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ABSTRACT

To obtain the second order approximate solution of a third order weakly nonlinear ordinary
differential system with strong damping and slowly varying coefficients modeling a damped
oscillatory process is considered based on the extension of a unified Krylov-Bogoliubov-
Mitropolskii (KBM) method. The asymptotic solution for different initial conditions shows a good
coincidence with those obtained by the numerical procedure for obtaining the transient’s response.
The method is illustrated by an example.

Key words: KBM method, Damped oscillatory process, Strong damping, Slowly varying
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INTRODUCTION

The study of non-linear problems is of crucial importance not only in all areas of
physics but also in engineering and in applied mathematics, since most phenomena in the
world are essentially non-linear and are described by non-linear equations. It is very
difficult to solve non-linear problems and in general, it is often more difficult to get an
analytical approximation than a numerical one for a given non-linear problem. There are
several methods used to find approximate solutions to non-linear problems, such as the
perturbation techniques (Murty 1971, Bojadziev 1983, Alam and Sattar 1997) and
harmonic balance based method (Itovich and Moiola 2005). The method has been
extended to damped oscillatory and purely non oscillatory systems with slowly varying
coefficients by Bojadziev and Edwards (1981). Arya and Bojadziev (1980) studied a
system of second order nonlinear hyperbolic differential equation with slowly varying
coefficients. They (1981) also studied a time-dependent nonlinear oscillatory system with
damping, slowly varying coefficients and delay. Feshchenko et al. (1967) presented a
brief way to determine KBM (Bogoliubov and Yu 1961, Krylov and Bogoliubov 1947)
solution (first order) of an nth, n=2, 3,.... order differential systems. Alam (2003)
investigated a unified KBM method for obtaining the first approximate solution of nth
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order nonlinear systems with slowly varying coefficients. Alam and Sattar (2004) also
presented an asymptotic method for obtaining the first approximate solution of a third
order non-linear differential system with varying coefficients. Moreover, Alam (2002)
investigated a unified KBM method for obtaining the first approximate solution of
nth, (n>3) order non-linear differential system with constant coefficients. Recently,
Roy and Alam (2004) have studied the effect of higher approximation of Krylov-
Bogoliubov-Mitropolskii’s solution and matched asymptotic solution for second order
non-linear differential system with slowly varying coefficients and damping. Sometimes
the first approximate solutions obtained in [1-10] give desired results when the linear
damping effect is very small. Otherwise, the solutions give incorrect results after a long
time t>>1 where the reduced frequency becomes small. From the present study, it is
seen that the most of the authors in references have obtained the first approximate
solutions for both constants and varying coefficients. The complicated and no less
important case of second order approximate solution of a third order non-linear
differential system with strong damping and slowly varying coefficients by a unified
KBM method has remained almost untouched. The main goal of this paper is to fill this

gap.
METHOD

Let authors consider a third-order weakly non-linear ordinary differential equation
with slowly varying coefficients in the following form [1]

% + Ky (7)% + K, (2)% + ky(£)X = & (%, %, %, 7) o)

where the over dots represent the time derivatives, ¢ is a small positive parameter which
measures the strength of the nonlinearity, = = ¢t slowly varying time, k;(r)>0,j=1,2,3
and f is a given nonlinear function which satisfies f(—x,—x,—X,7) =—f(x,X,%X,7). The
coefficients are varying slowly in the sense that their time derivatives are proportional to ¢
(Alam and Sallar 1947).

By putting ¢ =0,7 =7, =constant in Eq. (1), they obtains the solution of the
unperturbed equation. They assume that the unperturbed part of Eq. (1) has three
eigenvalues 4;(z,), j=1,2,3, where 4,(z,) are constants, but if £=0 then A;(r) are
varying slowly with time t. The solution of the linearrized equation of Eq. (1) is obtained
in the following form

3 R
X(t,0) = Ya; ", @
j=1
where a;0, j =1,2,3 are arbitrary constants.

Now authors are going to choose a solution of Eq. (1) that reduces to Eq. (2) as a limit
£ — 0 in the following form according to the KBM method (Bogoliubov et al. 1961)
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x(t,g) = iaj (t) +eu,(a,a,,a,,7) +£°U,(a,,a,,8,,7) +---, ?3)
j=1
where each a; satisfies the following first order differential equation
4, =Aa;, +cA(a,,8,,8,) +£°B(ay,8,,a,) + £° . @)

