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ABSTRACT

In this paper, two new notions of Q-compactness in an intuitionistic fuzzy topological space has been
introduced. These two notions satisfy hereditary and productive property. Also it is shown that under
some conditions Q-compactness preserved under continuous, one-one and onto function. Further

some of their features have been introduced.
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INTRODUCTION

After the emergence of the fundamental concept on
fuzzy set by Zadeh (Zadeh 1965), a huge number
of paper have appeared in literature featuring the
application of fuzzy sets. The concept of fuzzy
topology was introduced by Chang (Chang, 1968).
As a generalization of fuzzy set, the concept of
intuitionistic fuzzy set was introduced by
Atanassov (Atanassov, 1986) which take into
account both the degrees of membership and non-
membership subject to the condition that their sum
does not exceed 1. In the last five decades various
concepts of fuzzy mathematics have been
extended. Dogen Coker (Coker 1996, 1997,
Bayhan and Coker 1996, Coker and Bayhan 2001,
2003) and his colleagues introduced intuitionistic
fuzzy topological spaces and fuzzy compactness in
intuitionistic fuzzy topological spaces. Islam (Islam
et al. 2017, 2018, 2018), Lee (Lee et al. 2000.
2004), Ahmed (Ahmed et. al. 2014, 2015, 2015,
2014, 2014), L. Ying-Ming (Ying-Ming et al.
1997), Talukder (Talukder et. al. 2013), J.
Tamilmani (Tamilmani 2015) and R. Islam (R.
Islam et al. 2018) subsequently developed the
study of intuitionistic fuzzy topological spaces by
using intuitionistic fuzzy sets. Mahbub (Mahbub
et al. 2018) define compactness in several ways. In
this paper, two new notions of Q-compactness in
intuitionistic fuzzy topological space and some of
their features are defined.

*Corresponding author:<rinko.math@gmail.com>.

Notations and Preliminaries

Through this paper, X will be a nonempty set, T
is a topology, tis a fuzzy topology, T is an
intuitionistic topology and 7 is an intuitionistic
fuzzy topology. 2 and u are fuzzy sets, A=
(ua,va) is intuitionistic fuzzy set. Particularly O
and 1 denote constant fuzzy sets taking values 0
and 1 respectively.

Definition (Chang 1968): Let X be a non empty
set. A family ¢ of fuzzy sets in X is called a fuzzy
topology on X if the following conditions hold.

(1) 0.1€t,

2 2nuetcforall A puet,

(3) uA; et for any arbitrary family {4; € ¢,

jeJt

Definition (Coker 1996): Let X is a non empty
set. An intuitionistic set 4 on X is an object
having the form 4 = (X,A,,4,) where 4, and A,
are subsets of X satisfying A, N4, = ¢. The set
A, is called the set of member of Awhile 4, is
called the set of non-member of A. In this paper,
the simpler notation A = (4;,4,) instead of
A (X, A1, A,) is used for an intuitionistic set.

Remark: Every subset 4 of a non-empty set X
may obviously be regarded as an intuitionistic
set having the form A(4, A°) where A = X — A.
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Definition (Coker 1996): Let the intuitionistic
sets A and B in X be of the forms 4 = (4,,4,)
and B = (B;,B,) respectively. Furthermore, let
{A;.j €J} be an arbitrary family ofintuitionistic

; — (D) 4@
setsin X, WhereAj—(Aj A ).Then

(@) AcB if and only if 4, € B;and A, 2
B,,

(b) A=BifandonlyifAc Band B c 4,

(c) A =(4,,4,), denotes the complement of
A

(d) n,Aj =(n4Aua?),
() ug=UaPn A}Z)),
() ¢-=(¢.X)and X_=(X, ).

Definition (Coker and Bayhan 2001): Let X be a
non empty set. A family 7 of intuitionistic sets
in X is called an intuitionistic topology on X if
the following conditions hold.

