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ABSTRACT 

In this paper, a new approach for computation of membership functions of the maximum and 
minimum of more than two upper semi-continuous fuzzy numbers has been introduced. This 
method is also applicable for piece-wise continuous fuzzy numbers or the fuzzy numbers 
which are only continuous from right or only continuous from left. The core of fuzzy numbers 
should have a singleton set. 
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1. Introduction 

Chiu and Wang [1] introduced a method to implement the operations MIN and MAX for 
two continuous fuzzy numbers. This is a step-by-step method and takes more time. 
HONG and KIM [5] proposed a different method to compute α -cuts the maximum and 
the minimum of more than two continuous and non-continuous fuzzy numbers via α -cut 
presentation. 

In this paper, a new method is investigated which can compute the membership functions 
of the maximum and the minimum of more than two fuzzy numbers easily and quickly. 
The resulting membership function may be the previous one of the fuzzy numbers or the 
combination of their different parts. For this, we need to find the intersecting points of the 
membership functions of fuzzy numbers. The notion of this method has not been focused 
by anybody till now. 

 

2. Preliminaries 

L. A. Zadeh [7 ] first introduced the concept of fuzzy sets. A fuzzy number μ  is a fuzzy 
set on the real line Ρ which is defined as follows [6]: 
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Definition 2.1: A fuzzy set μ : Ρ → I = [0, 1] is said to be a fuzzy number if it possesses 
the following properties: 

(a) μ  is a normal fuzzy set; 

(b) for every α  ∈ (0,1], the α -cut of μ , μα , is a closed interval denoted by 

[ )(),( αμαμ ]; 

(c) the support of  μ , μ+0 , is bounded. 

We shall denote the set of all fuzzy numbers by φν(Ρ). 

 

Theorem 2.2 [4]: For μ  ∈ φν(Ρ), considering )(αμ  and )(αμ  as functions of 

[ ]0, 1α ∈ : 

      (a) )(αμ  is a bounded increasing function on [0,1]. 

      (b) )(αμ  is a bounded decreasing function on [0,1]. 

      (c) )(αμ  ≤ )(αμ . 

      (d) )(αμ  and )(αμ  are left continuous on [0,1] and right continuous at 0. 

(e) If )(αν  and )(αν  satisfy (a)∼(d), then there exists a unique ν  ∈ φν(Ρ) such that 

)](),([ αναννα = . 

 

Other contributors [1,5,6] of the operations MAX and MIN used the above definition 2.1 
and the theorem 2.2. In this paper, we use the following definition of a fuzzy number. 

 

Definition 2.2 [2,3] : A fuzzy set μ  is called a fuzzy number if and only if for real 
numbers bca ααα ,,  the following properties are satisfied: 

 (a) cxx αμ == for1)( ; 

 (b) for every 0I∈α = (0,1],  

       μα = [ )(),( αμαμ ] = [ αα αααααα )(,)( cbbaca −−−+ ]. 

 (c)  μ+0  = ( ba αα , ). 
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Such a fuzzy number will be denoted by [ bca ααα ,, ], shown in Figure 1, whose 
membership function is: 
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Figure 1: Fuzzy Number. 

 

Here it is noted that, if μ  is a continuous fuzzy number which is increasing, or μ  is a 
continuous fuzzy number which is decreasing then cb αα = , or ca αα = , respectively, 
shown in Figure - 2. 

   
                  Figure 2 : Increasing and decreasing part of a Fuzzy Number. 

                   

The definitions of MAX and MIN which are the lattice operations to be used in the 
ordering of fuzzy numbers are as follows [6] : 
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Definition 2.3: Let 21 , μμ  ∈ φν(Ρ). Then, for all ∈zxx ,, 21 Ρ, 
 

  MAX ( 21, μμ )(z) = 
1 2max( , )

sup min
z x x=

1 1 2 2[ ( ), ( )]x xμ μ  

  MIN ( 21 , μμ )(z) = 
1 2min( , )

sup min
z x x=

[ 1 1 2 2[ ( ), ( )]x xμ μ . 

In general, they are defined for any finite number of fuzzy numbers iμ , and for ∈ix Ρ, 
1, 2, ,i n= L  as follows: 

 MAX ( nμμμ ,,, 21 L )(z) =
1 2max( , , , )

sup min
nz x x x= L

1 1 2 2[ ( ), ( ), , ( )]n nx x xμ μ μL  

 MIN ( nμμμ ,,, 21 L )(z) =
1 2min( , , , )

sup min
nz x x x= L

[ 1 1 2 2[ ( ), ( ), , ( )]n nx x xμ μ μL . 

Recently, Hong and Kim [5] proposed the following method to implement the operations 
MAX and MIN for fuzzy numbers using  α -cut representation. 

