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ABSTRACT

The objective of this paper was to study Jordan derivations on semiprime 7-ring. Let M be a
2-torsion free semiprime 7-ring satisfying the condition aabfc = afiboc for all a,b,c € Mand o, S
e I'. The authors proved that every Jordan derivation of M is a derivation of M.

Key words: Derivation, Jordan derivation, Two torsion, Semiprime /-ring

INTRODUCTION

Let M and I" be additive abelian groups. If there is a mapping M x I" x M —> M
sending (x, a, y) into xay such that the conditions

(i) (X+Y)oz=xo0z + yoz, x(a +p)y = xay + xBy, xoy +z) =xay +xaz and
(i) (xav)Bz = xo(ypz)
are satisfied forall x,y,ze Mand o, # € I', then M is called a 7-ring.

This definition is due to Barnes (1966). A I'-ring M is 2-torsion free if 2a = 0 implies
a=0,foralla e M. Mis called a semiprime 7-ring if al MI'a = 0 (with a € M) implies
a=0. Mis called completely semiprime if ala =0 (with a € M) implies a = 0. It was
noted that every completely semiprime 7-ring was a semiprime /-ring. The authors
defined [a, b], by aab — baa which is known as a commutator of a and b with respect to
o.. Let M be a I'-ring. An additive mapping d: M — M is called a derivation if d (aab)
=d(a)ab + aad(b) foralla,b e Manda € I". d: M — Mis called a Jordan derivation if
d(aca) = d(a)ea + aad(a) forall a € Mand a € I Throughout the article, the authors
used the condition aabfc = apfbac for all a, b, c € M and ¢, f e I" and this is denoted
by (*).

The concepts of derivation and Jordan derivation of a 7-ring were introduced by
Sapanci and Nakajima (1997). For classical ring theory, Herstien (1966) proved that
every Jordan derivation in a 2-torsion free prime ring is a derivation. Bresar (1988)
proved this result in semiprime rings. Sapanci and Nakajima (1997) proved the same
result for completely prime 7-rings. Haetinger (2002) worked on higher derivations on
prime rings and extended this result to Lie ideals in a prime ring.
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In this article, it has been shown that every Jordan derivation of a 2-torsion free
semiprime 7-ring with the condition aabfc = afboc forall a,b,c e Mand a, p e I, isa
derivation of M.

Some Consequences of Jordan Derivations on Semiprime I'-rings

In this section, the authors developed some useful consequences regarding the Jordan
derivations of a 2-torsion free semiprime 7-ring which are needed for proving the main
result.

Lemma 2.1: Let M be a 7-ring and let d be a Jordan derivation of M. Then for all a,
b,c e Mand o, 8 € I, the following statements hold:

(i) d(aab + baa) = d(@)ab + d(b)aa + aad(b) + bad(a).
(ii) d(aabBa + apbaa) = d(@)abpa + d(a)fbaa + aad(b)fa
+ apd(b)aa + aabpd(a) + afbod(a).
In particular, if M is 2-torsion free and M satisfies the condition (*), then
(iii) d(aobpa) = d(@)obfa + aad(b)fa + aabpd(a).
(iv) d(aobfc + cabpa) = d(a)abfc + d(C)abfa + aod(b)fc
+ cad(b)Ba + aabpd(c) + cabpd(a).

Definition 1: Let d be a Jordan derivation of a 7-ring M. Then foralla,b € Mand a
e I, define G,(a, b) = d(aab) — d(@)ab — aad(b). Thus G,(b, a) = d(baa) — d(b)aa —
bad(a).

Lemma 2.2: Let d be a Jordan derivation of a 7-ring M. Then for all a, b, ¢ € M and
a, B e I, the following statements hold:

(i) Gda b)+Gyb, a)=0;

(i) Gu(a+b,c)=Gya, c) +Gyb, c);
(iii) G (a, b +c)=G,(a, b) + G,(a, c);
(iv) Gup(a, b) =G,(a, b) + Gy(a, b) .

