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ABSTRACT 

Intuitionistic fuzzy T1 spaces are defined and studied in this paper.  Eight new  notions of intuitionistic 

fuzzy T1 spaces are defined and some relationship among them has been investigated. Some relations 

between the defined notions and other given notions of intuitionistic fuzzy T1 spaces has also been 

investigated. Under some conditions it is observed that image and preimage preserve intuitionistic fuzzy 

T1 spaces. Hereditary and productive property of such spaces has been also investigated. 
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INTRODUCTION 

After introducing fuzzy set by Zadeh (Zadeh 

1965), the concept of fuzzy topological 

spaces was introduced by Chang (Chang, 

1968). Later,  the notion  of  an  intuitionistic  

fuzzy  set  which  is  a  generalization  of  

fuzzy  sets and  take into account both the 

degrees of membership and nonmembership 

subject to the condition that their sum does 

not exceed 1 was  introduced  by Atanassov  

(Atanassov 1986). Coker  and  coworker 

(Coker 1996,1997, Bayhan and Coker 1996) 

introduced  the  idea of  the  topology  of  

intuitionistic  fuzzy  sets. Since then, D. 

Coker and S. Bayhan (Coker and Bayhan 

2003), A. K. Singh and R. Srivastava (Singh 

and Srivastava 2012), S. J. Lee and E. P.  

Lee. (Lee and Lee 2000), R. Saadati and J. 

H. Park (Saadati and Park 2006),  Estiaq 

Ahmed et al. (Ahmed et al. 2014, 2014, 

2015, 2015, 2015) subsequently initiated a 

study of intuitionistic fuzzy topological 

spaces by using intuitionistic fuzzy sets.  In 

this paper, we investigate the properties and 

features of intuitionistic fuzzy T1 Space. 

 

NOTATIONS AND PRELIMINARIES  

Through this paper, ܺ be a nonempty set.	ߙ, 

ݎ  and ݏ  are constants in ሺ0,1ሻ . ܶ is a 

topology, t is a fuzzy topology, ࣮  is an 

intuitionistic topology and ߬  is an 

intuitionistic fuzzy topology. ߣ	 and ߤ  are 

fuzzy sets, ܣ ൌ ሺߤ, ሻߥ  is 

intuitionistic	fuzzy	set . By 0  and  1 , we 

denote constant fuzzy sets taking values 0 

and 1 respectively.  

Definition (Coker 1996): Let ܺ  be a non 

empty set. A family ݐ  of fuzzy sets in ܺ  is 

called a fuzzy topology   (FT in short) on ܺ 

if the following conditions hold. 
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1. 0	, 1 ∈  ,ݐ

ߣ .2 ∩ ߤ ∈ ,ߣ for all ,ݐ ߤ ∈  ,ݐ

3. ∪ ߣ ∈ ߣfor any arbitrary family ሼ,ݐ 	 ∈
,	ݐ ݆ ∈  .ሽܬ	

The above definition is in the sense of C. L. 

Chang (Chang 1968). The pair ሺܺ, ሻݐ  is 

called a fuzzy topological space (FTS in 

short), members of ݐ  are called fuzzy open 

sets (FOS in short) in ܺ  and their 

complements are called fuzzy closed sets 

(FCS in short) in ܺ. 

Definition (Coker 1996): Suppose ܺ is a non 

empty set. An intuitionistic set ܣ on ܺis an 

object having the form ܣ ൌ ሺܺ, ,ଵܣ  ଶሻwhereܣ

ଵܣ  and ܣଶ  are subsets of ܺ  satisfying ܣଵ ∩
ଶܣ ൌ ߶ . The set ܣଵ  is called the set of 

member of ܣ  while ܣଶ  is called the set of 

non-member of ܣ. In this paper, we use the 

simpler notation ܣ ൌ ሺܣଵ, ܣ ଶሻ instead ofܣ ൌ
ሺܺ, ,ଵܣ  .ଶሻ for an intuitionistic setܣ

Remark (Coker 1996): Every subset ܣ of a 

nonempty set ܺ may obviously be regarded 

as an intuitionistic set having the form ܣ ൌ
ሺܣ, ܣ ሻ whereܣ ൌ ܺ െ  .ܣ

Definition (Coker 1996): Let the 

intuitionistic sets ܣ  and ܤ  in ܺ  be of the 

forms ܣ ൌ ሺܣଵ, ଶሻܣ  and ܤ ൌ ሺܤଵ,  ଶሻܤ
respectively. Furthermore, let ሼܣ, ݆ ∈ ሽܬ  be 

an arbitrary family of intuitionistic sets in ܺ, 

where ܣ ൌ ൫ܣ
ሺଵሻ, ܣ

ሺଶሻ൯. Then 

ܣ .1 ⊆ ଵܣ  if and only if ܤ ⊆ ଶܣ  ଵ andܤ ⊇
 ,ଶܤ

ܣ .2 ൌ ܣ if and only if ܤ ⊆ ܤ and ܤ ⊆  ,ܣ

ܣ̅ .3 ൌ ሺܣଶ, ,ଵሻܣ  denotes the complement 

of ܣ, 

4. ∩ ܣ ൌ ሺ∩ ܣ
ሺଵሻ,∪ ܣ

ሺଶሻሻ, 

5. ∪ ܣ ൌ ሺ∪ ܣ
ሺଵሻ,∩ ܣ

ሺଶሻሻ, 

6. ߶~ ൌ ሺ߶, ܺሻ and  ܺ~ ൌ ሺܺ, ߶ሻ. 

Definition (Coker and Bayhan 2001): Let ܺ 

be a non empty set. A family ࣮  of 

intuitionistic sets in ܺ  is called an 

intuitionistic topology (IT in short) on ܺ  if 

the following conditions hold. 

1. ߶~ , ܺ~ ∈ ࣮, 

ܣ .2 ∩ ܤ ∈ ࣮ for all ܣ, ܤ ∈ ࣮, 

3. ∪ ܣ ∈ ࣮ for any arbitrary family ሼܣ ∈
࣮, ݆ ∈  .ሽܬ

The pair ሺܺ, ࣮ሻ  is called an intuitionistic 

topological space (ITS in short), members of  

࣮ are called intuitionistic open sets (IOS in 

short) in ܺ and their complements are called 

intuitionistic closed sets (ICS in short) in ܺ. 

Definition (Atanassov 1986): Let ܺ be a non 

empty set. An intuitionistic fuzzy set ܣ (IFS, 

in short) in ܺ is an object having the form 

ܣ ൌ ൛൫ݔ, ,ሻݔሺߤ ݔ	:ሻ൯ݔሺߥ ∈ ܺൟ , where ߤ 

and ߥ are fuzzy sets in ܺ denote the degree 

of membership and the degree of non- 

membership respectively with ߤሺݔሻ 
ሻݔሺߥ  1. 

Throughout this paper, we use the simpler 

notation ܣ ൌ ሺߤ, ሻߥ  instead of ܣ ൌ
൛൫ݔ, ,ሻݔሺߤ :ሻ൯ݔሺߥ ݔ ∈ ܺൟ  for intuitionistic 

fuzzy sets. 

Remark: Obviously every fuzzy set ߣ in ܺ is 

an intuitionistic fuzzy set of the form 
ሺߣ, 1 െ ሻߣ ൌ ሺߣ, ሻߣ  and every intuitionistic 

set ܣ ൌ ሺܣଵ, ଶሻܣ  in ܺ  is an intuitionistic 

fuzzy set of the form ൫1భ, 1మ൯. 

Definition (Atanassov 1986): Let ܺ  be a 

nonempty set and ܣ, ܤ  are intuitionistic 

fuzzy sets on ܺ  be given by ሺߤ, ሻߥ  and 

ሺߤ,  ሻ respectively, thenߥ



LEVEL SEPARATION ON INTUITIONISTIC FUZZY T1 SPACES 75 

ܣ .1 ⊆ ܤ  if ߤሺݔሻ 	 ሻݔሺߤ  and ߥሺݔሻ 	
ݔ ሻ for allݔሺߥ ∈ ܺ, 

ܣ .2 ൌ ܣ if ܤ ⊆ ܤ and ܤ ⊆ 	,ܣ

ܣ̅ .3 	ൌ 	 ሺߥ, 	,ሻߤ

ܣ .4 ∩ 	ܤ ൌ 	 ሺߤ ∩ ,ߤ ߥ ∪ 	,ሻߥ

ܣ .5 ∪ 	ܤ ൌ 	 ሺߤ ∪ ,ߤ ߥ ∩ 	.ሻߥ

Definition (Coker 1997): Let ሼܣ ൌ
ቀߤೕ, 	ೕቁߥ , ݆ ∈ ሽܬ  be an arbitrary family of 

IFSs in ܺ. Then 

1. ∩ ܣ ൌ ሺ∩ ,ߤ ∪  ,ሻ	ߥ

2. ∪ ܣ ൌ ሺ∪ ,ೕߤ ∩  ,ሻ	ߥ

3. 0∼ ൌ ሺ0, 1ሻ, 1∼ ൌ ሺ1, 0ሻ. 

