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The experimental angular distributions of differential cross-section
(CS), vector analyzing power (iT;,) and tensor analyzing powers (T,
T,,, and T,,) for the *C(®Li, ®Li)**C elastic scattering at laboratory
energy of 30 MeV are simultaneously analyzed in the structure of
simple optical model (OM) using shallow Non-Monotonic (NM) and
deep Monotonic Woods-Saxon (MWS) potentials. The Pauli-laden
energy density functional (EDF) theory, which results in NM
potentials, is also discussed. Equally good fits to the CS, T,q, T,4, and
T,, data are obtained using both NM and MWS potentials. But iT;,
data is only reproduced well using NM potentials in OM. The shallow
NM potentials seem better than the deep MWS for simultaneous

description of the CS, iT,4, Tyg, T»1, and T,, data.

Introduction

The best choice of the nuclear interaction potential
between two nuclei is a long-standing and
challenging problem (Brandan and Satchler, 1997).
The study of nucleus-nucleus (NN) potentials is
essential not only to understand the structure of the
nucleus (Basak et al., 2022) but also for the burning
of stars (Duarte et al., 2015) and dynamics of the
nucleosynthesis for astrophysics (Thomas, 2020).
The exact and reliable NN potential can only lead
us to the deep learning of nuclear matter and its
structures in the whole universe. The elastic
scattering, including diffractive and refractive
structures, is significant in obtaining the true nature
of NN potentials (Hussain and McVoy, 1948;
Hussain and Satchler, 1994; Khoa et al., 2007).
The elastic °Li+'“C scattering system also shows
diffractive and refractive structures in a wide range
of incident energies (Trcka et al., 1990). A few
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numbers of simultaneous studies are done with the
interaction of polarized °Li on **C to reproduce the
experimental cross section (CS), vector analyzing
power (VAP) (iTy;), and tensor analyzing power
(TAP) (T, T4, and T,,) data (Reber et al.,1994;
Kerr et al., 1996; Kerr et al., 1995) but none of them
have reproduced the data well. Reber et al. (1994)
using Woods-Saxon (WS) potentials, showed that
the description of the iT;, data needs an angular
momentum (J)-dependent absorption interaction.
Kerr et al. (1995) performed an optical model (OM)
analysis of the °Li+'°C elastic scattering at 30 MeV
using phenomenological WS potentials, including a
J-dependent absorption term. They found that T,
arises mainly from the tensor interaction, T,y from
coupling the J-dependent and tensor interactions, and
the most complicated iT,, stems from a combination of
the spin-orbit, tensor, and J-dependent interactions.
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There are two types of nuclear potentials used in OM
for the real part: the phenomenological optical
potential (OP) and the microscopically derived one.
The phenomenological OPs directly obtained from
the analysis of elastic scattering data are found to
suffer from discrete and continuous potential
ambiguities (Mohr et al., 1997; Satchler, 1983; Islam
et al., 2021a; Islam et al., 2021b; Islam et al., 2021c).
It is very challenging to remove ambiguities of
potential parameters. The discrete potential
ambiguity can only be eliminated in the refractive
angular structure at higher energies for all kinds of
OPs (Goldberg and Smith, 1972; Goldberg et al.,
1973; Khoa et al., 2007; Islam et al., 2021a; Islam et
al., 2021b) where the CS maximum of the primary
nuclear rainbow is followed by an exponential type
falloff pattern in the shadow region classically. The
microscopic nuclear potentials such as Double
Folding (DF) (Satchler and Love, 1979) and Non-
Monotonic (NM) (Basak et al., 2011) are directly
derived from the microscopic theories. The DF
potentials for the Li-nucleus elastic scattering need
a significant renormalization factor of NR0.5 —
0.6 (Pakou, 2008) in the simple OM to reproduce the
CS data and lead to a complete failure to explain the
opposite signs of vector analyzing power (iT,,) for
the ®'Li elastic scattering. However, all nuclear
potentials can be grouped into Monotonic and Non-
Monotonic (NM), respectively, without and with
repulsive potential at the core. The schematic
difference between Monotonic and NM potentials is
shown in Fig. 1. The NM potentials are derived from
the EDF theory of Brueckner et al. (1968) which
incorporates appropriately the Pauli-principle and the
derived potentials become shallow in terms of
volume integral per nucleon pair (Jz/ApA7), Ap and
A7 being the mass numbers of the projectile and
target nuclei, respectively. Familiar Woods-Saxon
(WS) (Woods and Saxon, 1954), Squared Woods-
Saxon (SWS) (Michel et al., 1983), and widely used
double folding (DF) (Satchler and Love, 1979)
potentials are monotonic and deep.