 

Theorem 2.2: Let iA , ni ,,1 L= , be fuzzy numbers with ],[][ 21
iii aaA =α . Then the 

operation MIN and MAX can be implemented as 

  1 2
1

1 1
[ ( , , )] min ( ),min ( )n i i

i n i n
MIN A A a aα α α

≤ ≤ ≤ ≤

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
L , 

  1 2
1

1 1
[ ( , , )] max ( ),max ( )n i i

i n i n
MAX A A a aα α α

≤ ≤ ≤ ≤

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
L . 

 

3. The New Approach of  α-cut Presentation of MAX and MIN 

Here we proposed the method to implement the α -cut presentation of the operations 
MAX and MIN for fuzzy numbers using Definition 2.3. It is noted that if 1μ  and 2μ  are 
fuzzy numbers, then MAX ( 21, μμ ) and MIN ( 21, μμ ) are also fuzzy numbers. 

 

Theorem 3.1: Let , 1, 2, ,i i nμ = L , be fuzzy numbers with their α -cuts 

iμα =  [ iii bca ααα ,, ]. Then the α -cuts of MAX ( nμμ ,,1 L ) and MIN ( nμμ ,,1 L ) 
are 
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 (i) α [MAX( nμμ ,,1 L )] = 
1 1 1
max ,max ,maxi i i

i n i n i n
a c bα α α

≤ ≤ ≤ ≤ ≤ ≤

⎡ ⎤
⎢ ⎥
⎣ ⎦

; 

 (ii) α [MIN( nμμ ,,1 L )] = 
1 1 1
min ,min ,mini i i

i n i n i n
a c bα α α

≤ ≤ ≤ ≤ ≤ ≤

⎡ ⎤
⎢ ⎥
⎣ ⎦

. 

Proof: (i) Consider any ∈z Ρ. Then for ∈ix Ρ, ,,,1 ni L=  

[ ]),,( 1 nMAXz μμα L∈  

αμμ ≥⇔ ))](,,([ 1 zMAX nL  

1 1 1 1
, ,

,
sup min( ( ), , ( ), ( ), , ( )

i j
n n i n n

x z x z j i

for some i
x x z xμ μ μ μ α− −

= ≤ ≠

⇔
≥L L  

,

( ) ,

( ) , ( )
i i j

i i i j j j

for some i

z and for some j i y a

such that y y y z and y

αμ α

μ α μ α

⇔

≥ ≠ ∃ =

= ≤ ≤ ≥

,

, , ,

, , ,

i i i i

i i i i j

for some i

z a c b

where z a c or z c b and for some j i z a

α α α α

α α α α α

μ

⇔

⎡ ⎤∈ = ⎣ ⎦
⎡ ⎤ ⎡ ⎤∈ ∈ ≠ ≥⎣ ⎦ ⎣ ⎦

11 1
, , , max ( )

n n

i i i i j
j ni i

z a c b and z aα α α α αμ
≤ ≤= =

⎡ ⎤⇔ ∈ = ≥⎣ ⎦U U  

1 1 1
max ,max ,maxi i i

i n i n i n
z a c bα α α

≤ ≤ ≤ ≤ ≤ ≤

⎡ ⎤
⇔ ∈ ⎢ ⎥

⎣ ⎦
 

Hence, α [MAX ( nμμ ,,1 L )] = 
1 1 1
max ,max ,maxi i i

i n i n i n
a c bα α α

≤ ≤ ≤ ≤ ≤ ≤

⎡ ⎤
⎢ ⎥
⎣ ⎦

. 

 

(ii) Consider any ∈z Ρ. Then for ∈ix Ρ, ,,,1 ni L=  

[ ]),,( 1 nMINz μμα L∈  

1[ ( , , )]( )nMIN zμ μ α⇔ ≥L  
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1 1 1 1
, ,

,
sup min( ( ), , ( ), ( ), , ( )

i j
n n i n n

x z x z j i

for some i
x x z xμ μ μ μ α− −

= ≥ ≠

⇔
≥L L  

,

( ) ,

( ) , ( )
i i j

i i j i j j

for some i

z and for all j i y b

such that y z y y and y

αμ α

μ α μ α

⇔

≥ ≠ ∃ =

= ≤ ≤ ≥

,

, , ,

, , ,

i i i i

i i i i j

for some i

z a c b

where z a c or z c b and for all j i z b

α α α α

α α α α α

μ

⇔

⎡ ⎤∈ = ⎣ ⎦
⎡ ⎤ ⎡ ⎤∈ ∈ ≠ ≤⎣ ⎦ ⎣ ⎦

 

11 1
, , , min ( )

n n

i i i i j
j ni i

z a c b and z bα α α α αμ
≤ ≤= =

⎡ ⎤⇔ ∈ = ≤⎣ ⎦U U  

1 1 1
min ,min ,mini i i

i n i n i n
z a c bα α α

≤ ≤ ≤ ≤ ≤ ≤

⎡ ⎤
⇔ ∈ ⎢ ⎥

⎣ ⎦
. 