Confining only to the first few terms, 1, 2, 3 in the series expansions of Eq. (3) and
Eqg. (4), they evaluate the functions u,, u,,--- and A, Bj,---,j =1,2,3 such that each
a;(t) appearing in Eq. (3) and Eq. (4) satisfy the given differential Eq. (1) with an
accuracy of ™! (Alam 2002). Theoretically, the solution can be obtained up to any
order of approximations but, owing to the rapidly growing algebraic complexity for the
derivation of the formula, the solution is in general confined to a low order, usually the
first order (Alam 2001, 2003, Alam and Sattar 1997, 2004, Arya and Bojadziev 1980,
1981, Bogoliubov and Mitropolskii 1961, Bojadziev and Edwards 1981, Bojadziev 1983,
Feshchenko et al. 1966). In order to determine these functions it is assumed that the
functions u,, u, do not contain the fundamental terms (Alam 2002, 2003, Alam and
Sattar 1997, 2004, Bogoliubov and Mitropolskii 1961, Krylov and Bogoliubov 1947)
which included in the series expansions (3) at order £°. Now differentiating Eq. (3) three
times with respect to time t and using the relations Eq. (4) and substituting the values of
X, %, X together with X into the original Eq. (1) with the slowly varying coefficients
k(1) = (L (1) + (@) + 44(0)) . k(1) = A4(0) Ay (2) + 2(2) Aa(0) + A4(0) Ay (2), Ko(0)
=-4,(7)A,(r)A;(r) and expanding the right hand side of Eq. (1) by Taylor’s series and
equating the coefficients of and &2 on both sides we obtain the following equations

ﬁl@—z,ouﬁi( 1@Q-2)A)

J=1 k=1k=j

) ®)
2SO -k-D e A )] 8, £ 28,0)
212 k=0
3 3 3 3. 3 on [N
H(Q_/’Lj)uz"'Z( H(Q_;]'k)Bj)+Z;]'j Aj+XA] a;=t (a;,8,,85,7) (6)
=1 =1 k=Lk=] j= j=
- © ® : : 0
where f(X,, %X, %,,7) =" (8,,8,,8,,7) + 7 (a,,8,,a;,7) , X, :jzﬂaj’Q:jzﬂljajaT’
- - i
dA;
and A/ =—2L n=3.
Yodr

Authors have already assumed that u, and u, do not contain the fundamental terms
and for this reason the solution will be free from secular terms, namely tcost, tsint and
te™. Since the solution will be non-uniform in presence of secular terms. Under these
restrictions, we are able to solve Eq. (5) and Eq. (6), by separating this into n+1
individual equations for the unknown functions u,, u,, A and B;. In general, the
functions f©@, f® u, and u, are expanded in Taylor series in the following forms
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O — N Omzo ) Oleymzyms (T)almlag]zag]ga (7)
0,mp=0....1=
U, = m Om’zf:‘” " OUml,mzmg(T)aimlag]Za;ng’ (8)
~0,mp=0,...., =
FO . Omvz-o--y ] OGml,mzms (r)a™alal®, 9)
=0,mp=0,...., n=
and
U= S Vim,m(aalal (10)
~0,mp=0,mg=

The eigen values of the unperturbed equation can be written as A(zr,) and
— 1 (7y) o, (r,) where | =1. For the above restrictions, it guarantees that u, and u,
must be excluded all terms with aj2aj2t of f© and f® where m, —m,,, =+1.
Since as a linear approximation (ie.e—>0) aj2aj?* becomes e“' when
my —My,, =1 or e" when m, —m,,, =-1. It is noticed that e*** are known as the
fundamental terms [4, 7, 12]. Usually these are included in equations A; and B;.
Moreover, it is restricted (by Krylov and Bogoliubov (1947) that the functions A; and
B, are independent of the fundamental terms. Now to determine the equations for A
and B,, we followed the assumption of Bojadziev (1983) that u, and u, do not contain
aterm te™* (as limit 4, — 0) and obtained the following equations:

