
Journal of Naval Architecture and Marine Engineering 

December, 2023 

https://dx.doi.org/10.3329/jname.v20i2.67298                           http://www.banglajol.info 

 

 

1813-8535 (Print), 2070-8998 (Online) © 2023 ANAME Publication. All rights reserved.                Received on:  June, 2023 

 

 

 
HEAT TRANSFER WITH VISCOUS DISSIPATION  

AND ENTROPY GENERATION IN A NANOFLUID FLOW  
THROUGH A POROUS MEDIUM 

B. K. Swain1*, S. Sahu2, K. L. Ojha3, G. C. Dash4  
1Department of Mathematics, Agarpara College, Agarpara, Bhadrak, Odisha, India, bharatkeshari1@gmail.com 
2Department of Mathematics, IGIT, Sarang, Odisha, India, sipunsahu534@gmail.com 
3Department of Mathematics, S.O.A, Deemed to be University, Bhubaneswar, India, kanakalataojha@soa.ac.in 
4Department of Mathematics, S.O.A, Deemed to be University, Bhubaneswar, India, gcdash45@gmail.com 
 

 

Abstract: 

This article describes the Al2O3/Cu/Ag-H2O nanofluid stagnation-point flow through a porous medium 

with emphasis on heat transfer as well as magnetohydrodynamic (MHD) behavior and entropy 

generation. The main motivation is to do the MHD flow of nanofluid and look into the repercussions of 

viscous dissipation, which has many applications in various industries, especially the extrusion process 

where the durability of the end product is of interest. The governing equations are solved using similarity 

transformations and DTM-Padé approximations, and the solutions are then compared to the outcomes of 

the numerical technique (shooting technique and Runge-Kutta 4th order method), which validates the 

accuracy of the research. The ranges of the parameters are taken as -2< Q < 3, 0 < Gr < 6, 0 < Gc < 6, 

0 < Br < 3, 0<  < 0.3. Some important findings are: entropy generation is to decrease for higher values 

of Br in a streamline manner within asymptotic pattern; viscous heating is dominant in the neighborhood 

of the plate for higher value of Br and for small values the distribution is smooth across the flow field; 

decrease in entropy generation for higher value of Br shows that there is a base value or residue left over 

energy in the process of entropy generation, which is important in its own revelation and application 

basis. 
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NOMENCLATURE 

 a     

Constant 

number 

Constant number   Gr     Thermal Grashof number 
 B applied magnetic field   Gc    Mass Grashof number 

Br Brinkman number Ha    Hartman number 
C      Nanoparticles concentration  k

  

thermal conductivity 

Cf coefficient of skin friction 
pK  Permeability parameter   

Cp     Specific heat L   Reference length 

C  Free stream concentration M Magnetic parameter 

D    mass diffusivity Nux Nusselt number   
Da Dracy number P fluid pressure 

Ec Eckert number 
rP  Prandtl number 

rq  flux of radiant heat Greek symbols 

 Q Heat source parameter     dimensionless temperature 

 R     Radiation parameter   
s  electrical conductivity of base fluid  

 cR  Chemical reaction parameter 

 
f  electrical conductivity of nanofluid 

  S Suction/blowing parameter   Solid volume fraction 

  cS  Schmidt number 
f   kinematic viscosity  

   Shx Sherwood number   density 

  T fluid temperature 
wq  heat flux 
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 U  free stream velocity 
w  skin friction 

 u , v   velocity components       mp  mass flux 

 

1. Introduction  

Choi (2009) mentioned a new category of fluid known as nanofluid. This fluid is composed of conventional base 

fluids such as oil, water, ethylene glycol, and nanoparticles such as graphite, carbon nanotubes (CNTs), silver, 

copper, copper oxide, and alumina (Ladjevardi et al., 2013, Aravind et al., 2011), ceramics and carbide, 

