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Introduction

After the grand introduction of the fuzzy Set by
Zadeh (Zadeh, 1965) in 1965, Atanassov (Atanassov,
1984, 1986) proposed the notion of an intuitionistic
fuzzy set as the generalization of fuzzy Set
considering the degree of membership and non-
membership in 1983. Later, Coker (Coker, 1996,
1997) introduced the concept of an intuitionistic set,
which is, in one way, the specialization of an
intuitionistic fuzzy set and, in another way, the
generalization of an ordinary set. Intuitionistic set
theory, as a building framework for constructive
mathematics, and its logic have influenced many
later researchers in developing intuitionistic
topology. It has many applications in various areas,
particularly computer science, formal verification,
and constructive mathematics. It was Coker (2000)
who first applied the notion of topology to an
intuitionistic set and investigated its various
topological consequences. Bayhan and Coker
(Bayhan and Coker, 2001) and Prova and Hossain
(Prova and Hossain, 2020, 2022) dealt with
separation axioms in intuitionistic topological
spaces. Selvanayaki and llango (Selvanayaki and
llango, 2016, 2017) studied homeomorphisms and
generators in intuitionistic topological spaces.
“Corresponding author:<rajcumath@yahoo.com>

Besides, Bayhan and Coker (Bayhan and Coker,
1996), Ahmed (Ahmed et al., 2014 a & b), and
Prova and Hossain (Prova and Hossain, 2022)
studied separation axioms in intuitionistic fuzzy
topological spaces. Islam (Islam et al., 2018b)
studied intuitionistic L —T, spaces, and Islam
(Islam et al., 2018a) studied level separation on
intuitionistic fuzzy T, spaces. Mahbub (Mahbub et
al., 2019, 2021, 2022) studied a particular type of
connectedness and compactness in intuitionistic
fuzzy topological spaces.

In the literature on separation axioms and related
outcomes in intuitionistic topological spaces, we
studied and investigated as far as we didn’t get T,
separation axioms in detail. However, it is offered
well for Ty, T,, and others. In this paper, we present
the T, separation axioms, following Bayhan and
Coker (Bayhan and Coker, 2001) for T; separation
axioms, in possibly various and modified ways with
investing their interrelationships and topological
consequences.

We start with listing some basic concepts and
results introduced by Coker (Coker, 1996),
Bayhan and Coker (Bayhan and Coker, 2001), and
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Selvanayaki and
2016, 2017) to

construct the path for our principal purpose.
Afterward, we give some new and modified notions
for T, separation axioms and find the relationships
among those, revealing some counterexamples for
non-implications too. Furthermore, we show that our
defined notions satisfy hereditary and topological
properties. Finally, we observe that two of these
notions are productive and projective.

llango (Selvanayaki and Ilango,

Preliminaries

In this section, we list some basic concepts of
intuitionistic Set and intuitionistic topological space.

Definition (Coker, 1996): Let X be a nonempty set.
An intuitionistic set (IS for short) A is an object
having the form A = (X, A;,A,) A2, where A; and
A, are subsets of X satisfying A; N A, = @. Set A, is
called the Set of members of A, while set 4, is
called the Set of non-members of A.

Definition (Coker, 1996): Let X be a nonempty set
and let the IS’s A and B be A =(X,A,, 4;,) and
B = (X,B;, B,) respectively. Furthermore, let
{A;:i € J} be an arbitrary family of IS’s in X, where
A; = (X, AD, 4%). Then

(@ AcBifandonlyifA; € B;and A4, 2 B, ;

(b) A=Bifandonlyif A < Band B C 4;

(C) ‘4_ = <XIA2IA1);

— ® 2)y.