(1@~ AN A + (-0 -k-De 57 4a,

11
= P @2 My = Y
(1@ - A8, 2 (S -k -k-De, 2, )2 2 o
= m:o,m:§:2.+1:06”*1'm2"mmaf}la?'z' at, my =m,,.
Then the equations for u,, u,, A, and B, j=12,...n are obtained as
i[l(Q — U, = m:o’:z’lzi:mm Py gy (FAIR QT my —m,, %041, (13)
(1@ =28 + (S -k -k -1, 25 5)2% 2, ”
= mf Fm2|m2|+la£2'a2i'fl, My =My, =1,

mp|=0,mp|11=0
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n 1 n-
(@200 45 (S =)0 -k =D, )2 800

k=1,k=21+1 (15)
= ol 0§| OFm2|m2|+1.0a22|a23|1+11 My =My, = -1
21=Y.mM2]4+1=
and
n 00,00,00
}—Il(Q _;]'j)uz = my0m ZO n Gml,m2|,m2|+1 (T)almlag;ﬂagﬁllﬂ’ m2I - m2|+l # O1il1 (16)
= =0,mp(=0,.... 2141
n 1 n=2 20-k-2y 41
(kflflz(lfl2 —4))By + E(Eo(n —K)(n-k -1, A )y ay
Lkeal- : (17
= n 0% OGm2|,m2|_lag;2I ag;ill.H’ m2| - m2|+l = 1’
21=U.m2[+1=

and

n 1 n-2 e ,
(k l{lz(lff — 4By + E(kZO(ﬂ —K)(n =k =Dc, 25 ) 254801
Lie2ls - (18)

— m2| A M2 41 _ J—
- Z Gm2|m2|+1a2I a2|-¢-l ' m2| m2|+l =-1
mp|=0,mp|;1=0

To obtain the particular solutions of Egs. (11) - (17), they replace the operator €2 by

3

m;A; , since authors know that Q(a"a;* ay2*) = ilm A (aay? a2 ) . Hence the
=1 1=

j
determination of second order approximate solution of Eq. (1) is completely determined.

But it is noticed that the solution Eq. (3) is not a standard form of the KBM method.
To reduce the standard form of the KBM solution from Eq. (3), authors need to use the
following substitutions

a =a

a, = %be“", (19)

Ay, = i%be“"‘, I=(n-1)/2,
where a, b represent the amplitudes and ¢ represents the phase of the nonlinear physical
differential systems.

EXAMPLE

For the practical importance of the above method, authors consider the following
third order weakly nonlinear differential equation with strong damping and slowly
varying coefficients

X + K, (7)% + K, (£)% + ky ()X = £X° (20)



82 UDDIN etal.

Here n=3, j=1,2,3 f(x,x)=x> and x, =& +a, +a,. So authors have,

f(x,x)=f(a, +a, +a, +eu, L, + 4,8, + L,a, +e(A + A, + A, + Quy))
=f(a +a,+a;,4a +4,a8, + 4,a;)+eu, f (a +a, +a,,
Aay+ 2,8, + A,a;) + (A + A, + A+ Quy) (21)
xf,(a +a,+a; L a +4,8, +4,8;,)+-
= fO O
where
FO=f(a +a,+a, 43 +4,8,+13,)
=a’+3a’a,+3aa’ +al+3a’a,+6aa,a,+3a’a, +3aa’ +3a,a’ +a;, 22)
and
f®=3u,f (a +a, +a,,4a +1,a, +1,a,)
=3u,(a, +a, +a,)°
=3[r,ala’ +(r, +2r))a,a, +(r, +r,)a,a’a’ +(2r, +r,)a’al +2(r, + r,) a,a’ a, (23)
+2ra’ala, +r,a’al +(r, +2r,)a a; +2r,a’a,a’ +2(r, +r,)a,a,a;

+(2r, +r,)a’al +r,a +r,ajal +2r,aya, +r,azal +r,a; +2r,a,a; |,

where
. 3 . 3
D 2t )+ 2= 2) T 2a(h+ Aa) (A — g+ 240) 24)
1 1

" 2,6L, - R, 4 "7 2,6, - A)EE - )