(Sadeghinezhad et al., 2016), Ijam et al., 2015)). Since nanoparticles possess improved thermal properties, many 

studies have been conducted on their functions in heat pumps, air conditioning and other thermal equipment in 

order to increase the reliability and efficacy of the systems (Khanafer and Vafai, 2001, Ali et al., 2003, Shafahi et 

al., 2010). Using different kinds and shapes of nanoparticles, Haque et al. (2016) clarified the properties of a home 

refrigerator. They found that their system consumed 27.73% and 14.19% less energy when Al2O3 and TiO2 

nanoparticles were added to polyolester (POE) oil, respectively, at 0.1% volume fractions. According to Bi et al. 

(2008), the R134a refrigerator was found to be lubricated using mineral oil rather than polyolester oil and TiO2 

nanoparticles. Bagh et al. (2022) investigated the MHD hybrid nanofluid flow over an inclined surface using finite 

element simulation describing the significance of gravity modulation and heat source/sink. They found that the 

fluctuation of skin-friction and heat flux gradient improves with larger inputs of amplitude of modulation. Biswal 

et al. (2022) numerically investigates nanofluid flow between two inclined stretchable walls and observed that in 

both divergent and convergent cases velocity increases and temperature decreases with the increasing values of 

stretching/shrinking parameter.  

 

Some studies investigate the flow at the nanofluid stagnation point to develop thermal properties. In order to better 

understand stagnation point nanofluid flow across a stretched surface, Mustafa et al. (2011) and Bachok et al. 

(2013) took Brownian motion and thermophoresis into account. Kameswaran et al. (2013) assert that dual 

solutions are present for some values of the stretching/shrinking parameter. Additionally, they describe how 

homogeneous and heterogeneous reactions affect stagnation point flow. The MHD stagnation point nanofluid 

flow on a stretching/shrinking surface was also clarified by Mansur et al. (2015), who described the uniqueness 

of solution in stretching case. Mohamed et al. (2015) and Mahatha (2015) explored the slip condition at the nano 

and micro-scales, where it is found to be more realistic, in order to better understand how velocity slip influences 

nanofluid stagnation point flow. 

 

Geophysical fluxes, high viscosity flows like oil and polymers, aerodynamic heating, etc. all depend heavily on 

free convective and viscous dissipative flow (Swain et al., 2020). The Eckert number, which is used to describe 

the viscous dissipation in general, is interpreted as the kinetic energy to heat transition enthalpy driving force ratio 

(Jusoh, 2019). Numerous researches have examined how viscous dissipation affects fluid motion. The generation 

of extra heat and a poor heat transfer rate in the boundary layer region, according to Kameswaran et al. (2012), 

are both influenced by the magnetic field and viscous dissipation factors. Larger viscous dissipation-related Eckert 

numbers are associated with higher temperatures while lower Nusselt numbers, according to Sheikholeslami et al. 

(2014). According to Mabood et al. (2015), the properties of viscous stress, which result in a slower rate of heat 

transfer and a faster rate of mass transfer, cause the transformation of kinetic energy into internal energy to provide 

heat source. Syuhada et al. (2019) described the stability of the MHD stagnation point flow with a focus on the 

viscous dissipation. Numerous investigations have been conducted to determine how viscous dissipation affects 

the flows of nanofluids (Ali et al. (2019), Ali et al.(2021), Hussain (2017), Parida et al. (2021)). Situations 

involving dissociating fluids and moving fluids that involve chemical processes can be used to illustrate the 

relevance of heat generation. It is possible that variations in temperature distribution, specifically as a result of the 

impact of heat generation, will affect particle accumulation rates in electronic devices, nuclear reactors etc. Many 

additional studies have focused on how various flow forms are affected by interactions between chemical reaction 

and heat sources/sinks (Biswal et al.(2022), Swain (2021), Swain et al. (2021)). 