(1) ¢-.Xx_€7T,

(2) AnBegTforallABEeT,

(3) ua4; eT for any arbitrary family {4; €

T,j €]}

The pair (X,7) is called an intuitionistic
topological space (ITS, in short), members of T
are called intuitionistic open sets (10S, in short)
in X and their complements are called
intuitionistic closed sets (ICS, in short) in X.

Definition (Atanassov 1986): Let X be a non
empty set. An intuitionistic fuzzy set A (IFS, in
short) in X is an object having the form 4 =
{(x, a(x), v, (x)): x € X}, where p, and v, are
fuzzy sets in X denote the degree of membership
and the degree of non- membership respectively
subject to the condition u,(x) +v,(x) < 1.

Throughout this paper, the simpler notation A =
(1a,v,) instead of A ={(x p,(x),v,(x)):x € X}
for IFSs is used.

Definition (Atanassov 1986): Let X be a non-
empty set and IFSs 4,B in X be given by A=
(4,v,) and B = (up,vp) respectively, then
@ AcB if u,(x) <ppx) and vu(x) =
vg(x) forall x € X,
(b) A=BifAcBandB c 4,
(©) A= (va,pa),
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(d) AnB = (ua Npp, v4 U Vg),

() AUB = (uy Vg, vy Nvg).
Definition (Coker 1997): Let {4, = (,uA/.,vA].) JE
J} be an arbitrary family of IFSsin X. Then

(a) r.\Aj = (n:uAjv UVA]' )1

(b) UA] = (U :uAjv nvAj )!

(¢) 0.=(01),1.=(10).
Definition (Coker 1997): An intuitionistic fuzzy
topology (IFT, in short) on a nonempty set X is a
family = of IFSs in X satisfying the following
axioms:

(1) 0,1 €T,

(2) AnBer,forall 4B €T,

(3) U 4; €t for any arbitrary family {4; € 7,

j€est

The pair (X,7) is called an intuitionistic fuzzy
topological space (IFTS, in short), members of ¢
are called intuitionistic fuzzy open sets (IFOS, in
short).
Definition (Atanassov 1986): Let X and Y be
two nonempty sets and f: X — Y be a function. If
A ={(x, py (%), v4(x)):x € X} and B=
{0, up(y), v(¥)):y €Y} are IFSs in X and Y
respectively, then the pre image of B under f,
denoted by fF~1(B) is the IFS in X defined by
1B = {(x (F )@ ¢ )W) x € x}=
{(x, ug(f(x)),vg(f(x))):x € X} and the image of
A under f, denoted by f(4) is the IFS in Y
defined by

FA={(y, Fw))®). (fFva))(¥)):y €Y}, where
foreachy e,

(Fua)©) = {"Efs-“l‘iw mal) i fTO)# ¢
0 otherwise
and (f(va) () = {xef Hoyal) if fO)E ¢
1 otherwise
Definition (Chang 1968): Let A = (x,u,,v,) and
B = (y,ug,vg) be IFSs in X and Y respectively.
Then the product of IFSs 4 and B denoted by
Ax B is defined by 4x B ={(cy).us" ta,vascve)}
and

where (s ) (x,y) = min(us (), 15 ()

(va >'<v3)(x, y) = max (va(x), vz (»)) for all
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(x,y) €EXxY. Obviously 0< (,qu,uB) +
(vaxvs) < 1. This definition can be extended to
an arbitrary family of IFSs.

Definition (Chang 1968): Let (X;,7;), j =12 be
two IFTSs. The product topology 7, xt, on
X, x X, is the IFT generated by {p;*(U;):U; €
1,j =12}, where p;:X, xX,>X;, j=12 are
the projection maps and IFTS {X; x X,,7; x1,}
is called the product IFTS of (x;,7;), j=1.2. In
this case s = {p;*(U;).j €J:U; € 7;} is a sub base
and B={U; xU,:U; €1;,j =12} is a base for

Ty X T, ONX; X X,.

Definition (Coker 1997): Let (X, 7) and (Y, §) be
IFTSs. A function f:X - Y is called continuous
if f~1(B) e tforall B € § and f is called open if
f(A)esforalldAer.