Hence, α [MIN ( nμμ ,,1 L )] = 
1 1 1
min ,min ,mini i i

i n i n i n
a c bα α α

≤ ≤ ≤ ≤ ≤ ≤

⎡ ⎤
⎢ ⎥
⎣ ⎦

. 

 

4. The Method to Compute the Membership Functions and Results 

Let , 1, 2, ,i i nμ = L , be fuzzy numbers. Then every fuzzy number has a bounded 
increasing function on [0,1] and a bounded decreasing function on [0,1], by Theorem 2.2. 
Suppose that all or some of them intersect at some points, or none of them intersects. 
That is, it is supposed that either 0≠∧ ii

μ  for all i ,  or 0≠∧ ii
μ  for some i , or 

0=∧ ii
μ  for all i . We now focus on a method to compute the membership functions of 

maximum and minimum, which are denoted by MAX( iμ ) and MIN( iμ ), respectively, of 
the  fuzzy numbers and discuss the solution of a problem using the method.  

 

Method 4.1: Let ( , ( )) and ( , ( )), ,k i k l i lx x y y k lη ν ∈ IN , be intersecting points of 
bounded increasing functions iη  and bounded decreasing functions iν  of the fuzzy 

numbers iμ , 1, , ,i n= L  in the intervals [ 1max( ), max( )k ki ia cα α− ], 

[ 1max( ), max( )l li ic bβ β − ] such that )( kik xηα = , )( lil yνβ = , respectively, where 
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1 01max( ) max( )k i k ia x x cα β− ≤ ≤ ≤ ≤L ,  0 01max( ) max( )i l ia y y cβ α≤ ≤ ≤ ≤L  and 

0 10 1kα α α= ≤ ≤ ≤ ≤L , 0 11 0lβ β β= ≥ ≥ ≥ ≥L . Let, 0)(max 0 xai =α , and 

0max(k))max( 0 yxci ==β . Then 

[ ]

0max( ), , ,1min( ( )) ,
( , , ) ( ) 1 , max( ), , 11

( ( )) , 0max( ), , ,1
max

x x x c i for some j k INjk kx ifi
MAX x if x c for some j andn j

x ifi
y x y b i for some j l INl l j

β
η

αμ μ α
ν α

≤ ≤ ≤ ∀ ∈−

= = =

< ≤ ≤ ∀ ∈−

⎧
⎪
⎨
⎪⎩

L  . 

 

Method 4.2: Let ( , ( )) and ( , ( )), ,k i k l i lx x y y k lη ν ∈ IN , be intersecting points of 
bounded increasing functions iη  and bounded decreasing functions iν  of the fuzzy 

numbers iμ , 1, , ,i n= L  in the intervals [ 1min( ), min( )k ki ia cα α− ], 

[ 1min( ), min( )l li ic bβ β − ] such that )( kik xηα = , )( lil yνβ = , respectively, where 
1 01min( ) min( )k i k ia x x cα β− ≤ ≤ ≤ ≤L ,  0 01min( ) min( )i l ic y y bβ α≤ ≤ ≤ ≤L  and 

0 10 1kα α α= ≤ ≤ ≤ ≤L , 0 11 0lβ β β= ≥ ≥ ≥ ≥L . Let, 0 0min( )ia xα = , and 
0 0min( )ic yβ = . Then 

[ ]
INljsomeforijblyxly

andjsomeforjcx

INkjsomeforijckxxkx

if
if
if

xi

xi
xnMIN

∈∀≤≤<−

==

∈∀≤≤≤−

=
⎪⎩

⎪
⎨
⎧

,,),0min(1

1,),min(

,,),0min(1

,
,
,

))(min(
1

))(max(
)(),,1(

α
αα

β

ν

η
μμ L  . 

 

Example: Consider the fuzzy numbers , 1, 2, 3i iμ = , defined by 

   1

2 , 2 0
2

6( ) , 0 6
6
0 ,

x if x

xx if x

Otherwise

μ

+⎧ − ≤ ≤⎪
⎪

−⎪= ≤ ≤⎨
⎪
⎪
⎪⎩

, 
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 2

4 , 4 3
7

5( ) , 3 5
2
0 ,

x if x

xx if x

Otherwise

μ

+⎧ − ≤ ≤⎪
⎪

−⎪= ≤ ≤⎨
⎪
⎪
⎪⎩

,    3

1 , 1 2
3

8( ) , 2 8
6
0 ,

x if x

xx if x

Otherwise

μ

+⎧ − ≤ ≤⎪
⎪

−⎪= ≤ ≤⎨
⎪
⎪
⎪⎩

. 