 

Entropy is the measure of thermal energy per unit temperature that is unavailable for doing useful work in a 

thermodynamic system. It is also a measure of the molecular disorder or randomness of the system. Physically, 

entropy production, which is widely observed in all types of designs, is characterised by irreversibility in a 

thermodynamical system. The generation of entropy has a significant impact on the efficiency of thermal system. 

Increased generation rates degrade productive work and reduce system effectiveness. Bejan (1982) and Bejan 

(1996) introduced the Entropy Generation Minimization (EGM) method to reduce the amount of disorder that 

results from a process, notably in the heat transfer areas. Numerous writers have examined the entropy production 
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in MHD flow of nanofluids in different geometries (Sohel (2013), Moghaddami (2012), Shahi (2011)) and 

attempted to reduce   the disorderness for the improved performance of system. 

 

The present study has many engineering applications such as in crude oil extraction, heat exchanger, refrigerator, 

cancer therapy, cooling systems of most of the processing plants, vehicles air conditioning system in transportation 

etc. 

The objective of the current research is to look at how a nanofluid with an MHD stagnation point (Al2O3/Cu/Ag-

H2O) flows over a flat plate and transfers heat while being affected by viscous dissipation and a heat source due 

to the numerous applications stated above. The novelties of this study include: 

(i) To solve the governing equations numerically and validate the solution so obtained with the semi 

analytical method i.e. DTM-Padé approximation. 

(ii) To analyze the impacts of heat source/sink and viscous dissipation. 

(iii) To examine how entropy is produced in thermal systems. 
 

2. Formulation of the problem 

In Fig. 1, a MHD nanofluid flow with uniform suction/blowing is depicted across a flat plate. The incompressible 

electrically conducting and chemically reactive nanofluid flow is subjected to a transverse magnetic field in the 

current analysis with a weak magnetic induction B


(0, B0, 0), and as a result, the magnetic Reynolds number is 

so low that the induced magnetic field can be disregarded. The fluid flow in a porous material is investigated using 

Darcy's law. 𝑇𝑤 and 𝑇∞ , respectively, are the surface and ambient temperatures. U, the free stream velocity and 

𝑇0, the temperature increase rate.  

   
 

   Figure1: Physical flow of the problem 

 

The governing equations listed below are conferred as (cf. Zhang et al. (2014)),  
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Table.1: Thermo physical properties 

Physical  

properties 

Fluid phase 

(water) 

Cu Al2O3 Ag 

)/( kgKJC p
 4179 385 765 235 

)/( 3mkg  997.1 8933 3970 10.50 

)/( mKWk  0.613 400 40 429 

)/( mS  5.5x10-6 59.6x106 35x106 63.01x106 

 

Equation (2) reduces to 
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where )/exp(0 LxKK pp  , 0pK , the initial permeability, )2/exp(0 LxBB   ,

ykTqr  1

4

1 3/4 ,    where 1  and 1k are the constant of Stefan-Boltzmann and coefficient  of 

absorption, respectively according to approximation of Rosseland. Utilizing Taylor’s series 
4T is expanded 

about T  as
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Introducing the stream function ,  
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in equations (9), (11) and (4), we get  
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The reduced boundary conditions are: 

1,1,0,  fSf at 0                  (17) 

0,0,1  f as   .                 (18) 

The associated parameters are 

f

f

rc

f

c

ff

ff

p P
a

LK
R

D
S

La

v
S

k

T
R

a

LB
M

ak

L
K












  ,

2
,,

2/
,

3

16
,

2
,

2
00

3

1

2

0

0

, 

rcr

fpfpw

c
wc

c
w

r PEB
CU

LQ
Q

CTT

U
E

U

CCLg
G

U

TTLg
G 












 ,
)(

2
,

))((
,

)(2
,

)(2 *2

22 



                      

(19) 

,/)1(

,)/()()1(

,/)1(

],/)1[()1(

4

3

2

5.2

1

fs

fpsp

fs

fs

CC

















 

The quantities like coefficient of skin friction, Nusselt and Sherwood number are of physical interests which are 
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Putting (21) into (20), we get   
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xRe , the local Reynolds number defined by )2/(Re 2
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3. Entropy Generation analysis: 

Following is the entropy formation rate when a magnetic field and a medium's permeability are present.  
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The final three terms correspond to the entropy produced by joule heating, Darcy dissipation, and viscous 

dissipation, respectively.  