(d) U4, =(X,U4;7,NA");

() N4 =x,n4a",ua®y,

M [ 1A=(X4,,A7);

@) ( )A=(X,45,45);

(h) ¢ =(X,0,X),X =(X,X,0).
Definition (Coker, 1996): Let X be a nonempty set
and p € X be a fixed element in X. Then IS’s:

p = (X, {p}{p}) and p = (X, @, {p}°) are called an
intuitionistic point (IP~ in short) and a vanishing
intuitionistic point (V1P in short) respectively in X.
Definition (Coker, 1996): Let p be an IP, p be a VIP,
and A = (X,A;, A, )beanISin X. Then -
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(@) peAifandonlyifp € Ay;
(b) peAifandonlyifp ¢ 4,.
Definition (Coker, 1996): Let A = (X, A,, 4, ) and
B =(X,B;,B,) are IS’s in X and Y respectively,
then
(a) the preimage of B under f is the IS in X,
defined by f~i(B) =
(X, f~*(By), f 1B
(b) the image of A under f, denoted by f(A4), is

the IS in Y, defined by f(4)=
(V,f(A1), f-(A2)) . where [ (4;)=
(f(43))°

Corollary (Coker, 1996): Let A, A; (i €]) be IS in
X, B,Bi €EK) beISinY,and f:X—>Y is a
function. Then
(@ A1 €4, = f(A) € f(42);
(b) By € B, = f1(B1) € f(By);
() A< f(f(A)) and if f is one-one, then
A=)
(d) fF(f~YX(B)) S B and if f is onto, then
f(f(®)=8.
Definition (Coker, 1997): An intuitionistic topology
(IT for short) on a nonempty set X is a family t of
IS’s in X satisfying the following axioms:
(@ 9,Xer,
(b) G, NG, € tforany G,,G, €T,
(¢) UG; €t for any arbitrary family {G;:i €
Jlct.
In this case, the pair (X, ) is called an intuitionistic
topological space (ITS for short), and any IS in 7 is
known as an intuitionistic open set (I0S for short) in X.
Definition (Selvanayaki and llango, 2017): Let X be
a nonempty set and A = (X,4,, A, ) be an IS in X.
Then

the intuitionistic generator of A, denoted as G(4), is
defined as the collection of IS’s of the form
(X,A;, A2) (X, A,, Ay), (X,0,4; UA,) and
(X, A1 U Ay, @),

(@) the intuitionistic prime generator of A, denoted
as G, (A), is the collection of IS's of the form
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(X!All(D)! (X: Q),Az), (X,Al, AZ);

(X,0,A; UAy)and (X,A; U A,, D).
Definition (Selvanayaki and llangom, 2017): Let X
be a nonempty set and A be any IS in X. Then

(a) the collection G(A), along with @, X, forms
a topology, and it is called intuitionistic
generator topology generated by A and is
denoted by (X, 74);

(b) the collection G, (A) along with @, X forms a
topology, and it is called intuitionistic prime
generator topology generated by A and is
denoted by (X, 7))

Definition (Bayhan and Coker, 2001): Let A and B
be two IS’s in X and Y, respectively. Then the
product intuitionistic Set (PIS for short) of A and B
on Xx Y is defined by UxV =((X,)Y,A; X
B;, (A x B%)°), A=(X,A4, A,) and
B = (X,B;, By).

Definition (Selvanayaki and Ilangom, 2016): A
bijection f:(X,7) = (Y,0) is called intuitionistic
homeomorphism if f is both intuitionistic continuous
and intuitionistic open.

where

T, Separation Axioms in ITS’s

In this section, we define six notions for T,
separation axioms in ITSs and show some of their
features and properties: hereditary, topological
property, productive, and projective. We form the
separation axioms for T, from the separation axioms
for T, in Bayhan and Coker (Bayhan and Coker,
2001) with some necessary modifications.
Definition: Let (X,7) be an ITS. Then (X, 1) is said
to be

(@) To(i) if for all x,y € X, with x # y, there exist
Uertsuchthat xeU,ygUor yeUxgU
(cf. Bayhan and Coker, 2001);

(b) Ty (ii) if for all x,y € X, with x # y, there exist
U € 7 such that %CEU,}!%UOI‘ yeU,pxceEU

(cf. Bayhan and Coker, 2001);
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(c) Ty(iii) if for all x,y € X, with x # y, there exist
Uetsuchthat xeUcyor yeUcix (cf.
Bayhan and Coker, 2001);

(d) Ty(iv) if for all x,y € X, with x # y, there exist

Uetsuchthat xeUcyor yeUcx (cf.

