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Abstract:

This paper deals with the heat and mass transfer in unsteady flow of Powell-Eyring fluid past an
inclined stretching sheet in the presence of radiation, non-uniform heat source/sink and chemical
reaction with suction/injection effects. The governing equations are reduced into system of ordinary
differential equations using similarity transformation and solved numerically using Runge-Kutta
based shooting technique. Results display the influence of governing parameters on the flow, heat and
mass transfer, friction factor, local Nusselt and Sherwood numbers. Comparisons are made with the
existed studies. Present results have an excellent agreement with the existed studies. Results indicate
that an increase in the chemical reaction parameter depreciates the friction factor, heat transfer rate
and enhances the mass transfer rate. Dual solutions exist only for certain range of suction/injection
parameters.

Keywords: Powell-Eyring fluid, non-uniform heat source/sink, radiation, chemical reaction, suction/injection.

Introduction

The flow of non-Newtonian fluids has attained a greatest importance and increasing interest in the theory of
fluid mechanics. Fluids which do not obey Newton’s law of motion are called Non-Newtonian fluids. Few
examples of non-Newtonian fluids are tooth paste, food products, flow of blood etc. Many investigators studied
electrically conducting non-Newtonian fluids of the two-dimensional magneto hydrodynamic boundary layer
flows. It is assumed that non-Newtonian behaviour described by power-law model. The Powell-Eyring model is
mathematically more complex, and it has advantages of power-law model. Firstly, in the case of power-law
model, it is deduced from Kinematic theory of liquid rather than the empirical relation. Secondly it correctly
reduces to high shear stress and Newtonian behaviour for law.

Crane (1970) investigated an exact analytical solution for the steady two dimensional flows due to a stretching
surface in a quiescent fluid. The effect of variable viscosity and viscous dissipation on the flow of a third grade
fluid in a uniform pipe has been studied by Massoudi and Christie (1995). Nadeem and Ali (2009) and Nadeem
et al. (2010) investigated the pipe flow of non-Newtonian fluid with variable viscosity by considering no slip
and partial slip conditions and found that heat transfer performance of the flow is significant in the presence of
slip effect. Javed et al. (2013) studied the boundary layer flow over a stretching sheet for non-Newtonian fluid,
namely the Eyring-Powell model. A theory based model for evaluating the temperature and volume fraction
effects on nano fluids was presented by Hosseini and Ghader (2010). Ibrahim et al. (2008) studied the unsteady
MHD free convection flow past a semi-infinite vertical plate in the presence of chemical reaction and radiation
absorption. Muthucumaraswamy and Ganesan (2001) investigated the effect of heat transfer on the unsteady
flow past an impulsively started vertical plate with first order chemical reaction. Eldabe et al. (2003) and Zueco
and Beng (2009) discussed the effects of couple stress between two parallel plates using Eyring-Powell model.
Prasad et al. (2013) presented the non-Newtonian Powell-Eyring fluid over a non-isothermal stretching sheet.
Patel and Timol (2009) presented MHD Powell-Eyring fluid flow using the method of asymptotic boundary
conditions. The effect of radiation on the flow of a micropolar fluid over a nonlinearly stretching sheet was
discussed by Babu et al. (2015).

Anderson et al. (1992) investigated the non-Newtonian flow of a power-law fluid past a stretching surface in
steady two dimensional flows. Mohankrishna et al. (2015) presented the radiation and chemical reaction effects
on MHD Convective flow over a permeable stretching surface with suction and heat generation by using the
shooting technique. Sandeep et al. (2016) analyzed the effect of heat and mass transfer in thermophoretic
radiative hydro magnetic nano fluid flow over an exponentially stretching porous sheet. Makinde and Aziz
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(2011) discussed the effect of boundary layer flow of a nano fluid past a stretching sheet. Sandeep et al. (2014)
analyzed aligned magnetic field effect on unsteady convection flow over a moving vertical plate in porous
medium in the presence of radiation. The unsteady two-dimensional flow of a non-Newtonian fluid over a
stretching surface having a prescribed surface temperature is investigated by Mukhopadhyay et al. (2013).