Definition (Coker 1997): An intuitionistic 

fuzzy topology (IFT in short) on a nonempty 

set ܺ is a family ߬ of IFSs in ܺ, satisfying the 

following conditions: 

1. 0∼, 1∼ ∈ τ, 

ܣ .2 ∩ ܤ ∈ ߬, for all ܣ, ܤ ∈ ߬, 

3. ∪ ܣ ∈ ߬  for any arbitrary family ሼܣ ∈
߬, ݆ ∈  .ሽܬ

The pair ሺܺ, ߬ሻ  is called an intuitionistic 

fuzzy topological space (IFTS in short), 

members of ߬ are called intuitionistic fuzzy 

open sets (IFOS in short) in ܺ , and their 

complements are called intuitionistic fuzzy 

closed sets (IFCS in short) in ܺ. 

Remark (Ying-Ming and Mao-Kang 1997): 

Let ܺ  be a non empty set and ܣ ⊆ ܺ , then 

the set ܣ may be regarded as a fuzzy set in ܺ 

by its characteristic function 1: ܺ → ሼ0,1ሽ ⊂
ሾ0,1ሿ defined by  

1ሺݔሻ ൌ ൜1																										if	ݔ ∈ ݔif	0ܣ ∉ ,ܣ i. e. , if	ݔ ∈  ܣ

Again, we know that a fuzzy set ߣ in ܺ may 

be regarded as an intuitionistic fuzzy set by 

ሺߣ, 1 െ ሻߣ ൌ ሺߣ,  ܺ of ܣ ሻ. So every subsetߣ

may be regarded as intuitionistic fuzzy set by 
ሺ1, 1 െ 1ሻ ൌ ሺ1, 1ሻ. 

Theorem: Let ሺܺ, ܶሻ be a topological space. 

Then ሺܺ, ߬	ሻ is an IFTS where  

߬ ൌ ቄሺ1ೕ, 1
ሻ, ݆ ∈ ܬ ∶ ܣ ∈ ܶቅ. 

Note: Above ߬  is the corresponding 

intuitionistic fuzzy topology of  ܶ. 

Theorem: Let ሺܺ,  ሻbe a fuzzy topologicalݐ

space. Then ሺܺ, ߬	ሻ is an IFTS where  

߬ ൌ ሼ൫ߣ, ߣ
൯, ݆ ∈ :ܬ ߣ ∈  .ሽݐ

Note: Above ߬  is the corresponding 

intuitionistic fuzzy topology of t. 

Theorem: Let ሺܺ, ࣮ሻ  be an intuitionistic 
topological space. Then ሺܺ, ߬ሻ  is an 
intuitionistic fuzzy topological space where  

߬	 ൌ ቄቀ1ೕభ, 1ೕమቁ , ݆ ∈ ܬ ∶ 	 ܣ ൌ ൫ܣଵ, ଶ൯ܣ ∈ ࣮ቅ. 

Note: Above ߬  is the corresponding 

intuitionistic fuzzy topology of ࣮. 

Definition (Coker and Bayhan 2001): An 

intuitionistic topological space ሺܺ, ࣮ሻ  is 

called T1 if for all   ݔ, 	ݕ ∈ ܺ	with ݔ ് ݕ , 

there exists intuitionistic sets ܣ ൌ ሺܣଵ, ,ଶሻܣ
ܤ ൌ ሺܤଵ, ଶሻܤ ∈ ࣮  such that ݔ ∈ ,ଵܣ ݕ ∉  ଵܣ

and ݕ ∈ ,ଵܤ ݔ ∉  .ଵܤ

Definition (Atanassov 1987): Let ܺ and ܻ be 

two nonempty sets and ݂: ܺ → ܻ  be a 

function. If ܣ ൌ ൛൫ݔ, ,ሻݔሺߤ :ሻ൯ݔሺߥ ݔ ∈ ܺൟ 
and ܤ ൌ ൛൫ݕ, ,ሻݕሺߤ :ሻ൯ݕሺߥ ݕ ∈ ܻൟ  are 

IFSs in ܺ  and ܻ  respectively, then the 

preimage of ܤ under ݂, denotedby ݂ିଵሺܤሻ is 

the IFS in ܺ defined by 

݂ିଵሺܤሻ ൌ ቄቀݔ, ൫݂ିଵሺߤሻ൯ሺݔሻ,

൫݂ିଵሺߥሻ൯ሺݔሻቁ : ݔ ∈ ܺቅ = ሼሺݔ,

,ሻሻݔሺ݂ሺߤ :ሻሻሻݔሺ݂ሺߥ ݔ ∈ ܺሽ 
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and the image of ܣ under ݂, denoted by ݂ሺܣሻ 
is the IFS in ܻ defined by  

݂ሺܣሻ = ൛൫ݕ, ሺ݂ሺߤሻሻሺݕሻ, ሺ݂ሺߥሻሻሺݕሻ൯: ݕ ∈ ܻൟ , 

where for each ݕ ∈ ܻ 

ሺ݂ሺߤሻሻሺݕሻ

ൌ ቊ ሻݕ݂ିଵሺ	if	ሻݔሺߤ	 ് ߶௫∈షభሺ௬ሻ
ୱ୳୮

0																										otherwise
 

ሺ݂ሺߥሻሻሺݕሻ ൌ ቊ ሻݕ݂ିଵሺ	if	ሻݔሺߥ	 ് ߶௫∈షభሺ௬ሻ
୧୬

1																										otherwise
 

Definition(Bayhan and Coker 1996): Let 

ܣ ൌ ሺݔ, ,ߤ ሻߥ  and ܤ ൌ ሺݕ, ,ߤ ሻߥ  be IFSs 

in ܺ and ܻ respectively. Then the product of 

IFSs ܣ and ܤ denoted by ܣ ൈ  is defined by ܤ

ܣ ൈ ܤ ൌ ሼሺݔ, ,ሻݕ ߤ ൈ ,ߤ ߥ ൈ ሻሽߥ  where 
ሺߤ ൈ ,ݔሻሺߤ ሻݕ ൌ minሼߤሺݔሻ, ሻሽݕሺߤ  and 
ሺߥ ൈ ,ݔሻሺߥ ሻݕ ൌ maxሼߥሺݔሻ,  ሻሽ for allݕሺߥ
ሺݔ, ሻݕ ∈ ܺ ൈ ܻ.  

Obviously 0  ሺߤ ൈ ሻߤ  ሺߥ ൈ ሻߥ  1 . 

This definition can be extended to an 

arbitrary family of IFSs. 

Definition (Bayhan and Coker 1996): Let 

ሺ ܺ, ߬ሻ, ݆ ൌ 1,2  be two IFTSs. The product 

topology ߬ଵ ൈ ߬ଶ  on ଵܺ ൈ ܺଶ  is the IFT 

generated by ൛ߩ
ିଵ൫ ܷ൯: ܷ ∈ ߬, ݆ ൌ 1,2ൟ , 

where ߩ:	 ଵܺ ൈ ܺଶ → ܺ , ݆ ൌ 1,2  are the 

projection maps. IFTS ሼ ଵܺ ൈ ܺଶ, ߬ଵ ൈ ߬ଶሽ  is 

called the product IFTS of ሺ ܺ, ߬ሻ, ݆ ൌ 1,2. 

In this case ࣭ ൌ ൛ߩ
ିଵ൫ ܷ൯, ݆ ∈ :ܬ ܷ ∈ ߬ൟ is a 

sub base and ࣜ ൌ ൛ ଵܷ ൈ ଶܷ: ܷ ∈ ߬, ݆ ൌ 1,2ൟ 
is a base for ߬ଵ ൈ ߬ଶon ଵܺ ൈ ܺଶ. 