Bayhan and Coker, 2001);
O

To(v) if for all x,y € X, with x # y, there exists
nonempty U € T such that y & U or x¢U

(cf. Bayhan and Coker, 2001).

[In this case, we use the non-emptiness of U as
an external restriction];1

(f) To(vi) if for all x,y € X, with x #y, there

exists nonempty U €t such that y & U or
x & U (cf. Bayhan and Coker, 2001).

[In this case, we use the non-emptiness of U
as an external restriction].

Remarks: In the first four T, separation axioms
[T, (i) to Ty (iv)] in the above definition, according to
the characterization, U € T is nonempty by default
because for any x,y € X, to satisfy T, (i) to Ty (iv),
we have to satisfy either of these four: x,y,x,y € U,

which @ as a U fails to do. But in the case of the last
two T, separation axioms (Ty(v) and T,(vi)), we
impose non-emptiness of U externally because,
otherwise, every ITS become T,(v) and T,(vi)
automatically for the character of @ as a U]

Theorem: Let (X,7) be an ITS, then the following
implications are valid:

To(V) To(vi)

I I

To()) «— To(i) + Ty(ii) —> To(iD)

T

To (i) To(iv)
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Proof

(i) Tp (i) = Ty(v) and (ii) T, (ii) = Ty (vi).

Proofs of (i) and (ii) are easy to obtain and can be
done directly from the corresponding definitions.

Conversely, these are untrue [see counterexamples 4
and 5 in the examples section].

(iii) T, (i) = Ty (iv)
Let (X,7) be an ITS satisfying T, (ii). We want to

show that it is Ty (iv) too, i.e., for all x,y € X, with
x #y, there exists U € T such that x e U<y or

YE Uc J:E

Choose arbitrary x # y in X, then by T, (ii), there
exist U = (X,Uy,U;) € T such that x e U,y € U or
yeUx¢gUistrue or, x €U,y € U, or3~/~e UxE€
ilz is true, or, x €U,y € Uy, or y € U,Nx ¢ U, is
true, or, x€Uy¢&U, € {y}¢ Eand obviously
U, 2 0), or~ y€U,x ¢ Uy € {x}° (and obviously
U,20) is t;ue, or, x €U S(X,{y}*,0)=y or
y €U < (X,{x}% @) = x. Hence, itis T, (iv). ~
Conversely, this is untrue [see counterexample 1 in
the examples section].

(iv) Ty (vi) = To(v)

Let (X,t) be an ITS satisfying T, (vi). We want to
show that it is T, (v) too, i.e., for all x,y € X, with

x # y, there exist nonempty U € T such that y ¢ U
orx ¢U.

Choose arbitrary x # y in X; then by T, (vi), there
exist nonempty U = (X, Uy, U,) € T such that y € U
or x ¢ Uistrue,or, ye U,orx € U, is trL;e, or,
y¢g& Uyorxé U,istrue, or,y & Uorx & U is true.
Hence, it is Ty (v).

Conversely, this is untrue [see counterexample 5 in
the examples section].

(V) T, (iii) = To(i) + T,(ii).

Let (X, 1) be an ITS satisfying T, (iii). We want to
show that it is simultaneously T, (i) and T (ii).