Nadeem et al. (2013) investigated MHD Casson fluid flow in two lateral directions past a porous linear
stretching sheet. Raju et al. (2015) investigated the effects of cross-diffusion and radiation in steady two-
dimensional flow over a vertical stretching surface in the presence of aligned magnetic field. Layek et al. (2007)
analysed the effect of heat and mass transfer analysis for boundary layer stagnation-point flow of stretching
sheet. Hossain and Takhar (1996) worked the effect radiation on mixed convection flow with uniform surface
temperature. The influence of non uniform heat source on unsteady flow of a stretching sheet was studied bt
Tsai et al. (2008). Peristaltic flow of non-Newtonian fluid in a symmetric channel was investigated by Hayat et
al. (2014).

To the authors knowledge no studies have been reported yet on the heat and mass transfer in unsteady flow of
Powell-Eyring fluid past an inclined stretching sheet in the presence of radiation, non-uniform heat source/sink
and chemical reaction with suction/injection effects. In this study, we analyzed the heat and mass transfer in
unsteady flow of Powell-Eyring fluid past an inclined stretching sheet in the presence of radiation, non-uniform
heat source/sink and chemical reaction with suction/injection effects numerically.

2. Mathematical Formulation

Consider an incompressible, two-dimensional unsteady flow of Power-Eyring fluid past an inclined stretching
sheet. The sheet makes an angle o with the vertical direction as shown in Fig. 1. The x-axis is taken along the
sheet and y axis is normal to it. In addition, we considered the effects of thermal radiation, chemical reaction
and non-uniform heat source/sink.
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Fig. 1: Physical Model and Coordinate system

The Cauchy stress tensor in Power-Eyring fluid is given by

oy, 1 . 1oy
T = H—+—=sinh™| =—X |,
oxX; p 7 OX;
where p is the viscosity coefficient, § and y are the material fluid parameters. The boundary layer equations

comprising the balance laws of mass, linear momentum and energy can be written as Hayat al. (2015)
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where t is the time, = ( Y7 p) is the kinematic viscosity, k is the thermal conductivity of the fluid, p is the

fluid density, T is the fluid temperature, C is the fluid concentration, Cp is the specific heat, §, is the

acceleration due to gravity, 2, and f is the volumetric coefficient of thermal and mass exponential, D, is
the is the molecular diffusivity of the species concentration, k, is the chemical reaction parameter,

*. 3 *
q, = %ﬂ is the linearized radiative heat flux, ¢ is the inclined angle, K is the mean absorption
" k™ oy
coefficient, & is the Stefan-Boltzmann constant, q" is the non-uniform heat source (" >0) or sink (" <0)

per unit volume. The non-uniform heat source/sink, q" is modeled by the following expression
ku, (X, 1) - -
me AT, -T ) F+B(T-T,) |, ®)
. Xv ': ( s *© ) ( * )]

in which A" and B are the coefficients of space and temperature dependent heat source/sink, respectively.
Here two cases arise. For internal heat generation A* -~ 0 and B™ > 0 and for internal heat absorption, we
have A <0 and B” <O.

The surface velocity is denoted byus(x,t):( bx ) whereas the surface temperature
1-at

2
T, (X,t)=T,+T, %(1_ at )73/2 and surface concentrationc_(x,t)=C, +C,_, b2_X2(1_ at) ¥?. Here
1)

b (stretching rate) and a are positive constants having dimension time. Also T,

ref !

C are constant reference

ref

temperature and concentration respectively.