 

The graphs of 1μ , 2μ , and 3μ  are shown in Figure 3. Now we compute the membership 
functions of the fuzzy numbers MAX( 321 ,, μμμ ) and MIN( 321 ,, μμμ ). 

 

 

  

 

 

 

 
 

 

 

 

Figure 3: Graphical representations of Fuzzy Numbers 1μ , 2μ  and 3μ . 

 

For MAX operation: 

There are intersecting points 5 9,
4 12

⎛ ⎞
⎜ ⎟
⎝ ⎠

 in the interval [ 0 0max( ) 1, max( ) 3i ia cα β= − = ] 

and 7 3,
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

, 9 1,
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 in the interval [ 0 0max( ) 3, max( ) 8i ic bβ α= = ]. Here, 

0 1 0 1 2
5 7 91 and 3
4 2 2

, , , ,x x y yy= − = = == . Therefore, using Theorem 4.1, 

-4 0 

 1μ  

6 4,
5 10

⎛ ⎞−⎜ ⎟
⎝ ⎠

 

7 3,
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

5 9,
4 12

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
9 1,
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

1 

x -1 3 5 6 8

2μ3μ

-2 
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3 0 1

2 1 0

0
1 2 3

2 0 1

3 1 2

3 2

( ) , 1
( ) ,
1 ,

( , , )( )
( ) ,
( ) ,
( ) , 8

x x x x
x x x y

x y
MAX x

x y x y
x y x y
x y x

η
η

μ μ μ
ν
ν
ν

− = ≤ ≤⎧
⎪ ≤ <⎪
⎪ =⎪=⎨ < ≤⎪
⎪ ≤ ≤
⎪

≤ ≤⎪⎩

= 

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪

⎨

⎧

≤≤
−

≤≤
−

≤<
−

=

<≤
+

≤≤−
+

8
2
9,

6
8

2
9

2
7,

6
8

2
73,

2
5

3,1

3
4
5,

7
4

4
51,

3
1

xifx

xifx

xifx
xif

xifx

xifx

,  

which is equivalent to 

MAX ( 321 ,, μμμ )(x) = 

1 5, 1
3 4

4 5, 3
7 4
1 , 3

5 7, 3
2 2

8 7, 8
6 2

x if x

x if x

if x
x if x

x if x

+⎧ − ≤ ≤⎪
⎪

+⎪ ≤ <⎪
⎪ =⎪
⎨ −⎪ < ≤
⎪
⎪ −⎪ ≤ ≤
⎪
⎪⎩

. 

For MIN operation: 

There are intersecting points 6 4,
5 10

⎛ ⎞−⎜ ⎟
⎝ ⎠

 in the interval [ 0 0min( ) 4, min( ) 0i ia cα β= − = ] 

and 9 1,
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

 in the interval [ 0 0min( ) 0, min( ) 5i ic bβ α= = ]. Similarly, using Theorem 

4.2, 

MIN ( 321 ,, μμμ )(x) = 

4 6, 4
7 5

2 6, 0
2 5
1 , 0

6 9, 0
6 2

5 9, 5
2 2

x if x

x if x

if x
x if x

x if x

+⎧ − ≤ ≤ −⎪
⎪

+⎪ − ≤ <⎪
⎪ =⎨
⎪ −⎪ < ≤
⎪
⎪ −

≤ ≤⎪
⎩

. 
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The graphs of MAX ( 321 ,, μμμ ) and MIN ( 321 ,, μμμ ) are shown in Figure 4. 

 

 

 

  

  

 

 

 

 

 

 

Figure-4 : The graphs of  MAX( 321 ,, μμμ ) and MIN( 321 ,, μμμ ). 

 

Remark: We can generalize the Theorem 4.1 and Theorem 4.2 for supremum and 
infimum, which are denoted by SUP ( iμ ) and INF ( iμ ) respectively, of any numbers of 
fuzzy numbers. To perform these we use ‘sup’ and ‘inf’ instead of ‘max’ and ‘min’, 
respectively.  

Conclusion 

In this paper, we have introduced a method which is capable of computing the 
membership functions MAX( iμ ) and MIN( iμ ) of the maximum and the minimum of 
any finite numbers of fuzzy numbers , 1, 2, ,i i nμ = L  directly, but HONG and KIM’s 
[5] method does not work in such a way. We threw also the concept of SUP and INF 
operation of the fuzzy numbers as a generalization of maximum (MAX) and minimum 
(MIN) of them, respectively. 
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