Substituting the values of n, j and f© in Eq. (5) and according to our restrictions,
we obtain four equations for A, A,, A, and u, whose solutions are respectively given by
the following equations

Alz_(ZAl_lz_ig)Allai + a13 + 6a1a2a3
A =2) =) Gh=2)B4~A)  (h+2) (A +7)
A2 - _ (212 _j'l _13)121 a, + 331232 + 3a§a3 , (25)
(A=A = 4)  (A+)QRA+4,—4)  24,)(22, + 25— 4)
__(213_11_12)13,% + 3a12a3 ?’azaa2

A T -2 )t TR 2h @t A=)

and

" - 3a,a; . 3a,3;
D20+ )+ 22 = 2s) 205 (0 + As)(y — Ay +22) (26)
% 3

203y — 1) B 1) | 22537 — 1) — )
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Also substituting Eg. (25) into Egs. (17) - (18) and according to authors’ restrictions,
they obtain three equations for B,, B, and B, whose solutions are respectively given by
the following equations

~ 9 1
(oA +225) (0 + 2, +ﬂe)[2/12(/11 + )2y + 22, = Ag)

N L R ol L ot
225(2y + A5) (A, = A, +245) (A =2,) (4 —-4)

~ A8 _ blaaa, M, ,
BL-2)"Bh-24)" (L+24) (4 +4) (4-24)A -4)

B,

3ajal

% 225 (3%, = 24)(34, = 23)B4, + 45) (85 + 24, — A1)
+ 18a12 a§ a; + (2}”2 — ﬂ'l _ﬂe)%z a
A0y (g + 2)* (M + 20 + )My + 20 = 2) - (A = 40)* (A = 25)°
~ 3Mja’a, ~ 3)ala, ~ AMa,
A+ 2)* @+ 25 = 1) 82520 + = 2)° (A= 4) (A = Ay) @n
5
20430 — A4) (3 — A5) (A +345)(22, + 35 — 4y)
+ 3a12a2a32 +(2ﬂ3_ﬂ1_}”2)%233
225( + 2) (O + A )My + Ay + 205) (g + 225 = D) (A = 2)* (A5 = 4,)°
34872, 343,85 A58

A @A A=) AR+ 22— 2)E (B =) —Ap)

Authors are not interested to determine the correction term u, as it has no such
effect on the solution. But it is too much complicated to solve, laborious and tedious
work. So they can ignore it. Now substituting the values of A, A,,B, and B, from Eq.
(25) and Eq. (27) into Eq. (4), they obtain the following equations

8 = A +o(- BT —RIME | 8 oo OABA
(A=) =) Bh-2)Bh-4) (h+4)(h+4k)
9 1
+&7[

n 7 7 2o 2y ) 22 2 e 27y — )
s 1 (@M=~ 75) ) 2
225 (2 + )y — 2 + 223) o= 25)* (2 = 25)?
A _ 6jaaa A 1

G- A A () () (=) (A~ As)

(28)

laaza; +
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DSPYNAN ¢ Ny N 1L sala, . s,
(h=2)(A, = 4)  (MW+24)20+24,-2) 24,)(24,+ 24— 4)
o sadas
22,82, = 21) (B4, — 43)(34, + 4,) (34, + 24, — 4y) 29)
+ 18a12 a§ a3 + (212 _j'l _13)121232
A (M +20)" M+ 22 + X)) (A + 225, = 25) (B = 20)* (2, — A5)°
3ya’a, 3A,aa, Aa,

Tt @l AR i-RY Ga—A)a =)

For a damped nonlinear system, substituting A, = —-A(z), 4, = -u(r) £ o(r) and
a,=a,a, =%bei<", a, =%be‘i<" into Eq. (26) and Egs. (28) - (29) and then simplifying

them, they obtain the following equations for the amplitudes, phase variables and the
correction terms as the forms

a=-A(r)a+e(la+la®+1,ab%) +£°(l,a+1,a° +l,ab” +1,ab*),
b =—u(r)b+&(myb+ma’b + m,b%) + £ (myb + m,a’b + mb* + m,a’b® + m,b®), (30)
¢ = o(r) +&(n, +na’ +n,b*) +&(n, +n,a’ +nb? + nsa’b? + n,b*),
and
u, = ab?(c, cos 2¢ + d, sin 2¢) + b*(c, cos 3 + d, sin 3p), (31)
where