The boundary conditions are taken as follows:
u=u,(xt),v=v,T=T(xt),C=C,(xt)at y=0,
u—>0T->T,C—>C_  as y—>ox,

(6)

By introducing the similarity transformations

bx . _ vb _ T-T,
ey AR O e MOt -
b C_Coc _ kO
7 z\’u(l—at)y’¢= C,-C, = @—at)’

Equation (1) is identically satisfied and equations (2)-(6) become

(1+T) f"—(f ')2 + ff—rpf"f "'—g(f ‘+%77f “)+Gr6’003a+Gc¢cosa =0, 8
(1+%Rj¢9"+ Pr(fé"—Zf '9—%8(30+779')j+A*f '+B'0 =0, ©)
1.1 : e

s _55(3¢+n¢)_2¢f +fg'—Krg=0, (10)

Boundary conditions are

f=S5,1'=1,0=1¢=1 at =0, 11)
f'—>0,6—>0,¢—>0as n— o,

where prime denotes differentiation with respect ton, f is the dimensionless stream function, 0 is the

dimensionless temperature, ¢ is the dimensionless concentration and the dimensionless numbers are
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where T"and /£ are the dimensionless material fluid parameters, R is the radiation parameter, Gr is the thermal
Grashof number, Gc is the mass Grashof number, ¢ is the unsteadiness parameter, Pr is the Prandtl number and
Sc is the Schmidt number, Kr is the chemical reaction parameter and S is the suction/injection parameter,
where S >0 for suctionand S < O for injection.

For engineering interest the coefficient of skin friction, local Nusselt and Sherwood numbers are defined as

C, Re¥2 = f "(0), (13)
Nu, Re;? = —[1+ % Rj@'(O), (14)
Sh, Re;"? = —¢'(0), (15)
where Re, _ UsX jsthe local Reynolds number.

Vv

3. Results and Discussion

Egs. (8) - (10) with the boundary conditions (11) have been solved numerically using Runge-Kutta based
shooting technique. The results obtained shows the influence of the non-dimensional governing parameters,
namely radiation parameter R , Material fluid parameter I, unsteadiness parameter ¢, Inclined angle a,
Chemical reaction parameter Kr, Schmidt number Sc, Mass Grashof number Gc and non-uniform heat
source/sink parameters A* and B* on velocity, temperature, concentration, friction factor, Nusselt and Sherwood
numbers. For numerical results we considered - B—Kr=0.2=Gc=R=05a=x/4

Pr =Gr =1, 7 = 3, A*=B*=0.1, Sc=06. These values are kept as common in entire study except the varied
values as displayed in the respective figures and tables.

Figs. 2 and 3 depict the influence of radiation parameter on velocity and temperature profiles of the flow. It is
evident from the figures that an increase in the radiation parameter enhances the velocity and temperature
profiles of the flow. It is also observed that enhancements in the velocity and temperature fields are significantly
high in injection case. Generally, an increase in the radiation releases the heat energy to the flow field. This
causes to enhance the velocity and thermal boundary layers. In view of this we can conclude that influence of
radiation is more significant as R —» 0 (R s 0) and it can be neglected asrR —» o . This agrees the general

physical behavior of the radiation parameter.

Figs. 4 and 5 illustrate the influence of inclined angle on the velocity and temperature profiles for suction and
injection cases. It is observed from the figures that raise the values of inclined angle depreciates the velocity
filed and enhances the temperature filed. This is due to the fact that at « = O the sheet is in vertical direction
and maximum gravitational force acts on the flow. As a — 7 / 2 the sheet takes horizontal direction, the
strength of buoyancy forces decreases and hence reduces the velocity boundary layer and enhances the thermal
boundary layer. Figs. 6 and 7 depict the effect of material fluid parameter on velocity and temperature profiles
of the flow for both suction and injection cases. It is clear from the figures that the increase in the value of T
enhances the velocity boundary layer and depreciates the thermal boundary layer thickness. It is also noticed
that the enhancement in the velocity filed is more on injection case compared with suction case.