Remark: d is a derivation of a 7-ring M if and only if G,(a, b) =0 forall a,b e M
anda e I

Lemma 2.3: Let M be a 2-torsion free 7-ring satisfying the condition (*), and let d
be a Jordan derivation of M. Then

(i) Gu(a, b)Smy[a, bl, + [a, b].fmyG.(a, b) =0 foralla,bm eMand a, §, ye I;
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(ii) Ggu(a, b)amala, b], + [a, blaamaG,(a, b) =0 foralla,b,me Mand a € I,
(iii) G,(a, b)pmp[a, b, + [a, b],fmpG,(a, b) =0 foralla,b,me Mand o, f e I
Proof: (i) Foranya,b,me Manda, g,y e I' byusing Lemma 2 .1 (iv)
W = d(aabfmybaa + baapmyaab)
= d((aab)pmy(boa) + (baa)pmy(aab))
= d(aab)pmyboa + aabpd(m)yboa + aobfmyd(boa)
+ d(baa)Bmyaab + baaBd(m)yaab +baaomyd(aab).
On the other hand by using Lemma 2 .1 (iii)
W = d(aa(bfmyb)aa + ba(apmya)ab)
= d(aa(bpmyb)aa) + d(ba(apmya)ab)
= d(a)abBmybaa + aad(bpmyb)aa + aabpmybod(a)
+ d(b)aafmyaad + bad(afmya)ab+ baafmyaad(b)
= d(@)abpmybaa + aod(b)fmybaa + aabfd(m)yboa + acbpfmyd(b)aa
+ aobpmybad(a)+d(b)oapmyacd + bad()pmyaab + baapd(m)yaab
+ baapmyd(a)ab + baafmyaad(b).

Equating two expressions for W and cancelling the like terms from both sides, one
gets

d(aab)fmyboa + aabfmyd(boa) + d(boa)pmyacb + baafmyd(aab)
= d(@)abpmyboa +aad(b)fmyboa+aabpmyd(b)oa+aabfmybod(a)
+d(b)aafmyaab+bad(a)fmyaab+ boafmyd(@)ob + baafmyaad(b).

This gives, d(aab)pmyboa—d(a)abpmyboa—aod(b)pmyboa+d(boa)fmyaad
—d(b)aapmyaob—bpd(a)pmyaab+aabfmyd(baa)—aabpmyd(b)oa
—aabpmybad(a) +baaomyd(aab)—baafimyd(a)ab—boapfmyaod(b)=0.

This implies, (d(aab)—d(a)ab—aad(b))omybaa+(d(baa)—d(b)aa—bad(a))amyacb
+aabomy(d(baa)—d(b)aa—bad(a)) +boaomy(d(aob)—d(a)ab—aad(h))=0.

Using Definition 1, G,(a, b)fmybaa + G,b, a)fmyaob + aobfmyG,(b, a) +
boapfmyG, (a, b) = 0.

This implies, G, (a, b) fmy [a, b], + [a, b] ,fmyG,(a,b) =0 foralla,b,m e M, a, B,
yel.
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By considering W = d(aabomoboa + boaaomeaob) and W = d(aabfmpboa +
boapfmpaob) for (ii) and (iii), respectively and proceeding in the same way as in the proof
of (i) by the similar arguments, one gets (ii) and (iii).

Lemma 2.4: Let M be a 2-torsion free semiprime 7-ring and let a, b, m € M.

If aampb + bamPa =0, forallm e M, a, € I', then aompb= 0= bampa.
Proof : Letx e Mandy, § € I"be any elements.

Using the relation aampb + bampPa =0 forallm eM and o, § e I repeatedly

(aampBb)yxd(aompb) = —(bampPa)yxd(aampb)
= —(ba(mpPayx)da)ompPb = (aa(mpPayx)ob)ompPb
= aomp(ayxob)ompPb = —aamp(byxda)ompb
= —(aampb)yxé(aompb).

This implies, 2 ((aampb)yxd(aompb)) = 0.

Since M is 2-torsion free, (aampb) yxo (aompb) = 0. Therefore, (aompb) I'MI"
(aompb) = 0.

By the semiprimeness of M, aompb = 0. Similarly, it can be shown that bompa = 0.