Definition (Singh et al. 2012): Let A = (4, v,4)
be an IFSin X and U be a non empty subset of Xx.
The restriction of 4 to U is an IFS in U, denoted
by A|U and defined by A|U = (u4|U, v4|U).

Definition (Islam et al. 2017): Let (X,7) be an
intuitionistic fuzzy topological space and U is a
non empty sub set of X then 7, ={A|U: A € 1} is
an intuitionistic fuzzy topology on U and (U,ty)
is called sub space of (X, 7).

Definition (Singh et al. 2012): Let «,p € (0,1)
and a + # < 1. An intuitionistic fuzzy point (IFP
for short) p{,z of X defined by pf,z =
(x, iy, vp), fOry e X

%00=8 g zziam
_(B if y=x
vp(y)_{l if y*x

In this case, x is called the support of p;, 4. An
IFP p{,p is said to belong to an IFS A=
(x,uq,v4) OF X, denoted by Piap) € A if a<
ta(x) and g = vy (x).

Proposition (Singh et al. 2012): An IFS A in X
is the union of all its IFP belonging to A.
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Definition (Das 2013): A collection Bof IFS on
a set X is said to be basis (or base) for an IFT on
X, if

@) For every pg, g € X, there existsB € B
such that pf, g, € B.

(i) If p{,p €BiNB,, Where BB, €B
then 3B;€B such that pg,, €
B; € B, NB,.

Definition (Coker 1997): Let (X,7) be an IFTS.

(@) If a family {(x,ug, vs,):i €} of IFOS in X
satisfy the condition U {(x, ug,,vg,):i €]} = 1-
then it is called a fuzzy open cover of X. A finite
subfamily of fuzzy open cover {(x, u¢,,v¢,):i € J}
of X, which is also a fuzzy open cover of X is
called a finite subcover of {(x, ug,, v¢,):i €}

(b) A family {(x,ug, vy ):i €]} of IFCS’s in X
satisfies the finite intersection property iff every
finite subfamily {(x, ug,,vi,):i =1,2,..,n} of the
family satisfies the condition N} ,{(x, u,, vk, )} # O-.

Definition (Coker 1997): An IFTS (X,7) is
called fuzzy compact iff every fuzzy open cover
of X has a finite subcover.

Definition (Coker 1997): (a) Let (X,7) be an
IFTS and A be an IFS in X. If a family
{(x.ug, vg,):i €J} of IFOS’s in X satisfies the
condition A U {(x,ug,,vg,):i €]}, then it is
called a fuzzy open cover of A. A finite
subfamily of the fuzzy open cover
{(x, g, vg,):i €]} of A, which is also a fuzzy
open cover of A, is called a finite subcover of
{(XVMGivai>:iE]}'

(b) An IFS A = (x,ug,vg,) in an IFTS (X,7) is
called fuzzy compact iff every fuzzy open cover
of A has a finite subcover.

Definition (Ramadan et al. 2005): An IFTS
(X, 7) is called (a, p)-intuitionistic fuzzy compact
(resp., (a, B)-intuitionistic fuzzy nearly compact
and (a, B)-intuitionistic fuzzy almost compact) if
and only if for every family {G;:i € J}in {G.G €
¢*,7(G) > (@, B)} such that UG, =1-, where
a €Iy, € I, with a + g < 1, there exists a finite
subset J, of J such that U, G; = 1. (resp.,

Uiej, intag (claﬁ(ci)) =1_and Uie, cle s (G) = 1.).

Definition (Ramadan et al. 2005): Let (X,7) be
an IFTS and A be an IFS in X. A is said to be
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(a, B)-intuitionistic fuzzy compact if and only if
every family {G:ie€J} in {G:Ge* 1(G)>
(a, B)} such that A € Uye, G;, Where a € Iy, € I;
withe +8 < 1.

Definition (Mahbub et al. 2018): Let (X, ) be an
intuitionistic fuzzy topological space. A family
{(ug, vg,):i €} of IFOS in X is called open
cover of X if uug =1and nv; =0. If every
open cover of X has a finite subcover then X is
said to be intuitionistic fuzzy compact (IF-
compact, in short).