The microscopic NM potential with a repulsive core
derived from the EDF theory of (Brueckner et al.,
1968a; Brueckner et al., 1969) (BCD) which
incorporates appropriately the Pauli principle
enjoyed several successes in recent years which
include: (i) the alpha-elastic scattering (Tariq et al.,
1999), (ii) alpha-inelastic scattering (Basak et al.,
2001), (iii) one- (Das et al., 1999), two- (Das et. al.,
2000a; Das et al., 2001), three-nucleon (Das et al.,
2000b) transfer reactions, (iv) band-mixing of
band heads I = 1/2* and I™ = 3/2%in the Nilsson
model (Hossain et al., 2005), (v) verification of the
Goldberg criterion (Goldberg and Smith, 1972) of
the ®0+°0 (Islam et al., 2021a) and *?C+C
(Islam et al., 2021b) elastic scattering with
discussion on the intriguing aspect at potential
families at lower energies, (vi) *0+'0 cluster
states and their fusion to **S (Basak et al., 2022),
(vii) a novel method (Hossain et al., 2015) for
determining the nuclear incompressibility K for cold
nuclear matter using the **0+'0 elastic scattering.
(viii) The opposite signs of the vector analyzing
power (VAP) of ®’Li elastic scattering by *®Ni at 20
MeV (Basak et al., 2011) and '*°Sn at 44 MeV
(Basak et al., 2011) are reproduced successfully
using NM potentials in the OM. This result
eliminates a long-standing puzzle. (ix) The NM
potential also reveals explicitly the multiple
potential families (Islam et al., 2021a; Islam et al.,
2021b) at low energies, which can produce an
excellent description of elastic experimental data
over an extensive angular range.

In the present investigation, the elastic °Li+"“C
experimental differential CS, iT;q, T2, T21, and Ty,
data at the incident laboratory energy of 30 MeV
are analyzed within the structure of the OM using
shallow NM and deep Monotonic Woods-Saxon
(MWS) (Woods and Saxon, 1954) OPs without
including J-dependent absorption term. The present
article also discusses the Pauli-laden BCD's EDF
(Brueckner et al., 1968a) for deriving the NM
potentials. The results obtained using both the
NM and MWS potentials are compared. The latter
uses the Woods-Saxon form factor (Woods and
Saxon, 1954).
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Fig. 1. A schematic difference between Monotonic (dashed blue line) and Non-Monotonic (solid
red line) potentials, respectively, without and with repulsive core (pink medium dashed line).

Optical Model Potentials

Energy Density Functional (EDF) Theory

The energy of a nucleus in the EDF theory
(Brueckner et al., 1968a) is expressed in terms of
density distribution p(r) as

E = [e[p(r)]d*r
«y
where, the energy density e[p(r)] is given by

elp()] = 0.3 (1) (22) [1- )5 + (1 + £3] X

5 4
p2+v(p,E)p+ 30c()pp — 0.739¢%p; +

12
(&) @)

Here, M represents the mass of a nucleon, and
& =(N —Z)IA represents the neutron excess parameter.
The first term in (2) arises from the nucleon kinetic
energy in nuclear matter. The second term is
determined from the Gammel-Christian-Thaler
(GCT) nucleon-nucleon (n-n) potential (Brueckner
and Gammel,1958) in the Brueckner-Hartree-Fock
(BHF) theory. The GCT potential is formed by the
combination of central, spin-orbit, and tensor

potential parts of the realistic n-n potential,
which can describe all the properties of deuteron
and the n-n scattering data up to the pion threshold
(~137 MeV). In the BHF theory, the mean-field
relates the matrix elements of the n-n potential
(Brueckner et al., 1968a) to those of the scattering
operator with full consideration of the Pauli
principle among the nucleons of the same type in
the nuclear and nucleonic matter approximations,
i.e., using the plane wave for nucleonic wave
functions. The third term represents the Coulomb
energy, and the fourth term is the correction of
Coulomb energy due to the consideration of the
Pauli principle among protons (Brueckner et al.,
1968b; Hossain et al., 2015). The last term arises
due to the inhomogeneity correction (Brueckner
et al.,1968b; Hossain et al., 2015) to the kinetic
energy due to the finite size and correlation
effect among nucleons. The density dependence
of the energy per nucleon, E/A, in the nuclear and
nucleonic matter using the BGT n-n potential with
full consideration of the Pauli principle has been
calculated in (Brueckner et al. 1968a, Hossain
etal., 2015).
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Fig. 2. Parameterization of EDF-generated nuclear potential points for
K=188. The parameters are listed in Table 1.