Definition (Coker 1997): Let ሺܺ, ߬ሻ  and 

ሺܻ, ሻߜ  be IFTSs. A function ݂: ܺ → ܻ  is 

called continuous if ݂ିଵሺܤሻ ∈ ߬ for all ܤ ∈  ߜ

and ݂  is called open if ݂ሺܣሻ ∈ ߜ  for all 

ܣ ∈ ߬. 

Definition (Lipschutz 1965): A topological 

space ሺܺ, ܶሻ  is called ଵܶ  if for all ݔ, 	ݕ ∈

ܺ	with ݔ ് ,ܷ there exists ,ݕ ܸ ∈ ܶ such that 

ݔ ∈ ܷ, ݕ ∉ ܷ and ݕ ∈ ܸ, ݔ ∉ ܸ. 

Definition (Srivastava et al. 1988): A fuzzy 

topological space ሺܺ,  ሻ is called ଵܶ if for allݐ

,ݔ 	ݕ ∈ ܺ	 with ݔ ് ݕ , there exists ݑ, ݒ ∈ t  
such that ݑሺݔሻ ൌ 1, ሻݕሺݑ ൌ 0  and ݒሺݕሻ ൌ
1, ሻݔሺݒ ൌ 0. 

Definition (Singh and Srivastava 2012): Let 

ܣ ൌ ሺߤ,  ሻ be a IFS in ܺ and ܷ be a nonߥ

empty subset of ܺ. The restriction of ܣ to ܷ 

is a IFS in ܷ, denoted by ܣ|ܷ and defined by 

ܷ|ܣ ൌ ሺߤ|ܷ,  .|ܷሻߥ

Definition: Let  ሺܺ, ߬ሻ  be an intuitionistic 

fuzzy topological space and ܷ is a non empty 

sub set of  ܺ  then ߬ ൌ ሼ:ܷ|ܣ	ܣ ∈ ߬ሽ  is an 

intuitionistic fuzzy topology on ܷ  and 

ሺܷ, ߬ሻ is called sub space of ሺܺ, ߬ሻ. 
 

INTUITIONISTIC FUZZY T1 SPACES 

Definition: Let ݎ ∈ ሺ0,1ሻ . An intuitionistic 

fuzzy topological space ሺܺ, ߬ሻis called. 

1. IF-T1(r-i) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that  

ሻݔሺߤ  ,ݎ ሻݕሺߤ ;ሻݔሺߥ ൏ ,ݎ ሻݕሺߥ   ݎ

and ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ ݎ ሻݔሺߤ ; ൏
,ݎ ሻݔሺߥ   .ݎ

2. IF-T1(r-ii) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈
߬ such that 

ሻݔሺߤ   ,ݎ ሻݔሺߥ ൏  ሻݕሺߤ ;ݎ

൏ ,ݎ ሻݕሺߥ  0 and ߤሺݕሻ  ,ݎ  ሻݕሺߥ

൏ ሻݔሺߤ ;ݎ ൏ ,ݎ ሻݔሺߥ  0. 

3. IF-T1(r-iii) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്
,ݕ there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 
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ሻݔሺߤ   0, ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏
,ݎ ሻݕሺߥ  ሻݕሺߤ and ݎ  0, ሻݕሺߥ ൏  ;ݎ

ሻݔሺߤ ൏ ,ݎ ሻݔሺߥ   .ݎ

4. IF-T1(r-iv) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്
,ݕ there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ  0, ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏
,ݎ ሻݕሺߥ  0 and ߤሺݕሻ  0, ሻݕሺߥ ൏  ;ݎ

ሻݔሺߤ ൏ ,ݎ ሻݔሺߥ  0. 

5. IF-T1(r-v) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈
߬ such that 

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;1 ൏ ,ݎ
ሻݕሺߥ  ሻݕሺߤ and ݎ  ,ݎ ሻݕሺߥ ൏ 1; 

ሻݔሺߤ ൏ ,ݎ ሻݔሺߥ   .ݎ

6. IF-T1(r-vi) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്
,ݕ there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ   ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ 1,
ሻݕሺߥ  ሻݕሺߤ and ݎ  ,ݎ ሻݕሺߥ ൏  ;ݎ

ሻݔሺߤ ൏ 1, ሻݔሺߥ   .ݎ

7. IF-T1(r-vii) if for all ݔ, 	ݕ ∈ ܺ	with ݔ ്
ݕ , there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ   ,ݎ ሻݔሺߥ ൏ 1; ሻݕሺߤ ൏ 1,
ሻݕሺߥ  ݎ  and ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ 1 ; 

ሻݔሺߤ ൏ 1, ሻݔሺߥ   .ݎ

8. IF-T1(viii) if for all ݔ, 	ݕ ∈ ܺ	 with ݔ ്
ݕ , there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ   0, ሻݔሺߥ ൏ 1; ሻݕሺߤ ൏ 1,
ሻݕሺߥ  0  and ߤሺݕሻ  0, ሻݕሺߥ ൏ 1 ; 

ሻݔሺߤ ൏ 1, ሻݔሺߥ  0. 

Theorem: Let ሺܺ, ܶሻ be a topological space 

and ሺܺ, ߬ሻ be its corresponding IFTS where                                

߬ ൌ ቄሺ1ೕ, 1
ሻ, ݆ ∈ ܬ ∶ ܣ ∈ ܶቅ . Then ሺܺ, ܶሻ 

is T1 ⇔ ሺܺ, ߬ሻ  is IF- T1(r-k) for any ݇ ∈
ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ ሽ݅݅ݒ   and ሺܺ, ܶሻ  is T1 ⇔
ሺܺ, ߬ሻ is IF- T1(viii). 

Proof: Suppose ሺܺ, ܶሻ  is  ଵܶ  space. Let 

,ݔ ݕ ∈ ܺ	 with ݔ ് ,Since  ሺܺ.ݕ ܶሻis  ଵܶ, then 

there exists ܣ, ܤ ∈ ܶ such that ݔ ∈ ,ܣ ݕ ∉  	ܣ
and ݕ ∈ ,ܤ ݔ ∉  ߬, we	By the definition of .ܤ

get  ሺ1, 1ሻ, ሺ1, 1ሻ ∈ ߬ as ܣ, ܤ ∈ ܶ. 

Now, 1ሺݔሻ ൌ 1, 1ሺݕሻ ൌ 0, 1ሺݕሻ ൌ 1,  
1ሺݔሻ ൌ 0 as ݔ ∈ ,ܣ ݕ ∉ ݕ and 	ܣ ∈  .xB ;ܤ

And clearly 1ሺݔሻ ൌ 0	,  1ሺݕሻ ൌ 1, 

1ሺݕሻ ൌ 0	,  1ሺݔሻ ൌ 1. 

That is, 1ሺݔሻ ൌ 1, 1ሺݔሻ ൌ 0 ; 1ሺݕሻ ൌ 0 , 

1ሺݕሻ ൌ 1  and 1ሺݕሻ ൌ 1, 1ሺݕሻ ൌ 0; 
1ሺݔሻ ൌ 0, 1ሺݔሻ ൌ 1. 

This implies 

 1ሺݔሻ  ,ݎ 1ሺݔሻ ൏ ሻݕ1ሺ ;ݎ ൏  ,ݎ

1ሺݕሻ  ሻݕand 1ሺ ݎ  ሻݕ1ሺ ,ݎ ൏  ;ݎ

1ሺݔሻ ൏ ሻݔ1ሺ ,ݎ   .ݎ

So ሺܺ, ߬ሻ is IF-T1(r-i). 

Conversely suppose ሺܺ, ߬ሻ  is IF-T1(r-i). Let 

,ݔ ݕ ∈ ܺ	with ݔ ് ,Since ሺܺ .ݕ ߬ሻ is IF-T1(r-

i), then there exists ሺ1, 1ሻ, ሺ1, 1ሻ ∈ ߬ 

such that 1ሺݔሻ  ,ݎ 1ሺݔሻ ൏ ሻݕ1ሺ ;ݎ ൏ ,ݎ
1ሺݕሻ  ݎ  and 1ሺݕሻ  ,ݎ 1ሺݕሻ ൏ ݎ ; 

1ሺݔሻ ൏ ,ݎ 1ሺݔሻ   .ݎ

Since ݎ	 ∈ ሺ0,1ሻ; we can write 1ሺݔሻ ൌ 1,
1ሺݔሻ ൌ 0; 1ሺݕሻ ൌ 0, 1ሺݕሻ ൌ 1  and 

1ሺݕሻ ൌ 1, 1ሺݕሻ ൌ 0; 1ሺݔሻ 

												ൌ 0, 1ሺݔሻ ൌ 1. 

