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Abstract: 
Through this paper we investigated the heat and mass transfer effects of chemically reacting radiative Casson 

fluid flow over a slendering/flat stretching sheet in a slip flow regime with aligned magnetic field. This study is 

carried out under the influence of non-uniform heat source/sink. First we converted the governing equations of the 

flow into ordinary differential equations by making use of suitable similarity transformations. The resultant non-

linear differential equations are solved numerically using Runge-Kutta based shooting technique. Further, 

graphical representations have been given to study the effects of various physical parameters on velocity, 

temperature and concentration fields. Also numerical computation has been carried out to investigate the 

influence of various physical parameters involved on skin friction, heat and mass transfer coefficients. Through 

this investigation, it is observed that aligned angle, Casson parameter and velocity slip parameter have tendency 

to control the velocity field. Also heat transfer rate in the flow over a flat stretching sheet is higher than that of 

slendering stretching sheet. A good agreement of the present results with the existed literature has been observed.  

  

Keywords: Aligned magnetic field, casson fluid, slendering stretching sheet, slip flow, non-uniform heat source/sink, 

radiation.

NOMENCLATURE 

A  Coefficient related to stretching sheet 
*A  Non-uniform heat source/sink parameter 

1 2,a a  Constant parameters 

*B  Non-uniform heat source/sink parameter 

0B  Strength of the magnetic field 

b  Physical parameter related to stretching 

sheet 

C  Concentration of the fluid 

fC  Skin-friction coefficient 

pC  Specific heat at constant pressure 

C  Concentration far away from the sheet 

( )wC x  Concentration near the sheet 

mD  Mass diffusivity 

1f  Maxwell’s reflection coefficient 

*

1h  Dimensional velocity slip parameter 

*

2h  Dimensional temperature jump parameter 

*

3h  Dimensional concentration jump 

parameter 

1h  Dimensionless velocity slip parameter 

2h  Dimensionless temperature jump 

parameter 

3h  Dimensionless concentration jump 

parameter 

Kr  Dimensionless chemical reaction 

parameter 

k  Thermal conductivity of the fluid 

lk  Dimensional chemical reaction parameter 

M  Magnetic field parameter 

xNu  Nusselt number 

n  Velocity power index parameter 

Pr  Prandtl number 

Rex  Local Reynolds number 

Sc  Schmidt number 

xSh  Sherwood number 

T  Temperature of the fluid 

( )wT x  Temperature near the sheet 

T  Temperature far away from the sheet 

,u v  Velocity components in ,x y   directions 

respectively 

 

Greek symbols 

  Aligned angle 

  Casson parameter 

,   Similarity variables 

  Wall thickness parameter  
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1. Introduction 

Apart from water and air, most of the fluids we come across in our day to day life belong to the category of non-

Newtonian fluids, which have most stability when compared with Newtonian one. So, at present most of the 

researchers in fluid mechanics are concentrating their research in the area of non-Newtonian fluid flows. Casson 

fluid is also one of the non-Newtonian fluids, which has many scientific and industrial applications. Examples 

of Casson fluid include paste, honey, human blood and jelly etc. The main important characteristic of Casson 

fluid is it exhibits the yield stress. The flow analysis over a stretching surface has many applications in 

engineering processes such as polymer processing, extrusion of rubber and plastic sheets. Viscous dissipation 

effect can alter the temperature by playing vital role as energy source. So this helps to enhance the heat transfer 

rate in non-Newtonian fluids.Heat and mass transfer on the free convection flow of non-Newtonian fluid past a 

vertical surface was discussed by Ibrahim et al. (2010). Heat transfer effects on the boundary layer flow of a 

non-Newtonian fluid over a stretching surface was studied by Bujurke et al. (1990). Khalid et al. (2015) 

analyzed the flow of Casson fluid over a vertical oscillating plate in porous medium with transverse magnetic 

field and found that velocity increases with an increase in phase angle but decreases with an increase in 

magnetic field. Raju et al. (2015) discussed the heat and mass transfer in MHD Casson fluid flow over an 

exponentially stretching surface. Through this study they found that heat transfer rate in Casson fluid (non-