SV y) S _ 3
T@ewtre) T G-t et T Ak ) e

2(A — A% — (A — p)* + 0*)A" |- A L= 31

(A -p) +0)? UG- +e’) T 2A(A+ p) + )
_ —9(u((A+ p)? —30%) —40* (A + 1))
P16(u” + %) (A + p)’ +0”) (A + 1) +90°)(A+3u)° + o)

I, =

m, = Guo-o' A==y -oW@-u+3w0) A4+~ o)

20((A — p)? + 0?) V22 +02) (A + p)? + 00?)
__ —3(u(A-3u)+0?)
28U’ + o)) (A-3u)’ +0?)

(A= w2 - )" +50") (U ~ ") + 2p'00’ (2 - u)* - 307)
_t20('o+o"(A-w)(A+p)° +o%))

m
: 40 (A - p)? + 0?)?
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(U - 0" ) (A +p)* -~ )= 420" (A + 1)) + 200 (A + p)(2* - °)

m = +A(A+ 1)’ - 0%)))
¢ 422+ 0?2 (A + p)* + 0%)?

3(u' (1 - 0™ (A -3p)" — )+ 4uw’ (A - 3u)) + 200" (u((A - 3u)* - ©?)

_— (-~ 0®)(A-3p)))
16(/42 +w2)2((ﬂ, —3/4)2 +a)2)2

mg

=9(u((A+ p)* = %) = 20" (A + ) (A + u)(A +3p) - 30%)
_— " (44 +10p) (A + u)(A+3u) ~0°))
P8+ ") (A + p) + 0" )(A+3u)" + O ) (A + ) +90%)

=3((2(1 (2 -3u) +30°) (1’ - 0*) —5uw® (A —61))(A —5u)
m o 0 QA -6u)(u” — o)+ 5u(u(A—3u) +307)))
T T 128(u? + 02) (U2 + 40?) (4P + @2) (A —3u)? + 902) (. —5u) +0?)

n = Wl -p)+300)( - p)+o@re-o'(A-w) 30(24 + 1))
0 20((A - 1)? + ©?) 222+ X)) (A + p)? + 0?)
—3w(A—4u)

" 8+ o)) —3u) + )

—(@((A = p)* =30") (1" — ") = 2u'0'(A - @) (A - 1)* +50°)

o = 20 (- ) - 00") (A-p)° + o)
: 4o (A — p)* + 0*)?

32uo((A+m) (2~ ") + A((A+ p)* - %))
_ =o' (A +p)? - 0*) (2~ ) - 4A0® (A + 1)) ,

s 47+ 0?) 2 (h+ ) + )’
32u'o(u((A-3u)’ —0®) - (1> - 0*) (A -3u)) - o'(u* - 0*)(A-3u)* - ?)
_ +4uo’(A-3u)))
® 16(u* + 0?)* (2 - 3p)? + 0?)?

0 = 2 90(((A+ )2 +3p) - 0°)* +(44 +104) (u((A + 1)* —@°) ~200° (A + 1))
° B(u* + ") (A + 1) + @*)(2 +3p)* + ") (A + 1)* +90°)

—3w((2(A - 6u)(u* — ) +5u(u(A —3u) +3w?))(A - 5p)

0o 2’ — ") (A =3u) +30°)+ 5w’ (A — 6u)) (32)
T 128(% + 02) (1 + 40?)(Au? + o) (A - 3u)? +90°)(A - 5u) + @)’
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and
_ 3(-u(A+ p)* + (424 + 7))

4u? + o) (A + w)? + o) (A + p)? +90%)
B 30((A+ u)(A +5u) —30?)
LA + 0 ) (A + )’ + 0’ )(A+ p)’ +90%)
B 12 (A —3u) + 0® (21 +154))
C16(u? + 02) (U’ + 40?) (A - 3u)? + 90?)
_ —3o(u(A —4u) +20?)
C16(u? + 0?)(u? +40?) (A -3u)% +90°)

2

(33)

Cy

3

Thus the second order approximate solution of Eq. (20) is obtained by

X(t,€) = a+bcosg + su, (34)

where a, b and ¢ are the solutions of Eq. (30) and u, is given by Eq. (31).