Dual solutions for unsteady flow of Powell-Eyring fluid past an inclined stretching sheet 92



P. M. Krishna, N. Sandeep, J. V. R. Reddy and V. Sugunamma / Journal of Naval Architecture and Marine Engineering 13(2016) 89-99

R=1,35

Blue - Suction
Red - Injection

04f \
\
\
031 \
021
01r
0 L L
0 1 2

Fig. 2: Velocity field for different values of radiation

parameter R

0.2f

0.1p

0=0,w4,13

Blue - Suction
Red - Injection

Fig. 4: Velocity field for different values of inclined Fig. 5: Temperature field

angle a

R=135

027

01r

Blue - Suction
Red - Injection

0 1 2 3 4 6 7
n
Fig. 3: Temperature field for different values of
radiation parameter R
1
Blue - Suction
097 Red - Injection |
08f 1
07r 1
061 1
o5t | ]
\
W\
04f N a=0,74,13 1
0wl \ i
02f 1
0.1f 1
0 1
0 1 7
n
for different values of

inclined angle o

Figs. 8 and 9 represent the influence of unsteadiness parameter on the velocity and temperature profiles of the
flow for both suction and injection cases. We noticed an interesting result that the enhancement in the value of
unsteadiness parameter depreciates the velocity profiles of the flow in injection case and increases the velocity
of the flow in suction case. It is also observed the decrease in temperature profiles in both cases by increase in
the value of unsteadiness parameter. This is due to the fact that increase in unsteadiness parameter reduces the
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velocity boundary layer in injection case but in suction case it works in opposite manner. At the same time
unsteadiness parameter causes to reduce the thermal boundary layer thickness and enhances the heat transfer

rate.
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Figs. 10-13 illustrate the effect of non-uniform heat source/sink parameters on the velocity and temperature
profiles of the flow. It is evident from the figures that an increase in the values of A" and B™enhances the
velocity and temperature profiles of the flow. This may happen due to the fact that the positive values of
A" and B acts like heat generators. Generating the heat means releases the heat energy to the flow. This help

Dual solutions for unsteady flow of Powell-Eyring fluid past an inclined stretching sheet

94



P. M. Krishna, N. Sandeep, J. V. R. Reddy and V. Sugunamma / Journal of Naval Architecture and Marine Engineering 13(2016) 89-99

to enhance the velocity and thermal boundary layer thickness. It is also observed that the velocity and
temperature profiles shown better enhancement in injection case compared with suction case.

1

097

08 L Y

07t
06f
o5t
04}
03}
02}

017

A=0204,06

Blue - Suction
Red - Injection

Fig. 10: Velocity field for different values of non-

uniform heat source/sink parameter A"

021

01

B'20.204,06

Blue - Suction
Red - Injection

Fig. 12: Velocity field for different values of non-

uniform heat source/sink parameter B”

1

07

0.6

04

03

0.2

0.1

09/

08F |

Blue - Suction

Red - Injection
I\ 7

\!
\ |
A=02,0406
NN\
AN ]
NN
N |
L L L - =

1 2 3 4 7

Fig. 11: Temperature field for different values of non-
uniform heat source/sink parameter A"

1 T
Blue - Suction
09f Red - Injection
B=020.406
01F N 1
0 | | | | ———
0 1 2 3 5 6 7
ll

Fig. 13: Temperature field for different values of non-
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Figs. 14-16 display the influence of chemical reaction parameter, Schmidt number and mass Grashof number on
concentration profiles of the flow. It is observed from the figures that an increase in the values of chemical
reaction parameter, Schmidt number and mass Grashof number depreciates the concentration profiles of the
flow and enhances the mass transfer rate. This is due to the fact that the increase in chemical reaction parameter,
Schmidt number and mass Grashof number reduces the concentration boundary layer thickness.
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Fig. 16: Concentration field for different values of mass Grashof number Gc