Newtonian fluid) is significantly higher than that of Newtonian fluid. The two dimensional MHD stagnation 

point flow of a Jeffery fluid past a heated exponentially stretching surface with convective boundary conditions 

was discussed by Hayat et al. (2015). The effects of Deborah and Biot numbers on Maxwell nano fluid induced 

by exponentially stretching sheet was studied by Mustafa et al. (2015). Khan et al. (2015) investigated the three 

dimensional nano fluid flows past a nonlinear stretching surface. Sandeep et al. (2015) discussed the heat 

transfer characteristics of an unsteady MHD dusty nano fluid flow past an exponentially stretching surface. 

Tripathy et al. (2015) investigated the effect of magnetic field on the flow over a moving vertical surface using 

convective boundary conditions.  

 

The effect of magnetic field on Casson fluid flow over a stretching sheet with  Soret and Dufour effects was 

analyzed by Hayat et al. (2012). Raju et al. (2015) discussed the impacts of aligned magnetic field and heat 

source/sink on ferrofluids over a flat plate. Sandeep and Sugunamma (2014) studied the combined effects 

inclined magnetic field and radiation on MHD flow past a vertical plate in porous medium and proved that 

inclined magnetic field slows down the motion of the fluid in both ramped and isothermal cases. The free 

convection flow in vertical concentric annuli under the influence of induced magnetic field was reported by 

Singh and Singh (2012). Dessie and Kishan (2014) discussed the impacts of variable viscosity and heat 

generation or absorption on MHD boundary layer flow towards a stretching surface. Paramanik (2014) 

discussed the effect of radiation on MHD Casson fluid flow past an exponentially stretching surface and 

concluded that an increase in radiation parameter causes an enhancement in the temperature of the fluid. The 

influence of magnetic field and radiation on unsteady flow of a rotating fluid over a stretching sheet embedded 

in a porous medium was investigated by Rashad (2014). Pal (2011) analyzed the effects of thermal radiation and 

non-uniform heat source/sink on a permeable stretching sheet. This study shows that an increase in heat 

absorption parameter have propensity to depreciate the temperature profiles.The effect of non-uniform 

source/sink on unsteady Powell-Eyring fluid flow past an inclined stretching surface was studied by Hayat et al. 

(2014). The influence of chemical reaction and heat source or sink on MHD stagnation point flow of a nano 

fluid was numerically presented by Anwar et al. (2013). Hussain et al. (2015) discussed the influence of viscous 

dissipation on MHD Casson nano fluid flow with convective boundary conditions. With the help of this study 

they found that an increase in viscous dissipation leads to an enhancement in the fluid temperature. The heat 

transfer analysis on the flow over an exponentially stretching surface was carried out by Mandal and 

Mukhopadhyay (2013). Mixed convection flow of non-Newtonian fluid over a rotating cone was discussed by 

Nadeem and Saleem (2014). Recently, the effect of radiation and porosity parameter on MHD three dimensional 

Casson fluid flow over a linearly stretching sheet was studied by Mahanta and Shaw (2015). Heat and mass 

transfer on an unsteady boundary layer flow over a stretching vertical slendering cylinder was reported by Patil 

et al. (2015). Recently, Anjali Devi and Prakash (2015) numerically discussed the MHD flow over a slendering 

stretching surface in a slip flow regime. In this study it is noticed that an increase in the power-law index 

enhances both velocity as well as temperature of the fluid.  Very recently, Ali and Sandeep (2017), Mohan 

Krishna et al. 92016) and Sandeep (2017) analysed the heat transfer nature of MHD flows. 

 

Still, no attempt has been made by the past researchers to investigate the heat and mass transfer in chemically 

reacting radiative Casson fluid flow over a slendering/flat stretching sheet in a slip flow regime with aligned 

magnetic field. In this study, we make an attempt to analyze these effects on Casson fluid with the help of above 

cited articles. Further, graphical representation has been given to study the effects of various physical 
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parameters on velocity, temperature and concentration fields. Also numerical computations have been carried 

out to investigate the influence of various physical parameters involved in the flow on skin friction, rate of heat 

and mass transfer coefficients.  
 