38

To show T, (i), choose arbitrary x # y in X, then by
Ty (iii), there exist U € T such that x e U Sy or
yeUcx is true, or, x€U=(XU,U,)C<
X, 3y or yelU=(X,Uy,Up) S (X, {x}, {x})
is true, or, x € U, with U; € {y}° and U, 2 {y} or
y €U, with U; € {x}° and U, 2 {x} is true, or,
x €U,withy € Uyand y € Uory € U, with x & Uy
and x € U, istrue, or, x € U, with y € Uy ory € U,
with x ¢ U, istrue , or, x € U, with y ¢ Uory€
U, with x & U, is true. Hence, it is T, (i).

To show Ty (ii), choose arbitrary x # y in X, then by
T, (iii) there exist U € T such that x e U< y or
yeUcx is true, or, xeU=(X,U,U,)¢<c
X, {y¥.yhor y e U =(X,Uy,Up) S (X, {x}, {x})
is true, or, x € Uy, with U; € {y}€ and U, 2 {y},
ory € Uy, with U; € {x}€ and U, 2 {x} is true, or,
x¢ U, withygU,andy e U, ory & U,, withx ¢
U, and x € U, s true, or, x € U, with y & U; and
y €Uy ory €U, withx ¢ U; and x € U, is true, ort,
x €U, withy ¢ U ory € U, with x & U, is true, or,
x€U, with ygU or yeU, with x ¢ U is true.
Hence, itis Ty (ii).

Conversely, this is untrue [see counterexamples 1, 2,
and 3 in the examples section].

Examples
Counterexample 1:

Let X = {p,q}, and 7 be a topology on X given by

T = {X’ @’ (X, {p}, @), (X, {q}, @), (X; @, @)} We QEt
IOS's containing p as X and (X, {p},®)and 10S’s

containing g as X and (X, {q}, ®). Thus choosing U =
(X,{p}, @) € 7, we get p € U,q & U. Therefore, it is
To(i). In addition, there does not exist open U to
satisfy ge U< p=(X,{q},{p}) or peUC g=
(X, {p}, {q})- Therefore, it is not Ty (iii).

On the other hand, we get, IOS’s containing p are
XX {P}){p 0 X, q},0) and (X,0,0), and I0S’s
containing q are X,(X,{g}}{p.0,X,q},0) and

(X, ®,®). Therefore, however, if we choose U, we



Bhowmik and Hossain/J. Bangladesh Acad. Sci. 48(1); 35-43: June 2024

never get p € U,q & Uor g € U,p ¢ U. Therefore, it
is not T, (ii). Furthermore, choosing U = (X, {p}, @),
we get p e U< g=(X{p} o). Therefore, it is
Ty (iv). Moreover, ~for p,q € X, nonempty open U
does not exist to satisfy p ¢ U or q € U. Hence, itis
not T, (vi). ) ~

Therefore, this is a topological space which is Ty (i)
and Ty(iv), but not Ty(ii), Ty(iii) and Ty(vi).
Hence, T, (i) and T, (iv) can’t assert Tq(ii), Ty (iii)
or Ty (vi).

Counterexample 2:

Let X = {p, q}, and T be a topology on X given by
T ={X,0.(X,0,{p}),(X,8,{q}),(X,0,0)}. We get,
IOS’s containing p is X only, and similarly 10S’s
containing g is X only. Therefore, there does not
exist open U to get peU,q ¢ U or e U,p ¢ U.
Therefore, it is not T,(i). Analogously, we can
conclude that it is not T, (iii).

and are

Again, we get, IOS’s containing p are X,(X,{®,q})
and q

(X,0,0), I10S’s q

X, (X,0,{p}) and (X, @, ®). Therefore, by choosing
U=(X,{0,q}), wegetpeU,q¢U. Therefore, it

containing

is T, (ii). Furthermore, choosing U = (X, { @, q}), we
getp € U < @ = (X,{p}, @) . Therefore, it is T, (iv).
Therefore, this is a topological space that is T, (ii)
and T, (iv), but not T, (i) and T, (iii). Hence, T, (ii)
and T, (iv) can’t assert T, (i) or T, (iii).
Counterexample 3:

Let X = {p, q}, and T be a topology on X given by
T = {X,0, (X{PIX{X,p,0,X,0,p})}; an
intuitionistic generator topology generated by
A=(X,{0,p}). We get, IOS’s containing p are X
and (X, {p}, @) and 10S’s containing g is X only.
Thus choosing U =(X,{p},@®) €7, we get p€
UqéeU. Therefore, it is Ty(i). Furthermore,
choosing U = (X,{p},®) € T or U = X € 7, we fail
to get peUcqg=(X{p}{q}), and similarly,
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choosing U=X €, we fail toget qgeU=XcCc
p=(X {q}, {p}). Therefore, it is not T0(~iii).

On the other hand, IOS’s containing p are X and
(X,{p}, @), and open Set containing~ q are X,

(X,{p},®), and (X,{@,p}). Choosing U=
(X,{®,p}), we get g € U,p & U. Therefore, it is
To(ii). Furthermore, choosing U = (X,{ @,p}), we
getq € U € p = (X,{ q}, ®). Therefore, it is T, (iv).

Therefore, this is a topological space that is T, (i),
Ty (ii), and Ty(iv), but not Ty (iii). Hence, Ty (i),
T, (ii) and Ty (iv) can’t assert T (iii).
Counterexample 4:

Let X={pqr} and
T={X0,({Xp}{g ) (xlg 1 {p}} is a
topology on X; It is an intuitionistic generator
topology, generated by A = (X, {p}{q,7r}). We get,
IOS’s containing p are X and (X, {q.7Hp}) p, q, 1,
and IOS’s containing g are X and X, {q,r}L{p},
and IOS’s containing r are X and (X,{q,r},{p}).
Thus for q,r € X, there does not exist open U to get
qeUr&U or r€U,q¢U. Therefore, it is not
T, (). Analogously, it is not Ty (iii). Additionally, for
any pair from p,q,r€X, choosing U=
(X, {p}.{q,7}) € T, we get the necessary q ¢ U or
r & U as required. Hence, it is Ty (v).

X and

On the other hand, IOS’s containing p a

X, {p}.{a, 7},
(X,{qr}{p}), and containing r are X and

re
containing are X and

q

(X,{q,7},{p}). For q,r € X, there does not exist
open U to satisfy qeUre¢U or rel,qé¢U.

Therefore, it is not T, (ii). Analogously, there is no
open U to get qeUcT=(X{pql{r}) or

r€Uc<q=(X{pr}{qg}). Therefore, it is not

To(iv) too. Additionally, for any pair from
p,q,7 € X and choosing U = (X,{p},{q,7}) € T, we
get the necessary g & U or r & U as required. Hence,

it is T, (vi).
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Therefore, this is a topological space which is Ty (v),
T, (vi), but not Ty (i), To (i), To(iii) and T,(iv).
Hence, Ty (v) and Ty (vi) can’nt assert T (i) or Ty (ii)
or T, (iii) or Ty (iv).

Counterexample 5:

Let X = {p,q, 7}, and 7 be a topology on X given by

T = {Xﬂ Qt <{X, }><{p}:>< X' p' @,X, Q)'p'X: ®' ¢)}1 an
intuitionistic prime generator topology generated by
A =(X,{p},®). We get 10S’s containing p are X

and (X,{p}, @), 10S’s containing g is X only, and

I0S’s containing r is X only too. Therefore, for
q,r €X, there does not exist open U to get p €
Uq&UorqeUp¢U. Therefore, it is not Ty (i)
and not T,(iii) as well. In addition, for each pair
from p,q,r € X, choosing U = (X, ®, @) € T, we get
p.q,1 & U. Therefore, it is Ty (v).