Definition (Mahbub et al. 2018): A family
{(ug, vs,):i €} of IFOS in X is called (a,p)-
level open cover of X if Upug = aand nvg, < B

with a + g < 1. If every (a,B)-level open cover
of X has a finite subcover then X is said to be
(a, B)-level IF-compact.

Definition (Barlie): A topological space (X,T) is
called T, if for all x,y € Xwith x =y, there
existsU e Tsuchthatxeu,ygevoryeU,x & U.

Definition (Srivastava et al. 1988): A fuzzy
topological space (X,t) is called T, if for all
x,y € X with x # y, there exists U € ¢ such that
Ux)=1U(y)=0 or U(y)=1, Ukx)=0i.e,
xeUyeUoryeUxe¢U.

Q-compactness  in  intuitionistic

topological space

fuzzy

In this section two new definitions of Q-
compactness in intuitionistic fuzzy topological
space (IFTS, in short are defined) and
established several properties of such notions are
established.

Definition: Let(X,7) be an intuitionistic fuzzy
topological space (IFTS) and A = (u4,v4) be an
IFS in X. Consider M = {B;:i € J} be a family of
IFS in X, where B; = (ug,,vg,). Then M is called
Q-cover of A if A € UB;, p,(x) + g, (x) = 1 for
each upand some x € X. If each B; is open then
M is called an open Q-cover of A. A subfamily
of Q-cover of an IFS A in X which is also a Q-
cover of A is called Q-subcover of A.

Definition: An IFS A = (u,,v,) in X is said to
be Q-compact if every open Q-cover of A has a

MAHBUB et al.

finite Q-subcover i.e. 3B, By, ..., B;, € M such
that A € UL, B;, pa(x) + pg, (x) = 1 for each s,
andsomex€eX,j=12..,n

Example: Let X ={a,b} and I=[01]. Let
Ay, A, € 1% defined by A4, (a) = (0.5,0.2), 4,(b) =
(0.7,0.2), 4,(a) = (0.6,0.3) and 4,(b) = (0.8,0.1).
Considering, = be an intuitionistic fuzzy
topological space which is generated by
{A;,4,}. Then (X,7) be an intuitionistic fuzzy
topological space (IFTS). Again let A € I* with
A(a) = (0.50.3), A(b) = (0.3,0.2). Here A(a) cu
A(@), 1a(a) + pa(a) = 1. Again, A(b) SU 4,(b),
ta(b) + py,(b) = 1. Therefore {4,,4,} is a Q-
cover of A.

Theorem: Let (X,7) be an IFTS, V is an subset
of X and A be an IFS in V, where A4 = (uy,vy).
Then A is Q-compact in (X,7) iff A|V is Q-
compact in (V, 7).

Proof: Let A= (u4,v,) is Q-compact in (X,1).
Let M ={B; = (up,vg,):i €]} be an open Q-
cover of A in (V,7,). By the definition of
subspace topology, B; =U;|V, where U;€r.
Hence p,(x) + g, (x) = 1 for each ugand some
x €V and consequently p,(x)+ py,(x) =21 for
each u;, and some x€X as VEX. Now Ac
UB; = A C UU;|V = A|V € UU;|V. Therefore
{U;:i € J} is an open Q-cover of AV in (X,7). As
A is Q-compact in (X,7) then A has finite Q-
subcover i.e. there exist Uy, € {U},k € j, such
that u,(x) + uy, (x) = 1 for each uy, and some
x €V. This implies that p,(x) + pe,n ) =1
for each x e V. Also AS UBy = A S UUy|V =
AlV € UUy|V. Thus {B;} contains a finite
subcover {B;;,B;,,...,B;,} and hence A|V is Q-
compact in (V,ty).

Theorem: Let (X,7)be an IFTS. If A= (uy,v,)
and V = (uy,vy) are Q-compact in (X,7) then A u
V is also Q-compact in (X, 7).