 

2. Formulation of the Problem: 

Consider a steady, laminar, hydro magnetic two dimensional, dissipative, electrically conducting and 

incompressible non-Newtonian fluid flow over a slendering/flat stretching sheet in a slip flow regime. The 

motion of the sheet is taken along the x  axis and y  axis is perpendicular to the sheet. The magnetic 

Reynolds number is assumed to be very small such that the induced magnetic field is negligible. It is assumed 

that the sheet is moving with the velocity  0( )
n

wU x U x b   and the sheet is not allowing the fluid to pass 

through it with 0wv  . In this study 1n   corresponds to the flow over a flat sheet and 1n   represents the 

flow over a slendering sheet. An aligned magnetic field ( )B x  is applied to the flow along  x  direction as 

displayed in Fig.1. Thermal radiation, non-uniform heat source/sink and chemical reaction effects are taken into 

account.  

 

 

 

Fig.1: Physical model and coordinate system 

The rheological equation of state for the Cauchy stress tensor of Casson fluid can be written as (see Paramanik 

(2014) and Raju (2015))  

 

 

2 / 2 ,

2 / 2 ,

B y ij c

ij
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p e

   


   

  


 
 



 

Where 
ij ije e    and 

ije  is the ( , )thi j  component of the deformation rate with itself, c   is the critical value of 

this product based on the non-Newtonian model, B   is the plastic dynamic viscosity of the non –Newtonian 

fluid and 
yp   is yield stress of the fluid. 

 

The continuity, momentum, energy and diffusion equations which describe the flow can be written as (See 

Anjali Devi and Prakash  2015) 
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The appropriate boundary conditions of the flow are given by, 
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where   is the fluid density, ,u v  are velocity components along ,x y - directions respectively,   is the 

dynamic viscosity, 2 /B c yp    is the Casson parameter,   is the electrical conductivity,  is the aligned 

magnetic field angle, 
pC   is the specific heat capacitance, ,T C   are temperature and concentration of the fluid 

near the sheet respectively, ,T C    are temperature and concentration of the fluid in free stream,  k is the 

thermal conductivity of the fluid and lk   is the dimensional chemical reaction parameter. 

The special form for magnetic field ( )B x , temperature ( )wT x  and concentration ( )wC x  can be taken as  

     
1 1 1

2 2 2
0 0 0( ) , ( ) , ( ) ,

n n n

w wB x B x b T x T T x b C x C C x b
  

             (7) 

The radiative heat flux obeys the Roseland approximation 
44

3

e

r
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q
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 where 

e and 
R are the Stefan-

Boltzmann constant and the coefficient of mean absorption, respectively. Fluid phase temperature differences 

are small enough that 4T  can be expanded in the Taylor series about temperature T  with higher order terms 

are neglected, then we get 4 3 44 3T T T T   .  

The space and temperature dependent heat generation/absorption (non-uniform heat source/sink) '''q is defined 

as (See Pal (2011) 

 * *( )
''' ( ) ' ( ) ,

( )

w
w

kU x
q A T T f B T T

x b 
 

 
    

 
       (8) 

where   is the kinematic viscosity of the fluid, 
*A and 

*B are parameters of the space and temperature 

dependent internal heat generation/absorption. The positive and negative values of 
*A and 

*B represents heat 

generation and absorption parameters respectively 

The appropriate stream function ( )  and similarity transformations are 
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The velocity components ,u v  in ,x y  directions are defined in terms of stream function as follows 

/ , /u y v x       .      

Using Eqn. (9), we get 
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Now, substitution of Eqn. (10) automatically satisfies the continuity Eqn. (1). Further using Eqs. (8)-(10) in Eqs. 
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The corresponding boundary conditions will be transformed as 
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  are magnetic field parameter, Prandtl 

number, Eckert number, radiation parameter, Schmidt number and chemical reaction parameter respectively. 

