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ABSTRACT

For an endomapping of a finite set of points lying on some rooted particular trees, endomor-

phism and endomorphism semigroup were studied. The main aim of this paper was to obtain the

structure of the semigroup of all endomorphisms of the endomappings represented by directed

graphs on particular types of rooted trees.
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INTRODUCTION

Very impressive ideas and techniques in semigroups have been studied in the

publication Algebraic Theory of Semigroups in 1961 by Clifford and Preston. For being

interested in semigroups a number of authors developed this part of mathematics as an

important research tool. Some excellent results on inverse semigroups have been

presented to reinforce the study of this area by Petrich 1984. A class of additive

commutative semigroups of special elements having a unique expression was studied and

some characterization properties were found by Majumdar and Hossain (2008). Also, the

structure of endomorphism semigroup was obtained by these authors. A feature of the

automorphism groups of special semigroup was studied in consequences of earlier work

(Hossain 2010). From the interest of getting structures of the endomorphism semigroup

of an endomapping of a finite set, a study was made on the semigroup of endomappings

directed by graphs of some trees consisting of a chain or chains of equal lengths

(Majumdar  2011a).

 To determine the structure for endomorphism semigroup of endomappings of some

particular rooted trees (almost general case of Majumdar 2011a), considered the

semigroup End f for that class of endomappings f such that, for each Xx , there exists

a positive integer rx with the property that )()(1 xfxf xx rr  . The technique of structure-

determination consists of :

(i) Representing f by a directed graph )( fG  with vertices the points of X and

edges )(xfx ,  and
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(ii) determining the structure of the semigroup End( )( fG ) of those transformations

T of this directed graph )( fG  such that ))(())(( xTfxfT   i.e., ))(( xfxT 
)))(()(( xfTxT  .

Since T maps vertices onto vertices and edges onto corresponding edges, T is called

an endomorphism of the digraph of f. If g is the endomapping of X induced by T, the map

Tg   is an isomorphism of fEnd  into the endomorphism semigroup of ).( fG  The

structure of the transformation semigroup End(G(X)) for a class of endomappings f of

some rooted trees is determined through the isomorphism ))(( XGEndfEnd  .

NECESSARY PRELIMINARIES

Consider an endomapping XXf :  of a finite non-empty set X. Under the

composition of maps the collection of all endomappings of X, denoted by E(X), is a

semigroup called the full transformation semigroup on X. If the number of elements of X

is n, one may also write nF  for )(XE . A map XXg :  is called an endomorphism of f

if gffg   i.e., if g belongs to the centraliser of f in E(X). The centraliser of f,

}|)({)( gffgXEgfC  , is a transformation semigroup on X called the

endomorphism semigroup of  f and it is denoted by End f. A semigroup S is called a

transformation semigroup on a nonempty set X, and is written ),( XS if there is a map

XXS   given by xxs ),(  such that ))(())(( 2121 xssxss  . If S is a monoid,

then xx )(1 , for each Xx . For transformation semigroups 1S  and 2S  on disjoint non-

empty sets 21, XX , the direct product 21 SS   is a transformation semigroup on 21 XX 
with action given by )())(,( 11121 xsxss   and )())(,( 22221 xsxss  . For two non-empty

sets 21, XX , the wreath product 21 SS  is a transformation semigroup on 21 XX   and

consists of maps 2121 ,,: XXXX   given by ))(),((),( 221,121 2
xsxsxx x ,

2,1 xs  being

an element of 1S  determined by 2x .

To determine the structure of the transformation semigroup End(G(X)) the author needs

some results (Majumdar 2011a,b, Meldrum 1995) about the direct product and wreath product

of transformation semigroups. The author recalls these in the following way.

The wreath product has a description in terms of direct product which makes the

sense that wreath product is associative and is distributive over direct product.

Theorem 1: ))(,)((),( 2,12,1221 2
22

2
22

XXSSXXSS x
x

x
Xx X




  where each ,22 Xx 

1,1 2
SS x   and 1,1 2

XX x  .