RESULTS AND DISCUSSION

The authors have solved two simultaneous differential equations for the amplitude(s)
and phase variables, and a partial differential equation for u, involving three independent
variables, amplitude(s) and phase. Also they are able to solve all the equations of A; and
B;, j=12,3 including u, by a unified formula. In particular case, they are forced to
assume that A(z),u(r) are constants and w(zr) = w,e ™ is varying slowly with time t,
where @, is constant. The amplitudes and phase variables change slowly with time t. The
behavior of amplitudes and phase variables characterizes the oscillating processes and
they keep an important role to the non-linear dynamical systems. The amplitudes tend to
zero as t — oo (i.e. when time is very large) in presence of damping. Figures are drawn
to compare between the approximate solutions obtained by the perturbation method and
those obtained by the numerical procedure for several damping.
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Fig. 1. (a) First approximate solution (—e—
dotted lines) of Eqg. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=05, 4=0.15 w0 =10,h=0.25¢=01and f
= x® with the initial conditions [x(0) = 1.50838,
x(0) = -0.38079, %(0) = -0.97857] or ag = 0.5,
bo=1.0 and ¢ = 0.

Fig. 1. (b) First approximate solution (—e—
dotted lines) of Eq. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=0.5,4=0.15, ax=1.0,h =0.25, e=0.1 and f
= x> with the initial conditions [x(0) = 1.50838,
x(0) = -0.37974, %(0) = -0.98498] or a, = 0.5,

bo=1.0 and ¢ = 0.
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Fig. 2. (a) First approximate solution (—e—
dotted lines) of Eq. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=0.5,4=0.15 w0 =10,h=025¢=01and f
= x® with the initial conditions [x(0) = 1.50848,
x(0) =—0.58074, X(0) = —0.84169] or a =

0.5, b =1.0and ¢ =0.

Fig. 2. (b) First approximate solution (—e—
dotted lines) of Eq. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=0.5,4=0.15 ax=1.0,h =0.25, ¢=0.1 and f
= x> with the initial conditions [x(0) = 1.50838,
%(0) = —0.57933, X(0) = —0.84885] or a, =

0.5, b =1.0and ¢ =0.

In Figs. (1)- (2), we observe that the analytical approximate solutions show good
agreement with those obtained by the numerical procedure in presence of strong damping
with slowly varying coefficients and the analytical approximate solutions deviate from
the numerical solution when the damping effect is small (Fig. 3).

15

Fig. 3. (a) First approximate solution (—e—
dotted lines) of Eq. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=05, 4=0.15 w0 =10,h=025¢=01and f
= x* with the initial conditions [x(0) = 1.50578,
x(0) =—0.17768, X(0) = —1.05083] or a =

0.5, bp=1.0and ¢ =0.

Fig. 3. (b) First approximate solution (—e—
dotted lines) of Eq. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=0.5,4=0.15 ax=1.0,h =0.25, e=0.1 and f
= x> with the initial conditions [x(0) = 1.50578,
x(0) =-0.17715, X(0) = —-1.05717 ] or ao =

0.5, b =1.0and ¢ =0.

Moreover, this method is able to give the required result when the coefficients of the
given nonlinear system become constants (h = 0, Fig. 4). The limitation of the presented
method is that it is valid only for weakly nonlinear system with strong damping and
converges rapidly to the numerical solution otherwise it deviates from the numerical
solution. Most of the authors did not discuss this limitation of the unified KBM method.
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Fig. 4. (a) First approximate solution (—e—
dotted lines) of Eqg. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=0.5, 4=0.15 0 =10,h=025¢=01and f
= x* with the initial conditions [x(0) = 1.50838,
%(0) =-0.41556, X(0) = —0.95255] or ap =

0.5, b =1.0and ¢ =0.