Eqs.(11)-(13) along with the boundary conditions in Eqn. (14) are non-linear differential equations with the 

domain  ,  . In order to facilitate the computations in the domain into  0, , we define a new function F  as 

( ) ( ) ( )F F f      . 

Therefore the Eqs. (11)-(14) become,  
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with the corresponding boundary conditions 
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The physical quantities in view of engineering applications are Skin-friction coefficient (
fC ), Nusselt number   

( xNu ) and Sherwood number ( xSh ), which are calculated as given below. 

The Skin-friction coefficient (
fC ) is defined as  
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Nusselt number is given by 
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Finally, the Sherwood number is defined as 
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where 
( ) ( )

Re w

x

x b U x




  is the local Reynolds number. 

3. Results and Discussion 

In order to explore the effects of various physical parameters on the flow, heat and mass transfer, the system of 

nonlinear ordinary differential Eqs. (15)- (17) along with the boundary conditions Eqn. (18) are solved 

numerically by making use of Runge-Kutta based shooting technique. Further, the effects of various physical 

parameters namely, aligned magnetic field angle ( ), Casson parameter (  ), radiation parameter ( R ), Eckert 

number ( Ec ), heat source /sink parameters (
* *,A B ), chemical reaction parameter ( Kr ),velocity slip parameter 

( 1h ), temperature jump parameter ( 2h ) and concentration parameter ( 3h ) have been discussed through graphs. 

Also tabular forms are given to study the effects of these parameters on friction factor (
fC ), local Nusselt ( xNu

) and Sherwood ( xSh ) numbers. 

 

For numerical results we considered 2,   3,M   / 3,   2,R   Pr 4,  
* * 0.1,A B   0.5,Kr    

1Sc  , 1 2 3 0.5h h h   .These values have been kept in common throughout our analysis except the varied 

values are shown in respective figures and tables. All the results have been discussed for both flat stretching 

sheet ( 1n  ) and slendering stretching sheet ( 0.5n  ) cases. 
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Fig. 2: Effect of aligned angle ( ) on velocity profiles 

 

Fig. 3: Effect of aligned angle ( ) on temperature 

profiles 

 
Figs. 2-4 depict the effect of aligned angle ( ) on velocity, temperature and concentration profiles. It can be 

observed from Fig. 1 that an increase in aligned angle depreciates the velocity profiles.This may happen due to 

the fact that an increase in aligned angle of the magnetic field strengthens the applied magnetic field, which 

produces a resistive type of force in the flow called Lorentz force. This force works in the opposite direction of 

the fluid motion and restricts the fluid velocity. From Figs. 3 and 4 one can conclude that an increase in aligned 

angle leads to an enhancement in both temperature as well as concentration profiles. As the Lorentz force works 

as agent to generate the heat in the flow, an increase in aligned angle improves the thickness of thermal and 

concentration boundary layers. 

  
Fig. 4: Effect of aligned angle ( ) on concentration 

profiles 
Fig. 5: Effect of Casson parameter (  ) on velocity 

profiles 
 

Figs. 5-7 reveal the effect of Casson parameter (  ) on the flow. It is found that an increase in Casson parameter 

suppresses the fluid velocity. This may happen due to the decreasing nature of momentum boundary layer 

thickness with increasing values of Casson parameter. Physically, the stress at the yield point will decrese with 

an increase in Casson parameter. But reverse action takes place in case of temperature and concentration 

distribution as shown in Figs. 6 and 7 respectively. This is because of increase in Casson parameter helps to 

enhance the thermal as well as concentration boundary layer thicknesses. 

 