Again 10S’s containing p are X,({X,p},®) and
(X,®,0), I0S’s not contaiI;ing p are (X,{ @ p}) and
@; 10S’s containing q are X, (X:{P}, @,),(X,0,{p})
and (X, @, @), I0S’s n~ot containing q is @ only. IOS's
containing r are X, (X, {p},(Z))~( X,0,{p}) and
(X,0,0), IOé’s not containing 7 is @ only. We see,
for q,r € X, there does not exist open U to satisfy
qeU,r&U or reUq¢U. Therefore, it is not
%O(ii) too. However, fo; p,q € X, choosing U =
(X,{p}, @), we get pelvcg= (X,{p,r},0), the

similar results hold for p,r € X and for q,r € X too.
Therefore, it is Ty(iv). Similarly, for q,r € X,
nonempty open U does not exist to satisfy q & U or

1 & U. Hence, it is not To (vi).

Therefore, this is a topological space which is T, (iv),
To(v), but is not T,(i), Ty(ii), To(iii) and Ty(vi).
Hence, T, (iv) and Ty(v) can’t assert Ty (i) or Ty (ii)
or Ty (iii) or Ty (vi).

Properties

This section proves that our defined notions satisfy
the hereditary and topological properties. Moreover,
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we prove that the two of these notions are productive
and projective.

Theorem: A homeomorphic image of a T, (i) space
is a Ty (i) space.

Proof.

Let f: (X,7) = (Y,0) be a homeomorphism, i.e., a
bijection open and continuous (by definition in the
primaries section). Suppose that (X,7) is a T,(i)
space. We want to show that (Y, o) is T, (i) too.
Choose two arbitrary y;,y, € Y, with y; # y,, then
Y1), f~1(y,) € X, And since f is a bijection, so
is f~1, with its existence. In particular, as f 1 is one-
one, f~i(y;)# f1(y,) in X. Suppose that
fr) = xpand f71(y,) = x2. As (X, 7) is a Ty (i)
space, with x; # x, in X, then there exists U € T
such that x; € U,x, € U or x, € U,x; € U. Now
x1 €U, x; €U or x; €U, x; € U implies f(x;) €
f),flx) € f(U) or  f(xp) € f(U),f(x1) &
f(U). As f is open, f(U) = R(say) € 0. Since f is
onto, f(x~1) = f(f_1~(Y1)) =y, and f(’{z) =
f(f7*(2)) = v, [by corollary in the preliminaries
section]. Therefore, we get R € o such that y, €
Ry, ¢ Rand y, ER,y; ¢ R.

Theorem: Homeomorphic image of a T, (r) space is
a Ty (r) space for r = i, ii, ..., vi.

r =i in the above theorem.

Each T, (r) separation axioms for r =i, ii,...,vi isa
topological property.

Theorem: Inverse homeomorphic image of a T, (i)
space is a T, (i) space.

Proof.

Let f:(X,7) = (Y,0) be a homeomorphism, i.e., a
bijection open and continuous. Suppose that (Y, o) is
a T,y (i) space. We want to show that (X,7) is T, (i)
too. For any two arbitrary x,,x, € X, with x; # x5,
since f is a bijection, particularly one-one, therefore,

f(x) # f(xp)inY.
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Choose two arbitrary x4, x, € X, with x; # x,, then
f(x1), f(x;) €Y, And since f is a bijection, and
in particular one-one, therefore, f(x;) f(x;)
iny.

Suppose f(x;) =y, and f(xy) =y,. As (Y,0) isa

Ty (2) space, with this y; # y, in Y, there must exist

Reo such that y; ER,y, @R Or y, ER,y; €R.

Now y, €R,y, € R or y, €R,y; € R implies

fTODEFTRLf T ) EfHR) or
frO)EFR), fTO) EfT'R). As f s
continuous, and R € g, therefore, f~1(R) =

U(say) €7. Since f is one-one, f~(y;)=
f_l(f(zﬁ)) = x; and f_l(XZ) = f_l(f(ifz)) =X
[By corollary in the preliminaries section].
Therefore, we get U € o such that x; € U,x, € U
and x, € U,x; € U.