This implies	ݔ ∈ ,ܣ ݕ ∉ ݕ	  andܣ ∈ ,ܤ ݔ ∉  .ܤ

Clearly ܣ, ܤ ∈ ܶ as ሺ1, 1ሻ, ሺ1, 1ሻ ∈ ߬ . 

Therefore ሺܺ, ܶሻ is T1. Space. 

Similarly we can show the other 

implications. 
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Theorem: Let ሺܺ, ࣮ሻ be an intuitionistic 

topological space and ሺܺ, ߬ሻ  be its 

corresponding IFTS where  

߬	 ൌ ቄቀ1ೕభ, 1ೕమቁ , ݆ ∈ ܬ ∶ ܣ	 ൌ ൫ܣଵ, ଶ൯ܣ ∈

࣮ቅ. Thenሺܺ, ࣮ሻ is T1⇔ ሺܺ, ߬ሻ  is IF-T1(r-k) 

for any ݇ ∈ ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ ,ሽ  and ሺܺ݅݅ݒ ࣮ሻ 
is T1⇔ ሺܺ, ߬ሻ is IF-T1 (viii). 

Proof: The proof of all implications are 

similar. As an example we prove ሺܺ, ࣮ሻ  is 

T1⇔ ሺܺ, ߬ሻ is IF-T1 (r-iv). 

Suppose ሺܺ, ࣮ሻ  is T1.Let ݔ, ݕ ∈ ܺ	  with ݔ ്
.ݕ  Since ሺܺ, ࣮ሻ  is T1, then there exists                                           

ܣ ൌ ሺܣଵ, ଶሻܣ ܤ , ൌ ሺܤଵ, ଶሻܤ ∈ ࣮  such that 

ݔ ∈ ,ଵܣ ݕ ∉ ଵܣ  and ݕ ∈ ,ଵܤ ݔ ∉ ଵܤ .By the 

definition of ߬ , it is clear that ൫1భ,
1మ൯, ൫1భ, 1మ൯ ∈ ߬ . Clearly 1భሺݔሻ ൌ 1 , 

1భሺݕሻ ൌ 0; 1భሺݕሻ ൌ 1 , 1భሺݔሻ ൌ 0. 

Since ܣଵ ∩ ଶܣ ൌ ଵܤ ∩ ଶܤ ൌ ߶  and ݔ ∈
,ଵܣ ݕ ∉ ଵܣ ݕ , ∈ ,ଵܤ ݔ ∉ ଵܤ .So 1మሺݔሻ ൌ
0 , 1మሺݕሻ ൌ 1 ; 1మሺݕሻ ൌ 0 , 1మሺݔሻ ൌ 1 . 

That is, 1భሺݔሻ ൌ 1 , 1మሺݔሻ ൌ 0 ; 1భሺݕሻ ൌ
0, 1మሺݕሻ ൌ 1 and 1భሺݕሻ ൌ 1, 1మሺݕሻ ൌ 0;    

1భሺݔሻ ൌ 0,  1మሺݔሻ ൌ 1. 

Therefore we can write, 1భሺݔሻ  0, 

1మሺݔሻ ൏ ሻݕ1భሺ ;ݎ ൏ ሻݕ1మሺ ,ݎ  0 and 

1భሺݕሻ  0, 1మሺݕሻ ൏ ሻݔ1భሺ ;ݎ ൏   ,ݎ

1మሺݔሻ  0 as ݎ ∈ ሺ0,1ሻ. 

So ሺܺ, ߬ሻ is IF-T1(r-iv).  

Conversely suppose ሺܺ, ߬ሻ is IF-T1(r-iv). Let 

,ݔ ݕ ∈ ܺ	 with ݔ ് ,Since ሺܺ .ݕ ߬ሻ is IF-T1(r-

iv), then there exists ൫1భ, 1మ൯, ൫1భ,
1మ൯ ∈ ߬  such that 1భሺݔሻ  0 , 1మሺݔሻ ൏ ݎ ; 

1భሺݕሻ ൏ ݎ , 1మሺݕሻ  0  and 1భሺݕሻ  0 , 

1మሺݕሻ ൏ ሻݔ1భሺ ;ݎ ൏ ሻݔ1మሺ  ,ݎ  0. 

This implies 1భሺݔሻ ൌ 1, 	1భሺݕሻ ൌ 0; 

1భሺݕሻ ൌ 1, 1మሺݔሻ ൌ 0. 

This implies ݔ ∈ ,ଵܣ ݕ ∉ ଵܣ and ݕ ∈ ,ଵܤ ݔ ∉
ܣ ,߬ ଵ. By definition ofܤ ൌ ሺܣଵ, ଶሻܣ ∈ ࣮. 

So  ሺܺ, ࣮ሻ is T1 space. 

Theorem: Let ሺܺ,  ሻ be a fuzzy topologicalݐ

space and ሺܺ, ߬ሻ  be its corresponding IFTS 

where ߬	 ൌ ሼሺߣ, ,ሻߣ ݆ ∈ ܬ ∶ ߣ ∈ ሽݐ . ሺܺ, ሻݐ  is 

T1 ⇒ ሺܺ, ߬ሻ  is IF-T1(r-k) for ݇ ൌ
݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ ݅݅ݒ  and ሺܺ, ⇒ ሻ is T1ݐ ሺܺ, ߬ሻ 
is IF-T1(viii)  where ݎ ∈ ሺ0,1ሻ. 

Proof: The proofs of all implications are 

similar. As an example we prove that ሺܺ,  ሻݐ
is T1⇒ ሺܺ, ߬ሻ is IF-T1(r-i). 

Suppose ሺܺ, ,ݔ ሻ is  ଵܶ. Letݐ ݕ ∈ ܺ	 with ݔ ്
,ݑ then there exists .ݕ ݒ ∈ ሻݔሺݑ such that ݐ ൌ
1, ሻݕሺݑ ൌ 0  and ݒሺݕሻ ൌ 1, 
ሻݔሺݒ  ൌ 0. 

Now by the definition of ߬, ሺݑ, ,ሻݑ ሺݒ, ሻݒ ∈
߬ as ݑ, ݒ ∈  .ݐ

Clearly ݑሺݔሻ ൌ 0, ሻݕሺݑ ൌ 1  and ݒሺݕሻ ൌ
0, ሻݔሺݒ ൌ 1 

That is, we get ݑሺݔሻ ൌ ሻݔሺݑ ,1 ൌ 0;  

ሻݕሺݑ ൌ ሻݕሺݑ ,0 ൌ 1 and ݒሺݕሻ ൌ 1, 

ሻݕሺݒ ൌ ሻݔሺݒ ;0 ൌ ሻݔሺݒ ,0 ൌ 1. 

So for  ݎ ∈ ሺ0,1ሻ, we can write 

ሻݔሺݑ  ሻݔሺݑ ,ݎ ൏ ሻݕሺݑ  ;ݎ ൏ ሻݕሺݑ  ,ݎ   ݎ

and ݒሺݕሻ  ሻݕሺݒ ,ݎ ൏ ሻݔሺݒ ;ݎ ൏  ,ݎ

ሻݔሺݒ   .ݎ

Therefore ሺܺ, ߬ሻ is IF-T1(r-i). 

Theorem: Let ሺܺ, ߬ሻ  be a IFTS. Then we 

have the following implications. 