Fig. 8 portrays the temperature distribution for different values of radiation parameter ( R ). It is evident that an 

increase in radiation parameter enhances the fluid temperature. Generally, an increase in radiation generates the 

heat energy in the flow and this leads to an increase in the temperature of the fluid.  Fig. 9 exhibits the 

temperature profiles for distinct values of Eckert number ( Ec ). It is clear that an increase in the Eckert number 

enhances the temperature profiles. This may happen due to the fact that increase in dissipation develops friction 

in the flow. As a result heat will be generated in the flow. So we observe thicker thermal boundry layer with 

increasing values of Ec . 
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Fig. 6: Effect of Casson parameter (  ) on temperature 

profiles 
Fig. 7: Effect of Casson parameter (  ) on 

concentration profiles 

  
Fig. 8: Effect of radiation ( R ) on temperature profiles Fig. 9: Effect of Eckert number ( Ec ) on temperature 

profiles 

  
Fig. 10: Effect of non-uniform heat source/sink 

parameter ( *A ) on temperature profiles 
Fig. 11: Effect of non-uniform heat source/sink 

parameter ( *B ) on temperature profiles 
 

Figs. 10 and 11 reveal the effect of non-uniform heat source/sink parameters ( *A , *B ) on temperature field. We 

can say that increase in non-uniform heat source/sink parameters *A  and *B  leads to a raise in the temperature 

of the fluid. Generally, the positive values of *A  and *B  generate  the heat and this leads to an enhancement in 

the thermal boundary layer thickness and negative values of *A  and *B  absorb the heat, which causes for 

decrease in the thermal boundary layer thickness. 
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Fig. 12: Effect of chemical reaction parameter ( Kr ) 

on concentration profiles 
Fig. 13: Effect of velocity slip parameter (

1h ) on 

velocity profiles 

  
Fig. 14: Effect of velocity slip parameter (

1h ) on 

temperature profiles 
Fig. 15: Effect of velocity slip parameter (

1h ) on 

concentration profiles 
 

Fig. 12 depicts the influence of chemical reaction parameter ( Kr ) on concentration profiles. It is easy to 

examine that increasing values of chemical reaction parameter depreciates the concentration field. This is due to 

the increase in the rate of interfacial mass transfer. Figs. 13-15 display the impact of dimensionless slip velocity 

parameter ( 1h ) on the flow. Fig. 13, it is found that an increase in the values of velocity slip parameter reduces 

the velocity profiles. Because not all the pulling force of the stretching sheet can be transformed to the fluid, but 

it gets increased away from the sheet. Hence slip velocity exerts a progressively diminishing effect leading to 

the reversed effect.  

 

Figs. 14 and 15 respectively highlight the effect of velocity slip parameter on temperature and concentration 

profiles respectively. An increase in velocity slip parameter helps for heat generation in the flow. So the velocity 

slip parameter has the tendency to increase the thicknesses of the thermal and concentration boundary layers. 

Therefore we observe a hike in both temperature and concentration profiles. 

 

Fig. 16 reveals the effect of temperature jump parameter ( 2h ) on temperature profiles. It is found that an 

increase in the temperature jump parameter decreases the temperature profiles. This is due to the fact that an 

increase in the temperature jump parameter enhances the thermal accommodation coefficient and this leads to 

depreciation in the thermal diffusion towards the flow. The effect of concentration parameter ( 3h ) on 

concentration distribution was elucidated in Fig. 17. It is evident that an increase in concentration jump 

parameter reduces the concentration profiles. 

 

Table 1 shows the comparison of the present results with the existed results of Khader and Megahed (2013). We 

found an excellent agreement with the existed results under some special conditions. This shows the validity of 

the present work and the numerical technique we used in this study. 
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Fig. 16: Effect of temperature jump parameter (

2h ) on 

temperature profiles 

 

Fig. 17: Effect of concentration jump parameter ( 3h ) 

on concentration profiles 

 

Table 1: Comparison of the values of ''(0)F  when * *

2 3 0, 0.5R M h h A B Ec Sc n           

  1h  Khader and Megahed 

(2013) 
''(0)F  

Present study 
''(0)F  

0.2 0 -0.924828 -0.924821 

0.25 0.2 -0.733395 -0.7333941 

0.5 0.2 -0.759570 -0.759570 

Tables 2 and 3 give the numerical computations to study the effects of various physical parameters on skin-

friction coefficient, local Nusselt and Sherwood numbers for both cases, viz. i) flow past a flat stretching sheet (

1n  ) and ii) flow past a slendering stretching sheet ( 0.5n  ) respectively. It is evident from Tables 2 &3 that 

increasing values of aligned angle of the magnetic filed and Casson parameter depreciate the friction factor 

along with the heat and mass transfer coefficients. Radiation and dissipation parameters have tendency to reduce 

the heat transfer rate while chemical reaction parameter have proclivity to enhance the mass transfer rate. 