Theorem: Inverse homeomorphic image of a Ty (r)
space is a Ty () space for r =i, i, ..., vi.

The proof is the same for r = ii, ..., vi.as forr = i
in the above theorem.

Theorem: If (X,) tis Ty (i), then for any subset

A € X, the subspace (4, t4) is also T, (i).

Proof.

Let (X,7) be a Ty(i) space and A € X, with the
subspace topology 7, on A. We want to show that
(4, ty) isalso Ty(i).

Let x,y € A, with x # y, then x,y € X, with x # y,
hold the same. As (X,t) is a T,(i) space, therefore,
we must have U et such that xeU,yg U or
y€U,x¢&U. Now, for this U e, we get Uy =
UNA in t,. This must satisfy x € U,,y & U, or
vy €Uy x €& Uy Hence, (4,14) is Ty (D).

Theorem: If (X,) tis Ty(r), then for any subset
A c X, the subspace (A4,t4) is also Ty(r) for

r = i in the above theorem.

This shows that each of Ty(r) for r =i,ii, ..., vi is
hereditary.

41

Theorem: If (X,) 1, and (Y, o) be two ITSs. If

@ (X,) 1, and (Y,0) both are T, (i), then so is

(X XY,0x1).
(b) (X,) 1, and (Y, o) both are T,(ii), then so
is(XXY,o0X1).

Proof
(@) Let (X,7) and (Y, o) are both T,(i). We want to
prove that (X xXY,ox 1) is Ty(i) too. Choose
arbitrary points (x,y;) and (x,,y,) in X X Y, with
(x1,v1) # (x3,v5). Then either x; # x, or y; # y,.
For x; # x, in X, as (X, t)is Ty (i), there must exist
Uert such that such that x; €Ux, U or
x; €U, x; € U. Then we have 10S’s UXY =
(X XY, Uy xY,(Us X)) in 7Xxag such that
(x1,71) EUXY,  (x2,y2) €U XY or (xz,5,) €
UXY, (x1,y1) €U XY.
Similarly, for y; #y, inY, as (Y,a) is Ty(i), there
must exist R € o such that such that y; € R,y, € R
or y; €R,y; € R. Then we have I0S’s X XR =
(X XY, X XRy, (¢ X RE) in TXxa such that
(x1,y1) EXXR,  (x2,y2) €X XR or (x,y;) €
XXR, (x1,y1) € X XR.
(b) Let (X, 1) and (Y, o) are both Ty (ii). We want to
prove that (X xY,o X 1) is Ty(ii) too. Choose
arbitrary points (xq,y1) and (x,,y,) in X X Y, with
(x1,v1) # (x3,v5). Then either x; # x, or y; # y,.
For x; # x, in X as (X, t)is T, (ii), there must exist
Uetsuchthatx, €U, x, €U orx, €U, x; € U.
Then we haV; IOS’~s U x }j~= (X x ); Uy X
Y, (US X ¢€)€) in T X o such that (xlzyl) €U XY,
(xz':}’2) gUXY or (xzr:YZ) €U XY, (x1':)’1) ¢
U X §:(
Similarly, for y, # y, inY, as (Y, 0) is T,(ii), there
must exist R € o such that such that y, € R, y, € R
or y; €ER, y; € R. Then we have IbS’s ):(;<R =
(X ><~Y,X X 1;1, (€ xRS ) in TXxo such that
(x1':}’1) € X XR, (xzé}’z) g€XXR or (er:.VZ) €
X XR, (x1,y2) € X XR.
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Hence, T, (i) and T, (ii) are productive.
Theorem: If (X,) 1, and (Y, o) be two ITS’s. If
@ (XxY,oxt) is Ty(i), then (X,)t, and
(Y, o) both are Ty (7).
(b) (X xY,oax1) is Ty(ii), then (X,)t, and
(Y, o) both are T, (ii).
Proof.