Proof: Suppose ሺܺ, ߬ሻ  is IF-T1(r-i). Let 

,ݔ 	ݕ ∈ ܺ	with ݔ ് ,Since ሺܺ .ݕ ߬ሻ is IF-T1(r-

i), then there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 
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IF-T1(viii) IF-T1(r-i)

IF-T1(r-ii)

IF-T1(r-iii)

IF-T1(r-v)

IF-T1(r-vi)

IF-T1(r-iv)

IF-T1(r-vii)

 

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ ,ݎ ሻݕሺߥ   ݎ

and ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ ሻݔሺߤ ;ݎ ൏
,ݎ ሻݔሺߥ   (1).….ݎ

Now, from (1) we can write, 

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ ,ݎ ሻݕሺߥ  0 

and  ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ ;ݎ ሻݔሺߤ ൏
,ݎ ሻݔሺߥ  0.  ……….(2) 

Again from (2) we get, 

ሻݔሺߤ  0, ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ ,ݎ ሻݕሺߥ  0 

and  ߤሺݕሻ  0, ሻݕሺߥ ൏ ;ݎ ሻݔሺߤ ൏
,ݎ ሻݔሺߥ  0. .....….(3) 

And finally from (3), 

ሻݔሺߤ  0, ሻݔሺߥ ൏ ሻݕሺߤ ;1 ൏ 1, ሻݕሺߥ 
0 and  ߤሺݕሻ  0, ሻݕሺߥ ൏ ሻݔሺߤ ;1 ൏
1, ሻݔሺߥ  0. 

Therefore IF-T1(r-i) ⇒ IF-T1(r-ii) ⇒ IF-T1(r-

iv) ⇒IF-T1(viii). 

Again from (1) we get 

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ 1, ሻݕሺߥ   ݎ

and  ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ ሻݔሺߤ ;ݎ ൏
1, ሻݔሺߥ     .ݎ

This implies 

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;1 ൏ 1, ሻݕሺߥ   ݎ

and  ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ 1 ሻݔሺߤ ; ൏
1, ሻݔሺߥ    .ݎ

This implies  

ሻݔሺߤ  0, ሻݔሺߥ ൏ 1 ሻݕሺߤ ; ൏ 1, ሻݕሺߥ 
0  and  ߤሺݕሻ  0, ሻݕሺߥ ൏ 1 ሻݔሺߤ ; ൏
1, ሻݔሺߥ  0. 

Therefore IF-T1(r-i) ⇒ IF-T1(r-vi) ⇒ IF-T1(r-

vii) ⇒ IF-T1(viii). 

Similarly other implications may be proved. 

The reverse implications are not true in 

general as can be seen from the following 

examples: 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.7, 0.1ሻ, ሺݕ, 0.2, 0.3ሻሽ, ܤ ൌ
ሼሺݔ, 0.4, 0.1ሻ, ሺݕ, 0.6, 0.3ሻሽ .If ݎ ൌ 0.5 , then 

clearly  ሺܺ, ߬ሻ is IF-T1(r-ii) but not IF-T1(r-i). 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.2, 0.1ሻ, ሺݕ, 0.2, 0.3ሻሽ, ܤ ൌ
ሼሺݔ, 0.2, 0.3ሻ, ሺݕ, 0.3, 0.4ሻሽ . If ݎ ൌ 0.5 , then 

clearly  ሺܺ, ߬ሻ is IF-T1(r-iv) but not IF-T1(r-

i), IF-T1(r-ii) and IF-T1(r-iii) 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.6, 0.1ሻ, ሺݕ, 0.2, 0.6ሻሽ,	
ܤ ൌ ሼሺݔ, 0.2, 0.6ሻ, ሺݕ, 0.2, 0.3ሻሽ . If ݎ ൌ 0.5 , 

then clearly  ሺܺ, ߬ሻ  is IF-T1(r-iii) but not  

IF-T1(r-i). 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.3, 0.6ሻ, ሺݕ, 0.1, 0.6ሻሽ ܤ , ൌ
ሼሺݔ, 0.1, 0.3ሻ, ሺݕ, 0.4, 0.5ሻሽ . If ݎ ൌ 0.2 , then 

clearly  ሺܺ, ߬ሻ is IF-T1(r-v) but not IF-T1(r-i). 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.3, 0.1ሻ, ሺݕ, 0.4, 0.5ሻሽ		
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ܤ ൌ ሼሺݔ, 0.3, 0.6ሻ, ሺݕ, 0.4, 0.1ሻሽ . If ݎ ൌ 0.2 , 

then clearly ሺܺ, ߬ሻ is IF-T1(r-vi) but not IF-

T1(r-i). 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.3, 0.6ሻ, ሺݕ, 0.5, 0.3ሻሽ,	
ܤ ൌ ሼሺݔ, 0.4, 0.5ሻ, ሺݕ, 0.4, 0.3ሻሽ . If ݎ ൌ 0.2 , 

then clearly  ሺܺ, ߬ሻ is IF-T1(r-vii) but not IF-

T1(r-i), IF-T1(r-v) and IF-T1(r-vi) 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.3, 0.5ሻ, ሺݕ, 0.2, 0.6ሻሽ,  
ܤ ൌ ሼሺݔ, 0.3, 0.2ሻ, ሺݕ, 0.7, 0.3ሻሽ . If ݎ ൌ 0.5 , 

then clearly  ሺܺ, ߬ሻ is IF-T1(viii) but not IF-

T1(r-iv) and IF-T1(r-vii) 

Theorem: Let ሺܺ, ߬ሻ  be a IFTS and ,ݎ ݏ ∈
ሺ0,1ሻwith ݎ ൏ ,thenሺܺ  ,ݏ ߬ሻ isIF-T1(r-iv) ⇒
ሺܺ, ߬ሻ is  IF-T1(s-iv) and ሺܺ, ߬ሻ is IF-T1(s-vii) 

⇒ ሺܺ, ߬ሻ is IF-T1(r-vii). 

Proof: IF-T1(r-iv) ⇒ IF-T1(s-iv): Suppose 

ሺܺ, ߬ሻ is IF-T1(r-iv). Let ݔ, 	ݕ ∈ ܺ	with ݔ ്  .ݕ

Since ሺܺ, ߬ሻ is IF-T1(r-iv), then there exists 

intuitionistic fuzzy sets ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that  

ሻݔሺߤ  0, ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ ,ݎ ሻݕሺߥ  0 

and ߤሺݕሻ  0, ሻݕሺߥ ൏ ሻݔሺߤ ;ݎ ൏ ,ݎ
ሻݔሺߥ  0.  

Since ݎ ൏  we can write ,ݏ

ሻݔሺߤ  0, ሻݔሺߥ ൏ ሻݕሺߤ ;ݏ ൏ ,ݏ ሻݕሺߥ  0 

and  ߤሺݕሻ  0, ሻݕሺߥ ൏ ሻݔሺߤ ;ݏ ൏ ,ݏ
ሻݔሺߥ  0. 

Therefore ሺܺ, ߬ሻ is IF-T1(s-iv). 

IF-T1(s-vii) ⇒IF-T1(r-vii): Suppose ሺܺ, ߬ሻ  is 

IF-T1(s-vii).  

Let ݔ, 	ݕ ∈ ܺ	with ݔ ് ,Since ሺܺ .ݕ ߬ሻ is IF-

T1(s-vii), then there exists intuitionistic fuzzy 

set ܣ ൌ ሺߤ, ܤ ,ሻߥ ൌ ሺߤ, ሻߥ ∈ ߬ such that  

ሻݔሺߤ  ,ݏ ሻݔሺߥ ൏ ሻݕሺߤ ;1 ൏ 1, ሻݕሺߥ   ݏ

and ߤሺݕሻ  ,ݏ ሻݕሺߥ ൏ ሻݔሺߤ ;1 ൏ 1,
ሻݔሺߥ   .ݏ

Since ݎ ൏  we can write ,ݏ

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;1 ൏ 1, ሻݕሺߥ   ݎ

and ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ ሻݔሺߤ ;1 ൏ 1,
ሻݔሺߥ   .ݎ

So ሺܺ, ߬ሻ is IF-T1(r-vii). 

The reverse implications are not true in 

general as can be seen from the following 

examples: 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.2, 0.4ሻ, ሺݕ, 0.4, 0.3ሻሽ ܤ , ൌ
ሼሺݔ, 0.1, 0.4ሻ, ሺݕ, 0.2, 0.4ሻሽ .  If ݎ ൌ 0.3  and 

ݏ ൌ 0.5 then clearly  ሺܺ, ߬ሻ is IF-T1(s-iv) but 

not IF-T1(r-iv). 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.4, 0.4ሻ, ሺݕ, 0.2, 0.4ሻሽ, ܤ ൌ
ሼሺݔ, 0.1, 0.4ሻ, ሺݕ, 0.5, 0.4ሻሽ .  If ݎ ൌ 0.3  and 

ݏ ൌ 0.5 then clearly  ሺܺ, ߬ሻ is IF-T1(r-vii) but 

not IF-T1(s-vii). 