Corollary 2.1: Let M be a 2-torsion free semiprime 7-ring satisfying the condition
(*), and letd be a Jordan derivation of M. Then for all a,b,m eMand o, 8, y € I":

(i) G.a b)myfa bl.=0; (i) [a bl.fmyG.(a, b)=0;
(iii) G, (a, byama[a, b].=0: (V) [a, bl. amaG, (a, b) = 0:
() G b)gmpla,bl.=0; (i) [a bl.pmBG.(a, b)=0.

Proof: Applying the result of Lemma 2.4 in that of Lemma 2.3, the authors obtained
these results.

Lemma 2.5: Let M be a 2-torsion free semiprime 7-ring satisfying the condition (*),
and let d be a Jordan derivation of M. Then for all a, b, x, y,meManda, 8,y € I':

() Gula bYsmBIX y1. = 0; (i) [x, yl. fmpBG. (a, b) = 0
(iii) Gua, bYBmpIX, y1, = 0; (V) [X, y],AmBG.(a, b) =0.

Proof: (i) If substitute a +x for a inthe Corollary 2 .1 (v), G, (a+x, b)gmp[a+x,
b],= 0 is obtained.

Thus G.(a, b)fmpla, bl.+G.(a, b)pmp[x, bl,+C.(X, b)smpla, bl.+G.(X, b)smpBIX,
b],= 0.

By using Corollary 2 .1 (), G,(a, b)fmpB[x, b], + G,(x, b)fmp[a, b], =0 is obtained.
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Thus, (G(a, b)BmpIx, bl.)BmB(G.(a, b)pmpIX, bl.) = ~G.(a, b)BmpIX, bl. fmBG (X,
b)pmp [a, b],= 0 is obtained.

Hence, by the semiprimeness of M, G,(a, b)pmp[x, b], = 0.
Similarly, by replacing b +y for b in this result  G,(a, b)gmp[x, y]. = 0.

(i) Proceeding in the same way as described above by the similar replacements
successively in Corollary 2 .1 (i), [, y],pmpG.(a, b)=0 foralla, b,x,ymeM o el
is obtained.

(iii) Replacing o + y for ain (i), G+, (a, b)SmpIX, Y].+, = 0.
This implies, (G,(a, b) + G, (a, b) ,)fmp([x, y]. + [X, ¥],) = 0.

Therefore, G.(a, b)Smp[Xx, y1.G.(a, b)fmpIx, y1,*+G,(a, b)smp[x, yl.+G,(a, b)fmp[X,
y],= 0.

Thus by using Corollary 2 .1 (vi), G.(a, b)smp[x, y],+G,(a, b)pmp[x, yl.= 0.

Thus, (Gu(a, b)BmpIx, Y1,)pmpB(Gu(a, blampBlx, y1,) = —Gu(a, b)BmpIx, yl, pmpG,
(a, b)pmp [x, y].= 0 is obtained.

Hence, by the semiprimeness of M, G, (a, b)fmp[x, y], = 0.

(iv) As in the proof of (iii), the similar replacement in (ii) produces (iv).
Lemma 2 .6: Every semiprime 7-ring contains no nonzero nilpotent ideal.
Corollary 2.2: Semiprime 7-ring has no nonzero nilpotent element.

Lemma 2.7: The center of a semiprime 7-ring does not contain any nonzero
nilpotent element.

Jordan Derivations on Semiprime I'-rings
The authors proved main result as follows:

Theorem 3.1: Let M be a 2-torsion free semiprime 7-ring satisfying the condition
(*), and letd be a Jordan derivation of M. Then d is a derivation of M.

Proof: Let d be a Jordan derivation of a 2-torsion free semiprime 7-ring M, and let
a,b,y,me Mandaq, g eI Then by Lemma 2 .5 (iii),

[Ga(a, b), YIg fmP[Ga(a, b), Yl = (Gu(a, b) By — ypGa(a, b))BmpBIGa(a, b). yls

= G,(a, b)BypmpBIG.(a, b), Yl — yBG(a, b)BmPIG.(a, b), yl; = 0.
Since ypm € Mand G,(a, b) e M foralla, b,y,me Manda, g e I.
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By the semiprimeness of M, [G,(a, b), y]; = 0, where G,(a, b) e M forall a, b,y €
Mand a, p e I. Therefore, G,(a, b) € Z(M), the center of M.