Proof: Let M ={A;= (ua,va):i€J} be an

open Q-cover of A= (u,v,) and R={B; =
(up, vp,):i €J} be an open Q-cover of V=
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(uy,vy) in (X,7). Now AcUL,4; and V¢
UiL1 B
=>AuV UL, A VUL, B=
{Uﬁl«Ai U B) U (Ul 4))
U1 ((A; U B) U (U441 B)))
=>AUV cU (4;UB))
Again, by the definition of Q-compactness,
pa(x) + g, (x) = 1 for each p,, and some x € X
and py (x) + pp, (x) = 1 for each pp, and some x €
X.

if n>m
if m>n

=>paury (%) + paupy () 2 1
i.e. M UR ={4;UB;}is an open Q-cover of AU
V.
Again, as A is Q-compact in (X,7) then A has
finite Q-subcover i.e. there exist 4;, € {4;}k € j,
such that A € Uj—g Ay and pu(x) +py, (x) 21
for each u,, and some x € X. Also as V is Q-
compact in (X,7) then V has finite Q-subcover
i.e. there exist By, € {B;},k € j, such that V c
Uk=1 By and py(x) + g, (x) = 1 for each pup,
and some x € X. Now AcU}.,4;, and Vc
Ulk=1 B =>AUV € Ug=1 Ay U URt By
- {Ukm=1((Aik UBy) U (U?=m+1Aik)) if n>m
Uk=1((Ag U By ) U (UﬁrrluHBik)) if m>n

=>A UV CU (4 U By,)
Also, piy (x) + pg, (x) = Land py(x) + pp, (x) 2 1
=>paury (%) + iagus) () = 1.
i.e. {4y UBy} is an open Q-subcover of AuV.
Hence A u V is also Q-compact in (X, 7).
Theorem: Let (X,7)be an IFTS and 4 = (uy,v,)
be an IFS in X. If every {F;} where F; = (vg, ur,)
of closed subset of X with n F; = (0,1) implies
{F;} contains finite subclass {F;;, Fi, ..., F;} With
FiuNFp 0.0 Fy =(0,1) then A is Q-compact
in(X, 7).
Proof: Given nF, = (0,1) where F; = (v up,),
then by De Morgan’s law (n F;)¢ = ((0, 1))C =
UF°=(1,0)

=>u (VFi,:uFi)C =(1,0) =>U (g, vr,) = (1,0)
=> (U g, N vg,) = (1,0).
Let M ={B; = (up, vs,):i €]} be an open Q-
cover of A'in(X,7), S0 A € UB;, u,u(x) + up,(x) 2
1 for each g, and some x € X. Since each B is
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open, so {B;°} is a class of closed sets and by
given conditionaB;,¢, B, , ..., B, "€ {B;°} such
that B;;°n BN ..Nn B;,,“ = (0,1). So by De
Morgan’s law (1,0) = (0,1)° = (B;;°N BN
N B) =By UB;, U ..U By, henced c
Uk1Bij,  pa(x) +pp () 21,j=12,..,n for
each pp, and some x € X. So, A is Q-compact in
(X, 7).
Theorem: Let (X,7) and (Y,5) be two IFTS and
f:X-7Y is bijective, open and continuous. If
f(A) = (f(1a). f (va)) is Q-compact in (Y, 5) then
Ais Q-compactin (X, 7).
Proof: Let A = (uy,v,) € 7. Consider M = {B; €
7} where B; = (ug,v,).i €] with A€ UB; and
pa(x) + g, (x) = 1 for each up, and some x € X
i.e. M is a Q-open cover of A, then f(4) =
(f(ua), f(va)) is an IFS of Y. Since B; € t then
f(B)es a f is open. But f(B)=
(f(us,y f(vs,)). Now we have 4 € UB; =>f(A) €
f(UiB) = Ui f(By) i.e. f(A) € U;f(By). For any
YEY, f(ua)¥) + f (1)) = suppu(x) +
supug, (x), where x € £~ (y)
2 pa(x) + pp,(x)vie, since f is onto and
f+0=1

