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ABSTRACT

In this paper, three notions of separation axioms in bitopological space are discussed. Some relations
of topology and bitopology in such notions have been found. Further, that these notions are hereditary

and topological property are proved.
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INTRODUCTION

The concept of bitopological spaces first
introduced by Kelly (1962) provided a natural
foundation for building new branches. After the
introduction of the definition of a bitopological
space by Kelly, a large number of topologists
Reilly (1972), Lal (1978), Aarts (1990), Datta
(1972), Patty (1967), Hyung (1979), Suganya
(2015), Selvanayaki (2011) turned their attention
to the generalization of different concepts of a
single topological space. Shanin (1943) first
define T, space in topological space. Kandil
(1991, 1995) introduced the concept of fuzzy
bitopological space. After then Hossain (2017)
introduced the concept of  pairwise
Tobitopological space. Some relationship and
their property of given such notions in
bitopological space are established.

Notations

Through this paper X,Y will be a non empty set
§, 7w,z the topology on X.(X,s,7)and
(Y, W,2) be bitopological spaces. U,V are open
sets and its elements are x, y, x;, x5, ¥4, y».

Preliminaries

Definition 2.1. Let x be a non empty set. A class
7 of subsets of X is a topology on X iff T
satisfies the following axioms

(@ X and ¢ belongto 7.
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(b) The union of any number of sets in T
belongs to 7.

(c) The intersection of any two sets in T
belongs to 7.

The member of 7 are then called 7 open sets or

simply open sets and X together with 77 .Hence

the pair (X,7) is called a topological space

(Lipschutz 1965).

Definition 2.2. A space X on which are defined
two topologies s and 7 is called a bitopological
space and denoted by (x,§,7) (Kelly 1962).

Definition 2.3. Let A be a non empty subset of a
topological space (X, 7). The class 7, all
intersections of A with 77 open subsets of X is a
topology on 4, it is called the relative topology
on A or the relativization of 7 to 4, and the
topological space (4,7,) is called a subspace of
(x,7) (Lipschutz 1965).

Definition 2.4. A mapping f:(X,8,7)—
(Y, W, 2) is called P-continuous (respectively P-
open, P-closed) if the induced mappings f: (X,
- W and fFf:X,T)—>({, 2) are
continuous (respectively open, closed) (Kelly
1962).

Definition 2.5. A bitopological space (X,S,T) is
called T, space if vx,y € X with x # y then 3U €
SuTsuch that xeUye¢Uor xgUyeU
(Murdeshwar and Naimpally 1966).
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Definition 2.6. A bitopological space (X, S,T) is
called T, space if vx,y € X with x =y then3U €
SandVeT suchthatxeU,yeUandx ¢ U,y €
U (Reilly 1972).

Definition 2.7. A bitopological space (X, S,T) is
called T, space if vx,y € X with x # y then3U €
S, VeTsuch that xeU,yeV and UnV=¢
(Kelly 1962).

PROPERTIES OF T, ,T,AND T, BITO-

POLOGICAL SPACES

In this section some of the properties of
separation axioms in bitopological space and
some of its features are discussed.

Theorem 3.1. To show that T, is a hereditary
property.

Proof: Suppose (X,S,7) isa T, space and 4 € X,
has to be proved that (4,5,,7,) is also T, space.
let, x,y € Awith x # y, then x,y € X with x # y.
Since (X,S,7T) is T, space then 3U € S UT such
thatxeUye¢Uorxe¢U,yeU.

Then,UeSuT
=UesSorveT
=UNAES,OrUNAET,
SUNAES,UT,

Again since x,y e Athen x e UnA,ygUnA or
xgUNAyeUnA.

Hence (4,8,,7,) is also T, space.

Theorem 3.2. To show that T, is a hereditary
property.