Table 1 depicts the comparison of the present results with the existed results of Tsai et al. (2008), Hayat et al.
(2015). Under some special conditions present results have an excellent agreement with the existed results. This
shows the validity of the present results along with the accuracy of the numerical technique we used in this
study. Table 2 displays the influence of non-dimensional governing parameters on friction factor, Nusselt and
Sherwood numbers. It is evident from the table that an increase in the radiation parameter enhances the friction
factor, mass transfer rate and reduces the heat transfer rate. A raise in the value of unsteadiness parameter
showed opposite results to the radiation parameter. The enhancement in the value of material fluid parameter
increases the friction factor, heat and mass transfer rate. But increase in inclined angle shows reverse results to
the material parameter. An increase in chemical reaction parameter depreciates the skin friction coefficient and
Nusselt number and enhances the Sherwood number. A raise in the values of non-uniform heat source/sink
parameters depreciates the heat and mass transfer rate and enhances the friction factor.
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Table 1: Comparison of the present with the existed studies of Tsai et.al (2008) and Hayat al. (2015) for wall
temperature gradientwhen a=f=I'=¢=06r=6Gc=S=R=0

* *

Pr A B Tsai et.al (2008) Hayat al. (2015) Present study
1 -1 0 -1.710937 -1.71094 -1.7109372
-2 -1 -2.36788 -2.3678798
2 -1 0 -2.485997 -2.25987 -2.2598771
-2 -1 -2.48600 -2.4860000

Table 2: Variation in f "(0),—-6'(0) and —¢'(0)

at different non-dimensional parameters

S R & T & Kr  A"/B f*(0) -0'(0) —¢'(0)
1 1 -0.611964 0.825574 1.254709
3 -0.563830 0.550547 1.266303

5 -0.540636 0.439350 1.271903
11 -0.368571 0.682532 1.022146
3 -0.346913 0.491671 1.027719

5 -0.336007 0.404676 1.030554

1 1 -0.631188 0.999770 1.212916
3 -0.636013 1.008084 1.132503

5 -0.643304 1.008735 1.095664

-1 1 -0.433298 0.815952 1.010578
3 -0.534345 0.887745 1.002026

5 -0.574345 0.919080 1.001011

1 0 -0.665999 0.977881 1.244200
1 -0.549080 1.006002 1.264042

2 -0.483320 1.022728 1.276059

-1 0 -0.382825 0.776950 1.018290
1 -0.360320 0.785661 1.024225

2 -0.339795 0.792168 1.028788

1 0 -0.487717 1.007818 1.266435
ml4 -0.635062 0.985020 1.249223

713 -0.743444 0.966682 1.235789

-1 0 -0.248542 0.798351 1.034814
mld -0.378544 0.778914 1.019606

713 -0.473163 0.763538 1.007866

1 1 -0.649569 0.985466 1.429083
3 -0.662573 0.982180 1.798841

5 -0.670821 0.980316 2.102173

-1 1 -0.387774 0.778540 1.189780
3 -0.398065 0.775834 1.545607

5 -0.404897 0.774235 1.841451

1 0.2 -0.628843 0.948003 1.250751
0.4 -0.615966 0.872625 1.253896

0.6 -0.602492 0.795400 1.257162

-1 0.2 -0.374346 0.744978 1.020743
0.4 -0.365781 0.676362 1.023045

0.6 -0.357002 0.606762 1.025384
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4. Conclusion

This paper presents a numerical solution for heat and mass transfer in unsteady flow of Powell-Eyring fluid past
an inclined stretching sheet in presence of radiation, non-uniform heat source/sink and chemical reaction with
suction/injection effects. Results display the influence of governing parameters on the flow, heat and mass
transfer, friction factor, local Nusselt and Sherwood numbers. The conclusions of the present study are made as

follows:

. Raise in the values of material fluid parameter enhances the heat and mass transfer rate.

. An increase in unsteadiness parameter depreciates the friction factor, Sherwood number and enhances
the Nusselt number.

. Positive values of non-uniform heat source/sink parameters acts like heat generators and negative
values acts like heat observers.

. Dual solutions exist only for certain range of suction/injection parameter.

. Enhancement in chemical reaction parameter depreciates the concentration profiles and increases the
mass transfer rate.

. Raise in the values of non-uniform heat source/sink parameters enhances the velocity and thermal

boundary layers.
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