Theorem 2: ))(),(())(,)(( 321321321321 XXXSSSXXXSSS   .

Theorem 3: ),()(())(),(( 3121321321 SSSSXXXSSS  

))()( 3121 XXXX  .
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Remarks: (i) If }1{
22 XS  , then ),( 2121 XXSS   may be identified with ),( 11 XS

and ),( 2121 XXSS   with ),(
2

22
2

22
,1,1 x

Xx
x

Xx
XS 


  where 1,1 2

XX x  .

(ii) If }1{
11 XS  , then both ),( 2121 XXSS   and ),( 2121 XXSS  may be

identified with ),( 22 XS .

(iii) If XXX  21 , then ),( 21 XXSS   may be identified with 2,1 )( SS x
Xx




,

).,1 XX x
Xx



 As semigroups, 2,121 )( SSSS x

Xx



 .

STRUCTURE OF THE ENDOMORPHISM SEMIGROUP fEnd

Author knows about fEnd  through representation of f by )( fG , the directed graph

of f consisting of a single chain  given by Fig. 1:

In this case, fEnd is the semigroup },,,{)( 10 mmE   ,

where 0 is the identity element and },,{ 1 m  is a cyclic

semigroup generated by 1 with m
m 1 as the zero element.

Fig. 1

Let f  be given by the directed graph )( fG in Fig. 2:

Fig. 2

consisting of r directed subgraphs each being a chain of length m and each with the

loops at 0x . Since each fEndg  must map 0x  onto itself and since each maximal

chain ending at 0x has the same length m, fEnd  may be  identified with the semigroup

of all endomorphisms of an endomapping f   of X whose directed graph is

},,2,1{ rCm  , mC  being the chains shown in the directed graph. It therefore

follows from the theorems of wreath product that rFmEfEnd )( .Then

rFmEfEnd )(    ... (1).
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 Here, rF  is the full transformation semigroup on a set with r elements.

It is observed that if f is given by the directed graph G(f) in Fig. 3:

Fig. 3

with nm  , i.e., the directed graph consists of two chains of unequal lengths,  then

),( fXEnd will consist of maps:

2211 ,)( TTTTa 

1211 ,)( TTTTa 

1221 ,)( TTTTa 

2221 ,)( TTTTa  , T1 and T2 being subgraphs. Therefore, one may have

(2)







,)),,(())(),((

)),(()(

2212121

12121

fEndTTHomTTHomTTHom

TTHomfEndfEndfEndfEnd

where, 1f  and 2f  are f restricted to },,,{ 10 mxxx   and },,,{ 10 nxxx   ,

respectively and );2,1,(),( jijiTTHom ji   denotes the set of maps the directed

graph Ti into the directed graph Tj of fi and fj , respectively.

with

(3)










.),(),(

),(),()(

jijji

ijiji

TEndTTHomTTHom

TTHomTTHomTEnd

Also, if 















n

nnmnm

xxxxx

xxxxx





1000

110
 and 









 


n

n

xxx

xxx





10

10
, then

it is easy to see that

(4)







.)(),(

)(),(

112

221




TEndTTHom

TEndTTHom

It follows from the above facts that

(5)

























.)()()),())(,((

,)()()),())(,((

),()())(,((

,)(),()(

),()())(,((

,)(),()(

212112

121221

21212

2
2212

12121

2
1121










fEndfEndTTHomTTHom

fEndfEndTTHomTTHom

fEndfEndfEndTTHom

fEndTTHomfEnd

fEndfEndfEndTTHom

fEndTTHomfEnd
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It, therefore, may be stated that:

Theorem 4: The semigroup-structure of fEnd of f given by Fig. 3 is completely

given by the expressions from (1) to (5).