Proof: Suppose (X,s,T)is a T, space and A € X,
that (4,8,,7,) is also T, space has to be proved.
Let, x,y € Awith x =y then x,y € X with x = y.
Since (X,S,7) is T, space then 3Ue s and V €
Tsuch that xe U,y ¢ U and x ¢ V,y € V. Then,
UeSand VeT=UnNAeS, and VNAET,
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Again since x,ye A then xeUnAy¢UnA
andxgVnAyeVnA.

Hence (4,8,,7,) is also T, space.

Theorem 3.3. To show that T, is a hereditary
property.

Proof: Suppose (X,8,7) isaT, space and A € X,
(4,84,7,) is also T, space has to be proved. Let,
x,y € A with x # y then x,y € X with # y. Since
(X,8,7) is T, space then 3U € § and V € T such
thatxeU,yevandUnV = ¢.

Then,UesandV eT
=UnAes,andVNAEeT,

Again since x,y€eA then xeUnA,yeVnA
and (UnANWNA)=WUNV)NA=¢pNA=¢.

Hence (4,8,,7,) is also T, space.

Theorem 3.4. To show that T, space is a
topological property.

Proof: Let f£f:(X,8,7)—(,W,2) be a
homeomorphism and (X,s,7) is T, space. We
shall prove that (Y, W, 2) is also T, space.

Let, y,,y, € Y with y, # y,, since f is onto then
I, x, €X With flx) =y, and f(xz) =y,.
Again since f is one, one with y, #y, =
f(x) # f(xy) = x; # x,. Further since (X,8,7)
is T, space and x,x, € X, with x; # x, then3U €
SuT suchthatx, e U,x, ¢ Uorx, € U,x, € U.

Let, x;,€Ux,¢U. ThenUeSUT = f(U) €
f(Su7T) as f is open and continuous then
fAEfSUfT)ewuUZ

Also x;, €U = f(x,) € f(U) =1y, € f(U) and
x, 8 U= f(x,) & f(U) =y, & f(U). i.e for any
y1,y2 €Y with y; # y,, f(U) € WU Z is obtained
such that y, € F(U),y, & f(U).

~(Y,w,2) is a T, space. ie every
homeomorphic image of T, space is also T,
space.

Hence, T, is a topological property.
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Theorem 3.5. To show that T, is a topological
property.

Proof: Let £f:(X,8,7) >, W,2) be a
homeomorphism and (X,S8,7) is T, space. That
(Y, W,2) is also T, space. Let, y;,¥, €Y with
i # ¥, since f is onto then 3x,,x, € X with
f(x) =y, and f(x,) = y,. Again since f is one,
one with y, #y, = f(x) # f(x2) = x; # x,.
Then x;,x, € Xwith x; #x,. Again since
(X,8,7) is T, space then 3U € § and V € T such
that x, e U,x, ¢ U and x; € V,x, € V. Further
since f is open then f(U)eW and f(V) € Z.
Also x, eU=y, =f(x)eEfWU), x,¢U =
y2=f(x) ¢ f(U) and x, ¢V =y =f(x)¢
Vix,eV= y,=f(x,)€f(V). ie, for any
Y1,¥, €Y with y; #y,, f(U)eW and f(V) e Z
are obtained such that y, € f(U),y, € f(U) and
& f(V)y, € f(V).

~(Y,W,2) is a T, space. ie, every
homeomorphic image of a T, space is also a T,
space. Hence, T, is a topological property.

Theorem 3.6. To show that T, is a topological
property.

Proof: Let f£f:(X,8,7)— (Y, W,2) be a
homeomorphism and (X,§,7) is T, space.
That (Y, W, Z) is also T, space has to be proved.
Let, y,,vy, € Y with y; # y,, since f is onto then
Ix.,x, €X with f(x))=y, and f(x;)=y,.
Again since f is one, one with y, #y, =
fx) # f(xy) = x; # x,. Now x;,x, € X with
X1 # x,. Again since (X,S8,7) is T, space then
JUu es and VeT such that x, e U,x, €V and
U nV = ¢. Further since f is open then f(U) €
wand f(V) € Z.