Velocity slip, temperature and concentration jump parameters have tendency to reduce the heat and mass 

transfer rates. 

Table 2: Variation in skin friction, heat and mass transfer coefficients for the flow over a flat stretching sheet (

1n  ). 

    R  Ec  *A  Kr  1h  
2h  

3h  ''(0)F  '(0)  '(0)  

/ 6          -0.6549 0.3290 0.6004 

/ 4          -0.7463 0.2772 0.5893 

/ 3          -0.8153 0.2342 0.5815 

 0.6        -0.6859 0.2963 0.5965 

 1.2        -0.7692 0.2582 0.5866 

 3.0        -0.8427 0.2192 0.5785 

  1.0       -0.8153 0.3259 0.5815 

  1.5       -0.8153 0.2729 0.5815 

  2.0       -0.8153 0.2342 0.5815 

   1      -0.8153 0.2457 0.5815 

   2      -0.8153 0.1313 0.5815 
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Table 3: Variation in skin friction, heat and mass transfer coefficients for the flow over a slendering stretching 

sheet ( 0.5n  ). 

   3      -0.8153 0.0168 0.5815 

    -2     -0.8153 0.4299 0.5815 

    0     -0.8153 0.2436 0.5815 

    2     -0.8153 0.0572 0.5815 

     0.5    -0.8153 0.2463 0.5815 

     1.0    -0.8153 0.2463 0.7059 

     1.5    -0.8153 0.2463 0.7894 

      0.0   -1.4719 0.3159 0.6188 

      0.2   -1.1065 0.2814 0.5989 

      0.5   -0.8153 0.2342 0.5815 

       0.0  -0.8153 0.2704 0.5815 

       0.3  -0.8153 0.2475 0.5815 

       0.6  -0.8153 0.2281 0.5815 

        0.0 -0.8720 0.2463 0.8199 

        0.2 -0.8720 0.2463 0.7044 

        0.5 -0.8720 0.2463 0.5815 

    R  Ec  *A  Kr  1h  
2h  

3h  ''(0)F  '(0)  '(0)  

/ 6          -0.6852 0.5187 0.6634 

/ 4          -0.7942 0.4275 0.6439 

/ 3          -0.8720 0.3597 0.6305 

 0.6        -0.7359 0.4620 0.6544 

 1.2        -0.8237 0.3973 0.6388 

 3.0        -0.9006 0.3366 0.6257 

  1.0       -0.8720 0.5145 0.6305 

  1.5       -0.8720 0.4245 0.6305 

  2.0       -0.8720 0.3597 0.6305 

   1      -0.8720 0.4318 0.6305 

   2      -0.8720 0.3138 0.6305 

   3      -0.8720 0.1957 0.6305 

    -2     -0.8720 0.5852 0.6305 

    0     -0.8720 0.3704 0.6305 

    2     -0.8720 0.1556 0.6305 

     0.5    -0.8720 0.3703 0.6305 

     1.0    -0.8720 0.3703 0.7437 
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4. Conclusions 

The present paper deals with the study of heat and mass transfer effects on Casson fluid flow over a 

slendering/flat stretching sheet. The influence of various physical parameters on the flow was shown through 

graphs and tabular forms. The conclusions of the present study are mentioned below. 

 

 Velocity profiles were depreciated by the influence of Casson parameter and velocity slip parameter. 

 Aligned angle, Casson parameter, velocity slip parameter, Eckert number, heat source/sink 

parameters and radiation parameter have tendency to enhance the fluid temperature. 

 It is interesting to note that flow through flat stretching sheet shows better heat transfer performance 

while compared with the flow past a slendering stretching sheet. 

 Increase in either aligned angle or Casson parameter leads to a decrease in friction factor along with 

heat and mass transfer coefficients. 

 Aligned magnetic field have tendency to control the momentum boundary layer thickness. 
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