Table 1. The equivalent 2pF DDFs parameters for °Li and *C.

2pF DD Function parameters

Binding Energy

Nucleus

c z Po Calculated Experimental
(fm) (fm) (fm3) (MeV) (MeV)
°Li 1.333 0.577 0.2118 332 32.0
2c 2.294 0.434 0.1752 92.0 92.2
The density dependence of the mean-field v(p,&) Here, prepresents the composite nucleus's

for a symmetric (¢=0) and homogeneous part of a
finite nucleus has been parameterized analytically
(Hossain et al., 2015) as
v(p,§ = 0) = 41p + A,p*3 + 13p°/3 ®3)
Here, the values of the mean-field parameters for K=
188 MeV are
A, = —741.28,1, = +1179.55,and A; = —467.54,
as given in (Hossain et al., 2015).
The EDF potential V(R) between the projectile and
the target at an interaction distance of R is given by
V(R) = E[p(r,R)] — E[pp(r,R = )] —

El[pr(r,R = )] (4)

density distribution function (DDF). Andpp, and
prrepresents the DDFs for the projectile and the
target at R= oo, respectively. The DDF of the
composite nucleus in the sudden approximation is
given as

p(r) = pp(r) + pr(r) ()
The sources of density distribution functions (DDFs)
are for °Li from (Bray et al., 1972) and **C from
(Sick, 1974). These DDFs are re-parametrized by the
two-parameter Fermi (2pF) function for application
to the EDF calculation as

p(r) = po[1 + exp (=5)1 (6)
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Table 1 shows the obtained parameters from the
equivalent 2pF DDFs for °Li and *2C and the calculated
and experimental binding energies. The calculated EDF
potentials are depicted as points in Fig. 2.

Non-monotonic (NM) Potentials Forms

The EDF-derived NM nuclear part of the °Li-**C
potential points has been parameterized with the
following functional forms:

Vam(R) =
-V [1 + exp (R;fo)]_l +
V, exp [— (R:l)z] (7

The imaginary part of the °Li+C OP is taken
phenomenologically (Hossain et al., 2015) as

Wim (R) =

R 2

—Woexp |~ (5] -
_ (R-Ds\?

Wyexp |- (22| ©
Monotonic Woods-Saxon (MWS) Potentials
The fundamental part of the °Li+'*C MWS (Woods
and  Saxon, 1954) potential is  taken
phenomenologically to be composed of only
attractive parts as

_ -1

Views(R) = =Vo |1+ exp (=22)] ©)

QAo

The phenomenological imaginary part of the MWS
potential is assumed to be composed of a WS-shaped
(Woods and Saxon, 1954) volume term and a surface
term in the shifted Gaussian form (Hossain et al.,
2015) as:

R—R
Wyuws(R) = =Wy [1 + exp(

O

_ _ (R-Ds\?
Wsexp[ ( s ) ]
Spin-orbit, Tensor, and Coulomb Potentials used in
OM potentials

(10)

An effective spin-orbit, Uso(R) part, and a tensor
part, Ur(R) in OPs following Reber et al., (1994) and

Kerr et al., (1995) are taken in the standard WS as:

Uso(R) = 2.022 21 + exp (%)]—1 LI (11)
Ur(R)=8 [VTa,%Tdd—I:Z [1 +exp (%)]‘1] X

v\ 2
[(R)* -4 (12)

In equations (11 and 12), ¢, I,and R refer,
respectively, to the partial wave angular momentum,
®Li-spin operators, and a unit vector along increasing
R. The factor 2.0 in equation (11) stems from
(h/m,c)? = 2.0 fm? and a factor 6v/3 in equation
(12) has been omitted to conform to the algorithm in
the code FRESCO (Thompson, 1988).

The Coulomb potential V¢(R) is taken as,

1 ZpZre?

ame, R’ R =R¢

VC(R) = 1 ZpZre? R2 (13)
——(3 ——2), R <R,
4me, 2Rc RZ

Here, Rc is the Coulomb radius of a uniformly
charged sphere.