The number representing the entropy generation is
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From equations (13), (28), (29) and (30),  
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4. Method of Solution: 

(a) DTM solution 

The differential transformation of 𝑤(𝑡) is expressed as 
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where 𝑤(𝑡)is the inverse transformation ofW (k) i.e 
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From the definitions (27) and (28), some properties are given in Table 2. 

 

We are required to solve equations (14)- (16)subject to the conditions  
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Taking transformations of equations (29)-(31), we get 
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the unknowns 21, and 3 are calculated. 

 

Table 2: Fundamental operations 
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Transforming of Equations. (14)-(16), we have 
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Substituting (32)-(34) in the above iterative formulae, F(k), G(k) and H(k)can be determined. Applying inverse 

transformation, the solutions of (14)-(16)subjected to the conditions (17) and (18) are obtained as 
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4.1 Padé approximant  

Let 
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i xaxf be the power series of f(x). 

                          (41) 

The Padé approximant isexpressedas 
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From equation (42), we have L+1 numerator coefficients and M+1 denominator coefficients. [L; M] can be left 

unchanged by multiplying a constant with the numerator and denominator. The normalization condition is taken 

as 

    1)0( MS                      (46) 

Now L+M +1 unknown coefficient are there in total. It describes that the [L;M] fits the power series equation(41) 

with the orders
MLxxxx ,.....,,,,1 32

and is uniquely determined.  



B.K. Swain, S. Sahu, K.L. Ojha, G.C. Dash/ Journal of Naval Architecture and Marine Engineering, 20(2023) 127-142 

 

Heat transfer with viscous dissipation and entropy generation in a nanofluid flow through a porous medium  134 

So, )(
....

.... 1

3

3

2

210

3

3

2

210

0














 ML

L

M

L

L

i

i

i xO
xsxsxsxss

xrxrxrxrr
xa .                (47) 

From (47), we get 

)(...

)......)((

13

3

2

210

3

3

2

210

4

4

3

3

2

210





MLL

L

M

M

xOxrxrxrxrr

xsxsxsxssxaxaxaxaa
             (48) 

Equation (48) gives 

























 ,...

.

.

.

,

011

220112

1101

00

LLLL rsasaa

rsasaa

rsaa

ra

                    (49) 

and 

























.0...

,0...

,0...

11

2112

111

MLMLML

MMLLL

MMLLL

sasaa

sasaa

sasaa

                    (50) 

where 0na for n < 0 and 0js for j > M. Equations(49) and (50) can be solved directly if these are 

nonsingular. 
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[L; M] approximants construction comprises algebraic operations only. The objective of the technique is to get 

the best approximant. It needs the utilization of a criterion depending on the shape of the solution. The diagonal 

approximant is the most accurate approximant; so,the diagonal approximants is constructed. After getting series 

solutions (38)-(40), the Padé approximation is utilized. In Eq. (42), the value of i is taken as 50. The accuracy of 

the solution increases with increase in order of Padé approximation. 

 

4.2 Numerical solution 
 

The fourth order Runge-Kutta method with shooting technique is used to solve equations (14) to (16) with 

boundary conditions (17) and (18).  

Substituting 7654321 ,,,,,, yyyyyfyfyf  
 
in equations (14) to (18), we get the 

simplified equations and boundary conditions as follows 
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   0,0,1 642  yyy as  . 

To apply the Runge-Kutta method along with shooting technique, MATLAB code with a step length of 0.001 and 

error bound  10-3 is implemented, guessing the values of 53 , yy and 7y .  