2 fua)) + f(us) ) 2 1
i.e. ={f(B):i €]} is Q-open cover of f(A).
Since f(4) is Q-compact then
3f(Bi) f(Biz), .. f(Bin) €6 3 f(A) <
Uk=1f(By) and

fud) + f(up, ) ) 2 1
=> 7 (Fr)O) + f (5, ) ) = f QD)

=> () O) + 7 f (1, ) 0) 2 1

=> p,(x) + pg, (x) =1 as f is continuous and
SO Vy €Y =>3 unique x € X since f(x)=1y.
Again f(4) < Ug=1 f(B) =>f"1f(A)
f (URza f(Bi)) =>A S Uiy ff(By) =>A <
UR=1 Bix. It is clear that By, e 13 A S U%-, Bk
and p,(x) + ug, (x) = 1. Hence A is Q-compact
in (X,7).

Theorem: Let (X,7) and (Y,5) be two IFTS and
f:X - Y is bijective, open and continuous. If A =
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(1a,v,) is Q-compact in (X,7) then f(4) =
(f(1a), f(vy)) is Q-compact in (Y, 8).

Proof: Let M ={B,es} where B =
(s, vs,).i €] be an open Q-cover of f(4) with
f(A) € UB; and g (y) + pp,(y) = 1 for each
up,and some y €Y. Since B; € & then f~1(B;) € t
but £~1(B) = (f (). f~1(vs))- Again f(a) €
UB,=>Ac fY(uB) i.e. AcuUf~1(B;). For any
x €X, uy(x)+ pprpy(x) = 1. Again since A is
Q-compact. i.e. H ={f"1(B;):i €J} is Q-open
cover of A. Further since A is Q-compact in
(X,7) then 3f~2(B,),f*(By),...f *(Bm) ETSAC
Uk=1 f7*(Ba) and
pa(x) + pp-10p,y(x) = 1
=> f(ua)(x) + f(ur-1(5,)) (x) = f(1)
=> pray (V) *+ b1y () 21

=> e y(¥) + up, (y) =1 as f is continuous.
But A< Up_,f(By) =>f(4) € f(Uk=1 f*(Bu))
=>f(4) € Ukes ff 7By =>f(4) € Uk=1 Bix-
Hence By € 63 f(A) S Uk=y By and g (x) +
g, () = 1. Hence f(4) is Q-compact in (Y, 6).
Theorem: Let A and V be Q-compact IFS in an
IFTS (X,7). Then AxV is also Q-compact in
(X xX,tx1).

Proof: Let M ={B;:B; = (up, vs,) €T 1,i € J}
be a Q-cover of AxV in (XxX,7xt). Then
AxV < UB; and puuxy(x,y)+ up,(x,y) =1 for
each ugand some (x,y) € X x X. Now can it be
written, B; = U; x W;, where U;W; €. Thus
AXVCUB =>AxVcUWU; xW)=>AcUU,V c
UW;. AlSO pasy (x,y) + py,sw, (x,y) = 1 for each
Hy<w,; and some (x,y) € X x X. Hence it is clear
that p,(x) +uy,(x) 2 1 for each u, and some
x €X and py(y) + uw,(y) = 1 for each yy, and
some ye X. Therefore {U;:i € J} and {W;:i € J}
are open Q-cover of A and V respectively. Since
A and V are Q-compacts then {U;:i €} and
{W;:i € J} have finite Q-subcovers, say {U;,:k €
J.} and {W,,:k € J,} respectively such that A
UUsk, a(x) + py e (x) = 1 for each py, and some
x€X and V< UW,,uy(y) + py, (v) = 1 for each
tw,and some ye X. Thus 4 xV < U(Uy x Wy) =>
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AxV e UBy and puy(x,y) +pp, (x,y) 21 for
each up, and some (x,y) € X x X. Hence Then
A=V is Q-compact in (X x X,t % T).

CONCLUSION

In this paper, two notions introduced satisfy the
basic properties of general topology in
intuitionistic fuzzy topological space. The two
notions satisfy hereditary and productive
property and the notions are under one-one,
onto and continuous mapping.
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