Let f(U)Nf(V) # ¢ then 3z € X such that z €
fA)nfw)

=ze€ f(U)andz € f(V)
=3dp,elVandp, eV

suchthat z = f(p;) and z = f(p,)

with f(p,) = f(p2)
= p, =p, as f iS One one.
=p €elUandp, eV
=2p€elnV=UnV=+¢

which is a contradiction, the fact isthat UnVv =
p=fUINFIV)=0¢.

~ For any y;,y, € Y with y, # y,, f(U) € W and
f(V) € Z is obtained such that y, € f(U),y, €
f(yand f(U)Nf(V)=¢.

i.e, (Y, W,2)isaT, space .
-+ Every homeomorphic image of a T, space is

also a T, space. Hence, T, is a topological
property.

Theorem 3.7. Let (X,7) be a T, space and (X, S)
be any topological space then (X,8,7) isa T,
space.

Proof: Let (X,7) be a T, space then for any
x,yEXwithx #ythenavu eT

suchthatxeU,ygUor x g U,y e U.
SinceUeT =UeTUS.
From above it is clear that (X,S,T) isa T, space.

Theorem 3.8. Let (X,5,7) be a T, space then
need not be (x,7) and (X, S) are both T, space.

Proof: Let X = N. Let 7 and s are two topology
on X. Where § = {X, ¢} and T is generated by 4;
which contain ¢ and X.

When 4; ={1,23456,7,... ... i},ieN

then it is clear that (X,s,7) is a bitopological
space and also it is T, space. Also (X,T) is a T,
space but (X, S) isnot T, space.

Theorem 3.9. If (X,7T) is T, space and (X,S) is
any topological space then (X,S,7) need not be
T, space.

Proof: Let, X ={a,b,c} and



194

T = {X,¢,{a},{b}.{c}{a b} {b,c}{a c}}
s =1{X ¢}

Then (X,7), (X,S) be two topological space and
(X,8,7) be a bitopological space. It is clear that
(X,T) is a T, space but (X,$,7) is not a T, space
since for any a,b € X with a = b. No open set
UesSsuchthataeU,bg¢ U anda g U,b € U can
be found.

Theorem 3.10. If (X,8,7) is a T, space then
need not be (X,8) and (X,T) be T; space.

Proof: Let, X = {a, b, c}
$ = {X,¢.{a}{b}.{a, b}}
T ={X,$,{b},{c},{b,c}}

The bitopological space (X, S, T) is a T, space but
(x,8) is not a T, space because b,c € X with b #
c but there does not exist any open set U € S
such that ¢ € U with b ¢ U. Again (X,T) is not a
T, space because a,b € X with a # b but there
does not exist any open set U € 7 such thata € U
with b ¢ U.

Theorem 3.11. If (X,&) is T, space and (X,7) is
any topological space then (X,4,7) need not be
T, space.

Proof: X =R and 4 be a maetrix in X then the
matrix space (X,d) is always a T, space. Again
let 7 be the indiscrete topology on X then (X,7)
be a topological space.

~ (X,d,7) is a bitopological space.

For if any x,y € Xwith x #y then #aU € 4 and
V €7 suchthat x e U,y e Vand UnV = ¢. Since
7 has only non empty open set in X are X and ¢.

Hence, (X, 4,7) is not a T, space.

Theorem 3.12. If (X,s,7) is T, space then need
not be (X, ) and (X, T) are T, space.

Proof: Let, X = {a, b}, S ={X, ¢,{a}} and
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T ={X,$,{b}}. Hence, (X,S,T) is T, space but
(X, 8) is not T, space because a,b € X with a # b
but 2U,V € S suchthat,ae u,pevandunv = ¢.

(x,7) is also not T, space because a,b € X with
a#+b but 2U,V € 7 such that,ae U,b €V and
unv=g¢.

CONCLUSION

The main result of this paper is introducing some
concepts of separation axioms in bitopological
spaces which satisfy topological and hereditary
properties. Also that topological space does not
imply bitopological space and vice versa in
given such notions is also obseved.
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