 

5. Results 
 

The present investigation embarks upon the interaction of buoyancy forces modifying the momentum transport 

and accounting for the thermal energy due to viscous dissipation and presence of volumetric heat source/sink; an 

extended contribution to heat equation in the present model. Further, adoption of two methods of solutions both 

numerical as well as approximate analytical DTM enriches the study ensuring the validity of the results pertaining 

to nanofluid enhancing the thermal energy transport phenomena.  

 

The inclusion of space dependent oscillatory free stream (potential flow) induces oscillations in temperature and 

concentration on the bounding surface as well as value of chemical reaction. Further, consideration of 

suction/injection at the bounding surface is a suggestive measure for the growth of boundary layer and 

consequently flow reversal. The thermophysical properties of base fluid (water) and metals (Cu and Ag) and 

metallic oxide (Al2O3) which constitute the nanoparticles, are enumerated in Table.1. The computation of 

volumetric entropy generation accounting for the thermal energy due to viscous dissipation, joule heating, Darcy 

dissipation along with thermal and solutal gradients contributing to diffusion processes enrich the present analysis. 

Figures 2-5 shows the effects of Q, Gr, Gc and Br on velocity distribution. The impacts of Br and Q are depicted 

in Figures 6 and 7. Figures 8-11 represent the entropy generation profiles against the parameters Q, Gr, Gc and Br 

respectively. In Figure 12, a comparison is made between the present results with the earlier results (Zhang et al., 
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2014). Figure 13 presents the effect of different water based nanofluids of metals (Cu & Ag) and oxide (Al2O3) 

on the velocity field. The skin friction coefficient, which quantifies the shearing stress on the plate's surface, varies 

over the Brinkman number space for the nanofluids Al2O3-water and Cu-water in Fig. 14. Figure 15 illustrates the 

variation of local Nusselt number against Brinkman number for different nanofluid. A comparison between DTM-

Pade approximation solution and numerical solution is made in Figure 16. The effects of solid volume fraction 
 

on velocity and temperature are depicted in Figures 17 & 18. 

 

Except where otherwise noted, the values of the parameters are taken to be S=1, =0.1, 1 =0.7002, 2 =0.9112, 

3 =1.0212, 4 =0.9, M =1, Kp=0.5, Pr=0.7, Gr = 1, Gc = 1, Ec=0.01, Q=0.5, R = 1, Sc = 1, Br=0.5, Ha=0.5 . 

 

6. Discussion 

 
The following discussion is pertaining to Cu-water working nanofluid with fixed values of parameters as 

mentioned above except Fig.3. 

 

 
 

 

Figure 2: Velocity profiles for Q Figure 3: Velocity profiles for Gr 

 

Fig. 2 shows that sharp rise in velocity in the neighborhood layers of the bounding surface to attain the prescribed 

free stream velocity with a slight increase due to increase in the strength of heat power. 

 

Figures 3, 4 and 5 depict the slight increase in velocity with increasing values of thermal as well as solutal 

boundary parameters and Brinkman number (Pr.Ec), which indicates how important viscous heating is in relation 

to the heat flow caused by the impressed temperature difference between the free stream and bounding surface (

TTw ) (Bansal (1997)). It's noteworthy to observe that, in comparison to Gc and Br, the effect of the thermal 

boundary is not as important. 

 



B.K. Swain, S. Sahu, K.L. Ojha, G.C. Dash/ Journal of Naval Architecture and Marine Engineering, 20(2023) 127-142 

 

Heat transfer with viscous dissipation and entropy generation in a nanofluid flow through a porous medium  137 

 

 

Figure 4: Velocity profiles for Gc  Figure 5: Velocity profiles for Br 

 

Figure 6 depicts the effect of Brinkman number Br (Br = Ec Pr). It is interesting to observe that there is a hike in 

temperature near the wall for higher value of Br (Br = 3) but for others the variation is smooth, i.e., quantitatively 

it can be said that temperature increases commensurately by approx. 40% with increase in Br. This indicates that 

the viscous heating is dominant in the neighborhood of the plate for higher value of Br and for small values; the 

distribution is smooth across the flow field. 

