table
4.1 in this section. The phenomenon of backward bifurcation, in which a stable endemic equilibrium coexists
with a stable disease-free equilibrium, is depicted graphically in Figure 4.1. The trajectories of the model
solution are shown in Figure 4.2 whenever Ry < 1. According to this figure, the disease will be eliminated from
the community since the solution trajectory trends toward the DFE. Figure 4.3 depicts that when Ry > 1,
the solution trajectories converge to endemic equilibrium and in this case, the disease will continue to spread
throughout the community. Figure 4.4 shows that if vaccine efficacy(e) increases, the number of infected humans
decreases. The epidemiological significance is that the disease can be controlled effectively by increasing the
vaccine efficacy. This figure demonstrates that by increasing the vaccine efficacy from 50% to 75%, the peak
of daily infected humans decreases by 15%. Further, Figure 4.5 demonstrates that if the vaccine waning rate
is increased, the number of infected humans also increases. For example, when the waning rate of the vaccine
increases from 50% to 75%, the peak of daily infected humans increases by 23%. Figure 4.6 illustrates that if
the re-infection rate increases, the number of infected individuals increases. From figure 4.7, we observe that if
the vaccination rate is increased, the infected number of humans can be decreased. This figure illustrates that
when the vaccination rate increases from 50% to 80%, the peak of daily infected cases decreases by 8%. The
figure 4.8 demonstrates that increasing the modification parameter 7; correlates with reducing the number of
infected individuals.

14004
12004
1000+
Stable EEP
300+
600

4004

200+

¢ & soe

Unstable EEP
Stable DFE \ Unstable DFE

0.1 0.2 03 04

Figure 4.1: Backward bifurcation diagram of the model (2.3) using: p = .5, « = 10, e = .92, w = 10.9, pp, =
0.195¢ — 1, sty = 0.16¢ — 1, 65 = .19, 8y = 0.57¢ — 1, dnp = .28, dp = .21, by = 2, o = 0.46¢ — 1, 7 =
0.46e — 1,1 = .1, 72 = .2, n, = 0.7e — 1, I}, = 100, II,, = 120, C},, = .15, ¢ = 14.9. (so that a > 0 and b > 0).

Figure 4.1 graphically illustrates the phenomenon of backward bifurcation, which is characterized by the coex-
istence of a stable endemic equilibrium and a stable disease-free equilibrium.
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Figure 4.2: When R < 1, the solution of the model (2.3) indicates that the solution trajectory goes to DFE.

When Ry is less than 1, Figure 4.2 displays the model solution’s trajectories. This figure shows that as the
solution trajectory is trending toward the DFE, the disease will be eradicated from the community. From this
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figure, we obtain that with the increasing basic reproduction number, the infected classes and exposed classes are
increasing. At the same time, with the increasing basic reproduction number, the susceptible classes, recovered
classes, and vaccinated classes are decreasing.
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Figure 4.3: When R > 1, solution of the model (2.3) shows that
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the solution trajectory tends to EE. The

parameter values listed in Table 4.1 were used with J§; = 0.99,1I; = 30, II,, = 60, Cj, = 0.58, = 0.96.
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The solution trajectories converge to endemic equilibrium when Ry > 1, as seen in Figure 4.3, and then the
disease continues to spread across the community.
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Figure 4.4: The impact of vaccine efficacy(e) is demonstrated using model simulations.

Figure 4.4 represents the effects of vaccine efficacy(e) for a 700 days timeline. If we do not use the vaccine, the
number of infected classes both humans and mosquitoes is highest, and the red curve represents this number
when vaccine efficacy is 0.5 then the number of infected classes is shown by the green curve. When the vaccine
efficacy is 0.75, the blue curve represents the number of infected classes.
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Figure 4.5: The impact of waning rate of vaccine(w) is demonstrated using model simulations.

Figure 4.5 shows the effects of the waning rate of the vaccine(w) . Our model gives the same assumption as the
real-world situation.
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Figure 4.6: The impact of re-infection(«) is demonstrated using model simulations.

Figure 4.6 represents that with the increase of re-infection, the number of infected classes is increasing.
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Figure 4.7: The impact of vaccination rate(¢) is demonstrated using model simulations.

Figure 4.7 shows that with the increase of vaccination rate(¢), the number of infected classes also increases. It
gives the same situation as the real world.
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Figure 4.8: The impact of modification parameter(n;) is demonstrated using model simulations.

From Figure 4.8, the modification parameter(n;) is related to the exposed class. When (7)) is increasing, the
exposed class is also increasing. Figure 4.8 shows the scenario for this case.
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Table 4.1: Parameter values of the model (2.3) for simulation.
Parameters Nominal value References

11,, 80 [3]
11, 60 [3]
Ih 0.0195 [3]
L 0.016 [3]
on 0.1 assumed
Ov 0.057 assumed
Onb 0.88 assumed
e 0.92 [3]

0.9 assumed
D 0.4 assumed
w 0.9 assumed
On 0.1 [3]
Ohb 0.2 assumed
oh 0.025 [3]
Oy 0.025 [3]
¢ 0.86 [3]
Che 0.18 assumed
m 0.1 assumed
N2 0.2 assumed
Mo 0.07 assumed

5 Conclusion

We have constructed and investigated a mathematical model to evaluate how vaccination affects the spread
of dengue disease. First, we have analyzed the model theoretically. According to the theoretical result, when
Ro < 1, the model represents backward bifurcation. The DFE point shows locally asymptotically stable when
Ro < 1. If no re-infection occurs, the DFE point is globally asymptotically stable if Ry < 1. It is demonstrated
that the model has a distinct endemic equilibrium that is locally asymptotically stable whenever the basic
reproduction number (Rg) is bigger than one, taking into account the incidence of mass action. Numerical
simulation of the model shows that the number of affected individuals decreases as vaccine effectiveness rises.
The numerical results also show that the decreasing rate of vaccination waning can lessen the number of infected
individuals. Numerical result suggests that the number of infected individuals appears to decline when there is
no re-infection. It also suggests that the infected number of humans and mosquitoes decreases as the vaccination
rate increases. Our study suggests that it is possible to reduce the disease burden significantly by regulating the
transmission probability from humans to mosquitoes. Additionally, our research suggests that the elimination
of the dengue disease is possible in the absence of re-infection.
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