Fig. 4. (b) First approximate solution (—e—
dotted lines) of Eq. (20) is compared with the
corresponding numerical solution (-solid line)
obtained by Runge-Kutta fourth-order formula for
A=0.5,4=0.15 ax=1.0,h=0.25, ¢=0.1and f
= x> with the initial conditions [x(0) = 1.50838,
x(0) =-0.41611, X(0) = —0.94904] or a =

0.5, by =1.0and ¢ =0.

According to the theory of nonlinear oscillations, higher order approximate solutions give
the better results. In practice, however, a few terms are sufficient for good agreement to
the numerical solution. In the present study, it is seen that the first order approximate
solutions lead to high accuracy in this case. As a result the graphs for the first and second
order approximate solutions are almost same.

CONCLUSION

Usually, it is so much difficult to formulate the unified KBM method for obtaining
the higher order approximate solutions of a third order nonlinear differential systems. The
authors have presented a general formula for the second order approximate solutions by
the unified KBM method for obtaining the transient’s response of a third order nonlinear
differential systems with slowly varying coefficients in presence of strong damping.

REFERENCES

Alam, M. S. 2003. A Unified Krylov-Bogoliubov-Mitropolskii method for solving nth order
nonlinear systems with slowly varying coefficients. Journal of Sound and Vibration 265 : 987-
1002.

Alam, M. S. and M. A. Sattar. 2004. Asymptotic method for third-order nonlinear systems with
slowly varying coefficients. Journal of Southeast Asian Bulletin of Mathematics 28 : 979-987.

Alam, M. S. 2002. A Unified Krylov-Bogoliubov-Mitropolskii method for solving nth order
nonlinear systems. Journal of Franklin Institute 339 : 239-248.

Alam, M. S. and M. A. Sattar. 1997. A unified Krylov-Bogoliubov-Mitropolskii method for solving
third-order nonlinear systems. Indian journal of Pure and Applied Mathematics 28 : 151-167.

Arya, J. C. and G. N. Bojadziev. 1980. Damped oscillating systems modeled by hyperbolic
differential equations with slowly varying coefficients. Acta Mechanica 35 : 215-221.

Arya, J. C. and G. N. Bojadziev. 1981. Time-dependent oscillating systems with damping, slowly
varying parameters and delay. Acta Mechanica 41 : 109-119.

Bogoliubov, N. N. and Yu. A. Mitropolskii. 1961. Asymptotic method in the theory of nonlinear
oscillations, Gordan and Breach, New York.



A UNIFIED KBM METHOD FOR OBTAINING THE SECOND 89

Bojadziev, G. N. and J. Edwards. 1981. On some asymptotic methods for non-oscillatory and
oscillatory Processes. J. Nonlinear vibration problems 20 : 69-79.

Bojadziev, G. N. 1983. Damped nonlinear oscillations modeled by a 3-dimensional differential
system. Acta Mechanica 48 : 193-201.

Feshchenko, S. F., N. I. Shkil and Nikolenko. 1967. Asymptotic method in the theory of linear
differential equation (Russian), Noaukova Dumka, Kiev 1966 (English translation, Amer,
Elsevier Publishing Co., INC. New Y ork).

Itovich, G. R. and J. L. Moiola. 2005. On period doubling bifurcations of cycles and the harmonic
balance method. Chaos Solutions Fractals 27 : 647-665.

Krylov, N. N. and N. N. Bogoliubov. 1947. Introduction to nonlinear mechanics, Princeton
University Press, New Jersey.

Murty, 1. S. N. 1971. A unified Krylov-Bogoliubov-Mitropolskii method for solving second-order
nonlinear systems. International Journal of Nonlinear Mechanics 6 : 45-53.

Roy, K. C. and M. S. Alam. 2004. Effect of higher approximation of Krylov-Bogoliubov-
Mitropolskii solution and matched asymptotic differential systems with slowly varying
coefficients and damping near to a turning point. Vietnam journal of mechanics, VAST. 26 :
182-192.

(Received revised manuscript on 3 April, 2011)