Theorem 5: Let f be given by the directed graph )( fG  as in Fig.4 with )(Xf k

a singleton, where },,{max 1 mkkk  . Then

(6) ))],(([ ,
1 vvu iivv

kvvu
ii TTHomTEndTEndfEnd  

 ,

 the union being taken over all permutations 








kiiii

k





321

321
.

Here,

(7)





















.),(),(

,}),,3,2,1{(

1
1

,

vvvi

vi

vv

r

iir
r

ii

ri
ii

TTHomTTHom

iFTEndTEnd 

The products of ,iTEnd  with themselves and with ),( ji TTHom   as well as the

products of ),( ji TTHom   among themselves are given by (5). Also, the ,iTEnd ’s are
isomorphic to one another, since ,iT ’s are chains of the same length.

11 .krx

r 1
ch

ai
ns

22 .krx
nn krx .

r2 chains

rn  chains

                          Fig. 4
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One may consider the situation that the directed graph representing the endomapping

consists of a finite number of disjoint directed rooted trees shown as above:

Now let (X, f) be given by the directed graph in Fig. 11. Then a map XXg : is in

End(X, f) if and only if g induces an endomorphism of chain C [fig.A] and two such

endomorphisms combine to yield an element of End(X, f). It is noted that the endomorphism

semigroup of the graph of (X, f) in this case and that of the directed rooted tree with root at y0

obtained by removing the loop at y0 are isomorphic to each other. Thus, if one denotes

End(X,f) in  fig.10 by E, then End(X,f) in Fig.11 is given by )(),( lEEfXEnd  (direct

product), )(lE  being the endomorphism semigroup of chain C.

Let (X, f) be now given by a more general form Fig. 12

where uTT .,.,.1 are graphs of the form in the earlier case, which are isomorphic to

directed trees each with root at y0. An endomorphism of (X,f) maps every tree Ti into a

tree Tj (i, j not necessarily distinct) in such a way that

(a) y0 is mapped onto y0,

(b) 0
ix  is mapped onto a point in C, where C is shown in the Fig. C.

the subtree '
iT  of iT into the subtree '

jT , where )( 0
ij xfx

j
 is such that the directed

edges are mapped onto the corresponding directed edges.

Thus,

(6)
,))],(([

),(

,
1 vvu iivv

kvvu
ii TTHomTEndTEnd

fXEnd
 



 the union being taken over all permutations 








kiiii

k





321

321
.

Here, it is easily verified that

(i) if the length li of C1 is greater than or equal to the length lj of C2 (C1 and C2 are
indicated in the Fig. 12), then )},)(,{(),( 1,1,2, iijjjji fTTHom  ,
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where 














02,0

0,2,0

1

1

yxxx

yxxx
f

j
l

j
l

j

i
sl

i
l

i

ij

j

i




,

),( '
1, ii TEnd ),(2, CEndj  ),( '

2, jj TEnd (as in the Fig. C).

(ii) if ji ll  , then )},)(,{(),( '
,

'
1,2, jiijjjji fTTHom 

In the above, jiij TTf :' maps every subgraph of Tj which is a chain or tree of

length jl with root ix0 onto the subgraph C (as in the Fig. C) of Tj isomorphically.

Also, '''
1, ii TEnd , where ''

iT  is the directed rooted tree obtained from '
iT  by

(a) deleting the maximal chain-subtrees in Ti with root ix0  and length jl and (b)

collapsing the chain-subtrees of Ti with root ix0 and length jl  by identifying all of
i
l

i
i

i

j
xxx ,,,0  so that they represent the same point while the directed edges

)0(
11 jlxx  vanish.

Multiplication of the elements of Hom(Ti,Tj) with those of Hom(Tj,Tk) is the

composition of the maps representing the elements; and multiplication of the elements of

nTEndTEnd 1  with the elements of Hom(Ti,Tj) is defined similarly.

CONCLUDING REMARK

Structures for endomorphism semigroup of endomappings given by directed graphs

of some particular rooted trees are almost general case that Majumdar (2011) studied.

Such a study for general case, though it is complicated, will be taken up in future.
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