Theorem: Let ሺܺ, ߬ሻ  and ሺܻ, ሻߜ  be IFTSs 

and  ݂: ܺ → ܻ is one-one and continuous. 

Then 

ሺܻ, ,ሺܺ	ሻis IF-T1(r-k)⇒ߜ ߬ሻ is IF-T1(r-k) for 

any ݇ ∈ ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ  ሽ and݅݅ݒ

ሺܻ, ,ሺܺ	ሻis IF-T1(viii)⇒ߜ ߬ሻ is IF-T1(viii). 

Proof: Suppose ሺܻ, ሻߜ  is IF-T1(r-i). 

Letݔ, 	ݕ ∈ ܺ	with ݔ ്  ,Since ݂ is one-one .ݕ

then ݂ሺݔሻ, ݂ሺݕሻ ∈ ܻ  with ݂ሺݔሻ ് 	݂ሺݕሻ . 

Again, since ሺܻ,  ሻ is IF-T1(r-i), there existsߜ

ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈ ߜ  such that 

ሻሻݔሺ݂ሺߤ  ,ݎ ሻሻݔሺ݂ሺߥ ൏ ݎ ሻሻݕሺ݂ሺߤ ; ൏
,ݎ ሻሻݕሺ݂ሺߥ    and ݎ



LEVEL SEPARATION ON INTUITIONISTIC FUZZY T1 SPACES 81 

ሻሻݕሺ݂ሺߤ  ,ݎ ሻሻݕሺ݂ሺߥ ൏ ሻሻݔሺ݂ሺߤ;ݎ ൏
,ݎ ሻሻݔሺ݂ሺߥ   .ݎ

Since f is continuous, 

݂ିଵሺܣሻ=ሺ݂ିଵሺߤሻ, ݂ିଵሺߥሻሻ ∈ ߬ and 

݂ିଵሺܤሻ=ሺ݂ିଵሺߤሻ, ݂ିଵሺߥሻሻ ∈ ߬. 

Now we have ݂ିଵሺߤሻሺݔሻ ൌ ሻ൯ݔ൫݂ሺߤ   ,ݎ

݂ିଵሺߥሻሺݔሻ ൌ ሻሻݔሺ݂ሺߥ ൏ ݎ ; ݂ିଵሺߤሻሺݕሻ ൌ
ሻ൯ݕ൫݂ሺߤ ൏ ሻݕሻሺߥଵሺି݂ ,ݎ ൌ ሻሻݕሺ݂ሺߥ   .ݎ

and ݂ିଵሺߤሻሺݕሻ ൌ ሻ൯ݕ൫݂ሺߤ   ,ݎ

݂ିଵሺߥሻሺݕሻ ൌ ሻሻݕሺ݂ሺߥ ൏  ;ݎ

 ݂ିଵሺߤሻሺݔሻ ൌ ሻ൯ݔ൫݂ሺߤ ൏  ,ݎ

݂ିଵሺߥሻሺݔሻ ൌ ሻሻݔሺ݂ሺߥ   .ݎ

Therefore ሺܺ, ߬ሻ is IF-T1(r-i).  

Similarly we can show the other 

implications. 

Theorem: Let ሺܺ, ߬ሻ  and ሺܻ, ሻߜ  be IFTSs 

and  ݂: ܺ → ܻ   is one-one, onto and open. 

Then 

ሺܺ, ߬ሻis IF-T1(r-k)⇒	ሺܻ,  ሻis IF-T1(r-k) forߜ

any ݇ ∈ ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ  ሽ and݅݅ݒ

ሺܺ, ߬ሻis IF-T1(viii) ⇒	ሺܻ,  .ሻ  is IF-T1(viii)ߜ

Proof: Suppose ሺܺ, ߬ሻ is IF-T1(r-i). 

Let ݔ, 	ݕ ∈ ܻ	with ݔ ് ݕ . Since ݂ is onto, 

then there exists some , ݍ ∈ ܺ  such that 

݂ሺሻ ൌ ሻݍand ݂ሺ ݔ ൌ  ,Since ݂ is one-one .ݕ

these   and 	ݍ  are unique and  ് ݍ . i.e., 

݂ିଵሺݔሻ ൌ ሼሽ and  ݂ିଵሺݕሻ ൌ ሼݍሽ. 

Now since ሺܺ, ߬ሻ  is IF-T1(r-i), there exists 

ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈ ߬  such that 

ሻሺߤ  ,ݎ ሻሺߥ ൏ ݎ ሻݍሺߤ ; ൏ ,ݎ ሻݍሺߥ   ݎ

and ߤሺݍሻ  ,ݎ ሻݍሺߥ ൏ ݎ ሻሺߤ ; ൏
,ݎ ሻሺߥ   .ݎ

Further since f is open, so݂ሺܣሻ ൌ
൫݂ሺߤሻ, ݂ሺߥሻ൯ ∈ ሻܤሺ݂ ,ߜ ൌ
൫݂ሺߤሻ, ݂ሺߥሻ൯ ∈  ߜ

Now we have 

 ݂ሺߤሻሺݔሻ ൌ ሺܽሻߤ	 ൌ∈షభሺ௫ሻ
ୱ୳୮ ሻሺߤ	   ,ݎ

݂ሺߥሻሺݔሻ ൌ ሺܽሻߥ ൌ ሻ∈షభሺ௫ሻሺߥ
୧୬ ൏  ;ݎ

݂ሺߤሻሺݕሻ ൌ ሺܽሻߤ	 ൌ∈షభሺ௬ሻ
ୱ୳୮ ሻݍሺߤ	 ൏  ,ݎ

݂ሺߥሻሺݕሻ ൌ ሺܽሻߥ ൌ ሻ∈షభሺ௬ሻݍሺߥ
୧୬   .ݎ

And  ݂ሺߤሻሺݕሻ ൌ
ሺܽሻߤ	 ൌ∈షభሺ௬ሻ

ୱ୳୮ ሻݍሺߤ	  ሻݕሻሺߥሺ݂ ,ݎ ൌ

ሺܽሻߥ ൌ ሻ∈షభሺ௬ሻݍሺߥ
୧୬ ൏  ;ݎ

݂ሺߤሻሺݔሻ ൌ ሺܽሻߤ	 ൌ∈షభሺ௫ሻ
ୱ୳୮ ሻሺߤ	 ൏  ,ݎ

݂ሺߥሻሺݔሻ ൌ ሺܽሻߥ ൌ ሻ∈షభሺ௫ሻሺߥ
୧୬   .ݎ

Therefore ሺܻ,  .ሻ  is IF-T1(r-i)ߜ

Similarly we can show the other 

implications. 

From above two theorems we have the 

following corollary: 

Corollary: If ሺܺ, ߬ሻ and ሺܻ,   ሻ are IFTSs andߜ

݂:ܺ → ܻ   is a homeomorphism then ሺܺ, ߬ሻ 
is IF-T1(r-k) if and only if ሺܻ, -ሻ  is IF-T1(rߜ

k) for any ݇ ∈ ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ ሽ݅݅ݒ  and 

ሺܺ, ߬ሻ is IF-T1(viii) if and only if ሺܻ,     ሻ  isߜ

IF-T1(viii). 

Remarks: IF-T1(r-k) for k= i, ii, iii, iv, v, vi, 

vii and IF-T1(viii)  are topological properties. 

Theorem: Let  ሺܺ, ߬ሻ  be an intuitionistic 

fuzzy topological space and ܷ  is a non-

empty sub set of  ܺ. Then ሺܺ, ߬ሻ is IF-T1(r-k) 

⇒ ሺܷ, ߬ሻ is IF-T1(r-k) for any  

݇ ∈ ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ ሽ݅݅ݒ  and ሺܺ, ߬ሻ  is IF-

T1(viii) ⇒ ሺܷ, ߬ሻ is IF-T1(viii). 

Proof: Suppose ሺܺ, ߬ሻ  is IF-T1(r-i). Let 

,ݔ 	ݕ ∈ ܷ	with ݔ ് ⇒.ݕ ,ݔ 	ݕ ∈ ܺ	with ݔ ്  ݕ

as  ܷ ⊆ ܺ. 