The resultant forms of the NM and MSW OPs stand,
respectively, as

UNM(R) = V¢(R) + Vyu (R)

+Wym(R) + Uso(R) + Ur(R) (14)
and
UMYS(R) = Vc(R) + Vyws(R)

+Wynws(R) + Uso(R) + Ur(R) (15)

Analysis and Results

The data of experimental CS and analyzing powers
(iTy1, Too, Ty, and T,,) for the °Li+™C elastic
scattering at 30 MeV are taken from (Kerr et al.,
1995). A systematic error of 15% is considered for
the experimental data points. The Coulomb radius R¢
= 3.92 fm is taken to calculate the Coulomb potential
in equation (13). All calculations of OM are
performed using the code SFRESCO, which includes
the coupled-channels code FRESC02.9 (Thompson,
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1988) and the y2-minimization code MINUIT
(James and Roos, 1975). The fitting parameters are
determined by minimizing the y* expressed by.

2= _Zl [”exp(gt) Gth(9l)] (16)

AGexp (8

Here ¢(6) and Ao(6) represent the cross-section and
the corresponding error at the scattering angle 6. F
represents the number of experimental data points,
and N is the number of adjusted parameters. N-F
denotes the degrees of freedom in minimizing the »*
for the data fitting.

In the initial step of the OM analysis, the EDF-derived
NM potential parameters for the real part listed in Table
2 were fixed. The parameters of the imaginary
parameters of Wyy in equation (8) were searched to
obtain the best fit to the CS data only with y?=388. The
EDF potential is valid at the zero-excitation energy
E, = 0 (Islam et al., 2021a; Islam et al., 2021b) of the
composite nucleus ®Ar. No energy dependency
parameter is found from the derivation of NM potential
from EDF theory. Hence, the EDF-generated NM
potential parameters needed to be readjusted for a good
description of the CS data at 30 MeV. Therefore,
successive grid and global searches on both the EDF—
generated Vi parameters in Table 2 and the previously
optimized Wyw parameter were employed to describe
the CS data accurately.

In the next step, the spin-orbit potential parameters
(Vso, Rso, and agp) in equation (11) and the central
imaginary parameters optimized in the previous step
were adjusted empirically on the iT;, data employing
a successive number of grid searches. In the third
step, the tensor potential parameters (V, Ry, and ar)
were employed in a successive number of grid
searches to reproduce the T,; data.

In the final step, all parameters of equation (14),
except the constancy of R¢=3.92 fm, were tuned
in values with a successive number of grid
searches to reproduce well the experimental CS
and analyzing powers (iT11, T2, To1, and T,,) data
simultaneously. The final fits are done by
visually inspecting the angular structure of the
experimental data because it is essential to
reproduce the angular distributions when x? > 1.
(Perey, 1963; Koning and Delaroche, 2003). All
the parameters obtained from the best fitting are
shown in Tables 2 and 3. The % and the volume
integrals Jr/72 and J,/72, respectively, for the real
and imaginary parts of the OP, are also listed in
Tables 2 and 3. The calculated CS and analyzing
powers (iT11, Too, To1, and Tyy) shown in the red
solid lines using the NM potentials compare well
with the experimental data in Fig. 3.

Table 2. Parameters of the nuclear real and spin-orbit parts of OP at 30 MeV.

Type 0 Ry Qo Vy R4 D, Vso Rso ago Jr/72 2
(MeV)  (fm) (fm) (MeVv)  (fm)  (fm) (MeVv)  (fm) (fm) (MeV.fm3)

EDF 39.19 394 0.766 -3572 243 0.133 - - - -146.73 -

NM 5712 394 0710 -1984 192 0.133 050 526 0.55 -144.83 45.0

MWS 3000 2.22 0.840 - - - 130 275 0.65 -465.16 146.2
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Fig. 3. Optical model (OM) calculations using NM potential (red solid lines) and MWS potential (blue
dashed lines) are compared to the experimental CS and analyzing powers (iTy1, Too, T21, and Ty,) data
of °Li+*C at 30 MeV using the OP parameters, listed in Table 2 and 3. The radial distributions of
nuclear real parts of the two types of OP potential are also displayed in the last inset.
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Table 3. Same as Table 2 but for the

imaginary and tensor interaction parts.