Now, lety, § € I By Lemma 2 .5 (i), Ga(a, b)[X, Y]« 0mdGa(a, b)y[X, y] « = 0.
Since M is semiprime, so  G,(a, b)y[x, y].=0. @
Also, by Lemma 2 .5 (i), [X, Y], yG.(a, b) omd[x, y].yG.(a, b) = 0.
Hence by the semiprimeness of M, [, y].y G .(a, b) =0. )
Similarly, by Lemma 2 .5 (iv), G,(a, b)y[x, y];0mdG,(a, b) y[x, yl; = 0.
Since M is semiprime, it follows that G,(a, b)y[x, y]; = 0. ?3)
Also, by Lemma 2.5 (iii), [X, y]s yGu(a, b)omd[X, Yl yGa(a, b) = 0.
Hence by the semiprimeness of M,  [x, y]s yG.(a, b) = 0. 4
Thus, 2 G,(a, b)yG.(a, b)=G,(a, b)y(G.(a, b + G.(a, b))

=G,(a, b) 7(G(a, b)~ Gy(b, a))

= G,(a, b)y(d(aab)—d(a)ab—aad(b)—d(baa)+d(b)aa+bad(a))

= G,(a, b)y(d(aab—baa)+(bod(a)—d(a)ob)+(d(b)aa—aad(b)))

= Gy(a, b)y(d([a, b].)+[b, d(a)],+[d(b), al.)

= Gy(a, b)yd([a, b].)~G.(a, b)y[d(a), bl.—G.(a, b)y[a, d(b)]..
Since d(a), d(b) € M by using (1), G.(a, b)y[d(a), b]. = G.(a, b)y[a, d(b)]. = 0.
Thus 2G,(a, b) yGu(a, b) = Gy(a, b) y d([a, b].) ®)
Adding (3) and (4), G.(a, b) y[x, Y1z *+ [X, Yl y G.(a, b) =0, is obtained.
Then by Lemma 2 .1 (i) with the use of (3),
0=d(Gu(a, b) 7/x, y/5 + [% Y] 7Gula, b))

= d(G.(a, )y, Y +d([x, y1 )7G. (@, b)+G,(a, b)yd([x, y1 )+, Yld(G.(a, b))
= d(Gu(a, b)) yIx, Y5 + 2G,(a, b) yd([x, Y1) + [X, Y] 7d(Go(a, b)).

Since G,(a, b) € Z(M) and therefore d([x, y] 5)G.(a, b) = G.(a, b)d([X, yIp).
Hence, 2 G,(a, blyd([x, Y1) = ~d(Gu(a, b)) 7Ix, Yl — [x, Y]sd(G. (@ b)) (6)
Then from (5) and (6)

4G.(a, b) yG, (a, b) = 2 G, (a, b) yd([a, bl,) = —d(G. (a, b)) y[a, bl. — [a, bl
7d(G,(a, b))



JORDAN DERIVATIONS ON 2-TORSION FREE SEMIPRIME I"-RINGS 195

So, 4G.(a, b)yG.(a, b)yG.(a, b)=—d(G,(a, b))y[a, bl.yG.(a, b)-[a, bl.yd(G.(a,
b))yGa(a, b).

Here, by using (4) d(G, (a, b)) y[a, b]. yG.(a, b) =0 and also, by Corollary 2 .1
(vi), [a, bl yd(G.(a, b))yG.(a, b) =0.

Since d(G, (a, b)) e M foralla,b eMand a € I'. So, 4G.(a, b) yG, (a, b) yG, (a,
b) =0.

Therefore, 4(G,(a, b)y)’G.(a, b) = 0. Since M is 2-torsion free, so (G,(a, b)y)*G, (a,
b) =0. But, it follows that G,(a, b) is a nilpotent element of the 7-ring M.

Since by Lemma 2.7, the center of a semiprime 7-ring does not contain any nonzero
nilpotent element, so G,(a, b) =0 forall a, b eMand a € I. It means d is a derivation of
M.
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