Since ሺܺ, ߬ሻ  is IF-T1(r-i), then there exists  

ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈ ߬ such that 
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IF-T1(i)  IF-T1(iv) 

IF-T1(ii) 

IF-T1(iii) 

IF-T1(viii) IF-T1(r-i)

IF-T1(r-ii)

IF-T1(r-iii)

IF-T1(r-v)

IF-T1(r-vi)

IF-T1(r-iv) 

IF-T1(r-vii) 

 

IF-T1(i) IF-T1(iv) 

IF-T1(ii) 

IF-T1(iii)

ሻݔሺߤ  ,ݎ ሻݔሺߥ ൏ ሻݕሺߤ ;ݎ ൏ ,ݎ ሻݕሺߥ   ݎ

and ߤሺݕሻ  ,ݎ ሻݕሺߥ ൏ ሻݔሺߤ ;ݎ ൏ ,ݎ
ሻݔሺߥ   .ݎ

Clearly ܣ|ܷ ൌ ሺߤ|ܷ, |ܷሻߥ ∈ ߬. 

Now we haveߤ|ܷሺݔሻ ൌ ሻݔሺߤ   ,ݎ

ሻݔ|ܷሺߥ ൌ ሻݔሺߥ ൏ ሻݕ|ܷሺߤ ;ݎ ൌ ሻݕሺߤ ൏
ሻݕ|ܷሺߥ ,ݎ ൌ ሻݕሺߥ   .ݎ

And ߤ|ܷሺݕሻ ൌ ሻݕሺߤ  ሻݕ|ܷሺߥ ,ݎ ൌ
ሻݕሺߥ ൏ ሻݔ|ܷሺߤ ;ݎ ൌ ሻݔሺߤ ൏  ,ݎ

ሻݔ|ܷሺߥ ൌ ሻݔሺߥ   .ݎ

Therefore ሺܷ, ߬ሻ is IF-T1(r-i). 

Similarly, we can show the other 

implications. 

Remarks: The properties IF-T1(r-k) for k= i, 

ii, iii, iv, v, vi, vii and IF-T1(viii)  are 

hereditary.  

Definition (Ahmed et al. 2014):  An 

intuitionistic fuzzy topological space ሺܺ, ߬ሻ 
is called  

1. IF-T1(i) if for all ݔ, 	ݕ ∈ ܺ	 with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ ൌ 1, ሻݔሺߥ ൌ ሻݕሺߤ  ;0 ൌ

0, ሻݕሺߥ ൌ 1 and ߤሺݕሻ ൌ 1, ሻݕሺߥ ൌ 0; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ ൌ 1. 

2. IF-T1(ii) if for all ݔ, 	ݕ ∈ ܺ	 with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ ൌ 1, ሻݔሺߥ ൌ ሻݕሺߤ  ;0 ൌ

0, ሻݕሺߥ  0 and ߤሺݕሻ ൌ 1, ሻݕሺߥ ൌ 0; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ  0. 

3. IF-T1(iii) if for all ݔ, 	ݕ ∈ ܺ	 with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ  0, ሻݔሺߥ ൌ ሻݕሺߤ  ;0 ൌ
0, ሻݕሺߥ ൌ 1 and ߤሺݕሻ  0, ሻݕሺߥ ൌ 0; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ ൌ 1. 

4. IF-T1(iv) if for all ݔ, 	ݕ ∈ ܺ	 with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ  0, ሻݔሺߥ ൌ ሻݕሺߤ  ;0 ൌ
0, ሻݕሺߥ  0 and ߤሺݕሻ  0, ሻݕሺߥ ൌ 0; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ  0. 

Theorem (Ahmed et al. 2014): Let ሺܺ, ߬ሻ be 

a IFTS. Then the following implications 

hold. 

 

 

 

 

Theorem: If ሺܺ, ߬ሻ bea IFTS, then the 

following implications hold. 

Proof: To prove this theorem we only have 

to prove that ሺܺ, ߬ሻ  is IF-T1(iv) ⇒ ሺܺ, ߬ሻ  is 

IF-T1(r-i).  

Let ሺܺ, ߬ሻ  be IF-T1(iv) and ݔ, 	ݕ ∈ ܺ	  with 

ݔ ് ܣ Then there exists .ݕ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 
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α-IF-T1(i) α-IF-T1(ii) α-IF-T1(iii) 

ሻݔሺ	ߤ  0, ሻݔሺߥ ൌ 0 ; ሻݕሺߤ ൌ 0, ሻݕሺߥ 
0  and ߤሺݕሻ  0, ሻݕሺߥ ൌ 0 ሻݔሺߤ ; ൌ 0,
ሻݔሺߥ  0 . So for ݎ ∈ ሺ0,1ሻ ሻݔሺߤ ,  ,ݎ
ሻݔሺߥ ൏ ;ݎ ሻݕሺߤ ൏ ,ݎ ሻݕሺߥ  and ߤሺݕሻ 
,ݎ ሻݕሺߥ ൏ ሻݔሺߤ ;ݎ ൏ ,ݎ ሻݔሺߥ   .ݎ

Thereforeሺܺ, ߬ሻ is IF-T1(r-i). 

The reverse implication is not necessarily 

true. For this we only have to show that 
ሺܺ, ߬ሻ  is IF-T1(r-i) ⇏ ሺܺ, ߬ሻ  is IF-T1(iv), 

which is shown by the following example. 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.6, 0.4ሻ, ሺݕ, 0.2, 0.6ሻሽ ܤ , ൌ
ሼሺݔ, 0.2, 0.8ሻ, ሺݕ, 0.7, 0.1ሻሽ . If ݎ ൌ 0.5  then 

clearly  ሺܺ, ߬ሻ is IF-T1(r-i) but not IF-T1(iv). 

Definition (Ahmed et al. 2014): Let ∈ ሺ0,1ሻ 
. An intuitionistic fuzzy topological space 

ሺܺ, ߬ሻ  is called 

1. α-IF-T1(i)if for all ݔ, 	ݕ ∈ ܺ	 with ݔ ്  ,ݕ

there exists ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ ൌ 1, ሻݔሺߥ ൌ ሻݕሺߤ ;0 ൌ
0, ሻݕሺߥ  ሻݕሺߤ and	ߙ ൌ 1, ሻݕሺߥ ൌ 0; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ   .ߙ

2. α-IF-T1(ii)if for all ݔ, 	ݕ ∈ ܺ	  with ݔ ്
ݕ , there exists  ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ  ,ߙ ሻݔሺߥ ൌ ሻݕሺߤ  ;0 ൌ
0, ሻݕሺߥ  ሻݕሺߤ and	ߙ  ,ߙ ሻݕሺߥ ൌ
ሻݔሺߤ ;0 ൌ 0, ሻݔሺߥ   .ߙ

3. α-IF-T1(iii)if for all ݔ, 	ݕ ∈ ܺ	  with ݔ ്
ݕ , there exists  ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ
ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ  0, ሻݔሺߥ ൌ ሻݕሺߤ  ;0 ൌ
0, ሻݕሺߥ  ሻݕሺߤ and	ߙ  0, ሻݕሺߥ ൌ 0; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ   .ߙ

Theorem (Ahmed et al. 2014): Let ߙ ∈
ሺ0,1ሻ  and ሺܺ, ߬ሻ   be an intuitionistic fuzzy 

topological space. Then the following 

implications hold. 

 

Theorem: Let ߙ ∈ ሺ0,1ሻ  and ሺܺ, ߬ሻ   be an 

intuitionistic fuzzy topological space. Then 

ሺܺ, ߬ሻ  is α-IF-T1 (k) ⇒	ሺܺ, ߬ሻ  is IF-T1(viii) 

for k=i, ii, iii.  i.e., the following implications 

hold. 

 

Proof: We only have to prove that ሺܺ, ߬ሻ is 

α-IF-T1(iii) ⇒	ሺX,τሻ is IF-T1(viii). Suppose 

ሺܺ, ߬ሻ is α-IF-T1(iii). Let ݔ, 	ݕ ∈ ܺ	with ݔ ്
ݕ . Since ሺܺ, ߬ሻ is is α-IF-T1(iii), then there 

exists  ܣ ൌ ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈ ߬  such 

that  ߤሺݔሻ  0, ሻݔሺߥ ൌ 0 ሻݕሺߤ  ; ൌ
0, ሻݕሺߥ  	ߙ  and ߤሺݕሻ  0, ሻݕሺߥ ൌ 0 ; 

ሻݔሺߤ ൌ 0, ሻݔሺߥ   .ߙ

Since ߙ ∈ ሺ0,1ሻ , we can write ߤሺݔሻ 
0, ሻݔሺߥ ൏ 1 ሻݕሺߤ ; ൏ 1, ሻݕሺߥ  0  and 

ሻݕሺߤ  0, ሻݕሺߥ ൏ 1 ሻݔሺߤ ; ൏ 1, ሻݔሺߥ 
0. Therefore ሺܺ, ߬ሻ is IF-T1(viii). 