Type Wy Ry aw Ws Dy Ry Vr Ry ar J1/72
(MeVv)  (fm) (fm) (MeV) (fm) (fm) (fm) (fm) (fm) (MeV.fm3)

NM 17.2 3.80 - 15.5 440 012 20 394 0.72 -83.92

MWS 17.3 311 1.18 0.50 492 060 20 458 0.30 -76.25

The above-mentioned fitting procedure was repeated
for the UM potential in equation (15), with its
fundamental part Viws lacking in the repulsive core
(see equation (9)). The initial parameters of the real
nuclear part of UMY were taken from (Kerr et al.,
1995). The best-fit parameters using UM"® potentials
are also displayed in Tables 2 and 3. The value of 4°
and the volume integrals Jg/72 and J,/72 of equation
(15), respectively, for the real and imaginary OP
parts, are also listed in Tables 2 and 3. The predicted
results of the CS and analyzing powers (iT11, T2o, To1,
and T,,) using the UMY potentials at 30 MeV, shown
in the blue dashed lines, are compared to the
experimental data in the same Fig. 3. The
comparison of nuclear real parts of both the NM and
MWS potentials is also shown graphically in Fig. 3.

It is observed from Fig. 3 that the experimental data
on the elastic °Li+"“C scattering CS along with Ty,
T,1, and Ty, are reproduced overall successfully at
energy 30 MeV in the framework of the simple
optical model using both the shallow NM and deep
MWS potentials without the J-dependent absorption.
However, the iTy; data is only well reproduced using
shallow NM potential. The MWS potential cannot
produce the exact angular shape and position of iTy;
data well at the mid and higher angular regions. The
Jr/72 value of NM potential is found to be -144.83
MeV.fm?, slightly lower than the value of -146.73
MeV.fm? for the EDF-derived potential. On the other
hand, the value of Ja/72 =- 465.16 MeV.fm® for
MWS is found to be very deep compared to the value
of the actual volume integral found in NM potential.

For the overall fitting value for CS, iTy1, Tog, T2, and
Ty, the average chi-square is found using NM
potentials to be only »? 45.0, but for MWS
potentials, the * = 146.2, which is much larger than
the NM description. The higher value of Jr/72 for
MWS compared to the NM potentials suggests the
MWS potential is very deep. However, based on two
observations: (i) the visual inspection of the
theoretical description of experimental angular
structures of CS, iTyy, Tag, T21, and T, in Fig. 3 and
(ii) a comparison of the * values found for both NM
and MWS potentials in Table 2, we can suggest the
following. The simultaneous analysis using a simple
OM picture is found to be much better for the
shallow NM potential than the deep MWS potential.

Discussions and Conclusions

The investigation reports the comparative and
simultaneous description of the experimental CS,
iT11, Too, To1, and T, data of the °Li elastic scattering
by '2C at 30 MeV in the structure of simple OM
picture using shallow NM and deep MWS potentials.
The MWS potential can simultaneously describe the
CS, T, T21, and Ty, data except iTy; data in a simple
OM picture. On the other hand, the shallow NM
potential can successfully describe and also
simultaneously all the data sets (CS, Tao, iT11, Tou,
and T,y) in OM, as shown in Fig. 3. The overall
image of the simultaneous description of CS and all
the analyzing powers (APs) using the shallow NM
potential seems much better than the description
using the MWS one.
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Our simple optical model description of the CS and
APs using NM potentials without a J-dependent
absorption plays better than the description using the
J-dependent absorption reported in (Reber et al.,
1994; Kerr et al., 1995) and also the findings from
the Coupled-Channels (CC) calculations in (Reber et
al., 1994; Kerr et al., 1995; Kerr et al., 1996). The
present analysis using the simple OM suggests that
the J-dependent absorption potential is non-essential
for describing the VAP and TAP data. The present
investigation with the NM potential shows that the
best choice for simultaneous examination of the
vector and tensor effects in NN interactions is the
repulsive core arising from the Pauli effect.
Moreover, the key to success in the simultaneous
analysis of CS and analyzing powers using the
shallow NM potential rather than deep MWS
potential lies in the appropriate generation of a
dynamic polarization potential (DPP) effect
(Brandan and Satchler, 1997), even in the
framework of OM. The appropriate DPP effect
with the NM potentials from BCD’s EDF
(Brueckner et al., 1968a) stems from the realistic
n-n potential of GCT (Brueckner and Gammel,
1958), which involves the spin- and tensor-
interactions apart from the central part.

Another essential feature of the EDF-derived NM
potentials at low energies is their energy
independence (Islam et al., 2021a; Islam et al,,
2021b). This aspect of the EDF potentials bears
excellent promise in employing the NM potentials
for studying the NN fusion at the astrophysical low-
energies where reliable potentials are scarce. We are
now examining the NM potentials on the *°0+'°0,
10+2C, and **C+™C fusion reactions at deep sub-
Coulomb energies, which play an essential role in
stellar evolution and supernovae explosions.
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