(@) Let (X xY,0 x1)is Ty(i). We want to show that
(X,7) and (Y, o) are T, (i).

To show (X, 1) follows T, (i), choose arbitrary points
X1,%, €X, with x; #x,, and fix y€eY, then
inX XY, (x1,¥) # (x3,y), and as (X X Y,o X 1) is
To(i), we must have UXR et X o such that
(x1,¥) €U XR, (x3,y) €U XRor (x3,y) €U X
R, (xy,y) € U X R. This implies that (xy,y) €
Up XRy, (x2,¥) €Uy X Ry Or (x,¥) €Uy XRy,
(x,y) € Uy XR;. More specifically, we get
x, €Uy, x5 € Uy Or x, € Uy, x; & Uy. Therefore, for
X1,%, € X, with x; # x,, we get U € T such that
x1 €U, x; @ U orx, €U, x; U. This shows that
(X, 1) is Ty (i).

Now, to show (Y, ) is T, (i), choose arbitrary points
Y1,¥2 €Y, with y; #y,, and fix x € X. Then in
XXY,(x,y1)# (x,y,) and as (X xXY,o X 1) is
To(i), we must have U X R €t xo such that
(x,y1) €U XR, (x,y,) €U XR or (x,y,) €U X
R,(x,y1) € U x R . This implies that (x,y,) € U; X
Ry, (x,¥2) € Uy X Ry or (x,¥,) € Uy X Ry, (x,¥1) €
U; X R,. More specifically, we get y; € Ry, y, € Ry
or y, € Ry, y; € R,. Therefore, for y,;,y, € Y, with
Y1 # Y2, We get R € o such that y; €R, y, € R or

y2 € R, y; & R. This shows that (Y, o) is To ().

(b) Let (X xY,0 x1) is Ty(ii). We want to show
that (X, 7) and (Y, o) are T, (ii).

To show (X,t) follows T,(ii), choose arbitrary
points x;,x, € X, with x; # x,, and fixy € Y then in
X XY, (x,y) # (x3,y) and as (X xXY,ox71) Iis
To(ii), we must have U X R €t x o such that
(x1,¥) €U XR, (x3,y) €U XRor(x3,y) €U X

R,(x1,y) € U X R. This implies that (x,y) & U, X
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R;,(x2,¥) €U X R, or (x2,¥) € Uz X Ry,
(x1,y) €U, XR,. we get x; €U,, x, €U, or
Xy € Uy, x4 € U,. Therefore, for x;,x, € X, with
X1 # X, We get U € 7 such that x, € U, x, € U or

X, € U, x; € U. This shows that (X, 7) is Ty (i).

Now, to show (Y,o) is T,(ii), choose arbitrary
points y;,y, €Y, Y, y; #,¥,, and Fix x € X. Then
in XXY,(x,y;) #(x,y,) and as (X xY,a X 1) is
To(ii), we must have UX R €T X o such that
(x,y1) €U XR, (x,y;) €U XRor(x,y;) €U X
R, (x,y1) € U xR. This implies that (x,y,) &
U, XR,, (x,y,) EU;XR, or (x,y,) € Uy XR,,
(x,y,) €U, x R,. More specifically, we get
y1 €R,, y,€ER, Or y, € R,, y; € R,. Hence, for
y1,y2 €Y, with y; #y,, we get R € o such that
Y1 €R, y; @R or y, €R, y; € R. This shows that
(Y,o) is Ty(ii). Hence, Ty(i) and Ty(ii) are
projective.

Conclusions

In this paper, we provide some new and modified
T, separation axioms, analyze
interrelationships among them, and give necessary
counter examples for non-implications. We show
that our defined notions satisfy hereditary and
topological properties, and two of these given
notions are productive and projective. These
results are very encouraging for further study in
this area, especially for other higher separation
axioms.
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