The reverse implications are not necessarily 

true. For this we only have to show that 
ሺܺ, ߬ሻ  is IF-T1(viii) ⇏α-IF-T1(iii) which is 

shown as the following example. 

Example: Let ܺ ൌ ሼݔ, ሽݕ  and ߬  be an 

intuitionistic fuzzy topology on ܺ generated 

by ܣ ൌ ሼሺݔ, 0.6, 0.4ሻ, ሺݕ, 0.2, 0.6ሻሽ, 	
ܤ ൌ ሼሺݔ, 0.2, 0.7ሻ, ሺݕ, 0.3, 0.5ሻሽ .  If ߙ ൌ 0.5 

then clearly  ሺܺ, ߬ሻ  is IF-T1(viii) but not  

α-IF-T1(iii). 

Theorem: Let ሺ ܺ, ߬ሻ, ݆ ൌ 1,2 be two IFTSs 

and ሺܺ, ߬ሻ ൌ ሺ ଵܺ ൈ ܺଶ, ߬ଵ ൈ ߬ଶሻ.  If each  

ሺ ܺ, ߬ሻ , ݆ ൌ 1,2  is IF-T1(r-k), then ሺܺ, ߬ሻ  is 

IF-T1(r-k) for any ݇ ∈ ሼ݅, ݅݅, ݅݅݅, ,ݒ݅ ,ݒ ,݅ݒ  ;ሽ݅݅ݒ

IF-T1(viii) α-IF-T1(i) α-IF-T1(ii) α-IF-T1(iii) 
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where ݎ ∈ ሺ0,1ሻ and If each  ሺ ܺ, ߬ሻ, ݆ ൌ 1,2 

are IF-T1(viii), then ሺܺ, ߬ሻ is IF-T1(viii). 

Proof: The proofs of all implications are 

similar. As an example, we prove that if each 

ሺ ܺ, ߬ሻ, ݆ ൌ 1,2 are      IF-T1(r-i), then ሺܺ,  ሻݐ
is IF-T1(r-i). 

Let each ሺ ܺ, ߬ሻ, ݆ ൌ 1,2 are IF-T1(r-i).  

Suppose ,ݔ ݕ ∈ ܺ  with ݔ ് ݕ  where  ݔ ൌ
ሺݔଵ, ݕ ଶሻ andݔ ൌ ሺݕଵ, ଵݔଶሻ. Then at leastݕ ്
ଶݔ ଵ orݕ ്  .ଶݕ

Considerݔଵ ് ,ଵݔ ଵ. Clearlyݕ ଵݕ 	∈ ଵܺ. Since 

ሺ ଵܺ, ߬ଵሻ is IF-T1(r-i), then there exists ܣଵ ൌ
൫ߤభ, ଵܤ				,భ൯ߥ ൌ ൫ߤభ, భ൯ߥ ∈ ߬ଵ  such that  

ଵሻݔభሺߤ  ,ݎ ଵሻݔభሺߥ ൏ ݎ ଵሻݕభሺߤ ; ൏ ,ݎ
ଵሻݕభሺߥ   and ݎ

ଵሻݕభሺߤ   ,ݎ ଵሻݕభሺߥ ൏ ଵሻݔభሺߤ ;ݎ ൏ ,ݎ
ଵሻݔభሺߥ   .ݎ

Choose ܣଶ ൌ ଶܤ ൌ 1~ ൌ ሺ1, 0ሻ  and Clearly 

,ଶܣ ଶܤ ∈ ߬ଶ 

Let ܣ ൌ ଵܣ ൈ ଶܣ ൌ ൫ߤభ ൈ 1, భߥ ൈ 0൯ ൌ
ሺߤ,   ሻ (say) andߥ

ܤ ൌ ଵܤ ൈ ଶܤ ൌ ൫ߤభ ൈ 1, భߥ ൈ 0൯ 

													ൌ ሺߤ,  ሻ (say)ߥ

By the definition of product IFT; ܣ, ܤ ∈ ߬. 

Now we have 

ሻݔሺߤ ൌ ൫ߤభ ൈ 1൯ሺݔଵ,  =	ଶሻݔ

min൫ߤభሺݔଵሻ, 1ሺݔଶሻ൯ = min൫ߤభሺݔଵሻ, 1൯   ݎ

as ߤభሺݔଵሻ  ሻݔሺߥ,ݎ ൌ ൫ߥభ ൈ 0൯ሺݔଵ,  ଶሻݔ

=max൫ߥభሺݔଵሻ, 0ሺݔଶሻ൯=max൫ߥభሺݔଵሻ, 0൯ ൏  ݎ

as ߥభሺݔଵሻ ൏ ሻݕሺߤ;ݎ ൌ ൫ߤభ ൈ 1൯ሺݕଵ,  ଶሻݕ

=min൫ߤభሺݕଵሻ, 1ሺݕଶሻ൯=min൫ߤభሺݕଵሻ, 1൯ ൏  ݎ

as ߤభሺݕଵሻ ൏ ሻݕሺߥ,ݎ ൌ ൫ߥభ ൈ 0൯ሺݕଵ,  ଶሻݕ

=max൫ߥభሺݕଵሻ, 0ሺݕଶሻ൯=max൫ߥభሺݕଵሻ, 0൯   ݎ

as ߥభሺݕଵሻ   ݎ

And  ߤሺݕሻ ൌ ൫ߤభ ൈ 1൯ሺݕଵ,  ଶሻݕ

=min൫ߤభሺݕଵሻ, 1ሺݕଶሻ൯=min൫ߤభሺݕଵሻ, 1൯   ݎ

as ߤభሺݕଵሻ  ሻݕሺߥ,ݎ ൌ ൫ߥభ ൈ 0൯ሺݕଵ,  ଶሻݕ

= max൫ߥభሺݕଵሻ, 0ሺݕଶሻ൯ = max൫ߥభሺݕଵሻ, 0൯ ൏
ଵሻݕభሺߥ as ݎ ൏ ሻݔሺߤ ;ݎ ൌ ൫ߤభ ൈ 1൯ሺݔଵ,  ଶሻݔ

=min൫ߤభሺݔଵሻ, 1ሺݔଶሻ൯=min൫ߤభሺݔଵሻ, 1൯ ൏  ݎ

as ߤభሺݔଵሻ ൏ ሻݔሺߥ	,ݎ ൌ ൫ߥభ ൈ 0൯ሺݔଵ,  ଶሻݔ

=max൫ߥభሺݔଵሻ, 0ሺݔଶሻ൯=max൫ߥభሺݔଵሻ, 0൯   ݎ

as ߥభሺݔଵሻ   ;ݎ

i.e., for ݔ, ݕ ∈ ܺ  with ݔ ് ݕ , we get ܣ ൌ
ሺߤ, ,ሻߥ ܤ ൌ ሺߤ, ሻߥ ∈ ߬ such that 

ሻݔሺߤ  ݎ ሻݔሺߥ , ൏ ݎ ሻݕሺߤ; ൏ ݎ ሻݕሺߥ,   ݎ

and ߤሺݕሻ  ݎ ሻݕሺߥ , ൏ ݎ ሻݔሺߤ ; ൏ ݎ , 

ሻݕݔሺߥ   .ݎ

Therefore ሺܺ, ߬ሻ is IF-T1(r-i). 

Remarks: The properties IF-T1(r-k) for k= i, 

ii, iii, iv, v, vi, vii and IF-T1(viii) are 

productive. 

 

CONCLUSION 

In this paper we see that our eight definitions 

are more general than those of Estiaq Ahmed 

et al. (Ahmed et al. 2014). Also we see that 

our definitions satisfy hereditary and 

productive properties. Moreover the 

definitions are preserved under one-one and 

open mapping. As far we know our 

definition (viii) is the most general among all 

given definitions of intuitionistic fuzzy T1 

topological spaces. 
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