 

Fig.7 shows the similar variation for higher values of heat source parameter. Quantitatively we can say that 

temperature increases commensurately by approx. 40% with increase in Q. 

 

  

Figure 6: Temperature profiles for Br Figure 7: Temperature profiles for Q 

 

  
Figure 8: Entropy generation number for Q Figure 9: Entropy generation number for Gr 
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Figure 8 shows the entropy variation for different values of heat source parameter. It is interesting to note that the 

entropy generation decreases with an increase in the strength of heat source in the neighborhood layers upto 

5.0 , there after it increases. This shows that entropy generation becomes independent of embodied heat 

power at a certain layer of flow field. This result is a bearing in the arena of various heat transport phenomena.  

 

Fig. 9 and 10 show the effect of Gr and Gc, the buoyancy forces on entropy generation. The entropy generation 

increases with an increase in the values of Gr and Gc within a few layers in the neighborhood of the plate surface 

and there after asymptotic variation is marked.  

 

Figure 11 provides a striking outcome in respect of entropy generation for various values of Brinkman number. 

The common feature is increase in entropy generation for higher values of Br in a streamline manner within 

asymptotic pattern. This result is important in its own revelation and application basis. Figure 12 provides the 

validity of the solution methods applied and results obtained in the present analysis (with Zhang et al. (2014)). 

  
Figure 10: Entropy generation number for Gc Figure 11: Entropy generation number for Br 

 

 

 

Figure 12: Comparison  of )0(  with  Zhang et 

al.[34]  for different values of R when 

2.6Pr,1.0   

Figure 13: Velocity profiles for different types of 

nanofluids
 

 

Fig. 13 depicts the efficiency of Ag-water nanofluid over other Cu-water and Al2O3-water nanofluids. The 

momentum transport is accelerated to enhance the velocity across the flow domain, but Cu-water and Al2O3-water 

do not show any significant difference. The important outcomes are: metallic oxide is as efficient as metal. 

Secondly, silver nanoparticles are superior to Cu in enhancing momentum diffusion across flow field. It is 

noteworthy to note in Figure 14 that skin friction increases continuously with larger values of the Brinkman 

number and that metallic oxide offers a higher rate of skin friction than the metal (Cu). Thus, it can be deduced 

that skin friction causes viscous heating that is proportional to the Brinkman number. The Nusselt number, or heat 

transfer coefficient, in Brinkman-space, which quantifies the amount of heat transmitted from the bounding 

surface to fluid in the Brinkman-space, varies as shown in Fig. 15. It can be shown that the heat transfer coefficient 

is modest and stays constant with respect to Ag, but it continually declines when the Brinkman number rises. This 
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result is quite helpful if the design specification calls for consistent heat transfer from the solid surface to fluid 

regardless of viscous heat generation, in which case Ag-water nanofluid is advised. 

 

 

 Figure 14: Local skinfriction for Cu-water and Al2O3-

water nanofluids
 

Figure 15: Local Nussselt number for different 

nanofluids
 

 

 
 

Figure 16: Comparison between DTM-Padé and 

Numerical method 
Figure 17: Velocity profiles for   

 

 
Figure 18. Temperature profiles for   

Fig.16 shows the compatibility of results obtained from DTM- Padé approximation and numerical method 

(shooting technique with Runge-Kutta 4th order method). 



B.K. Swain, S. Sahu, K.L. Ojha, G.C. Dash/ Journal of Naval Architecture and Marine Engineering, 20(2023) 127-142 

 

Heat transfer with viscous dissipation and entropy generation in a nanofluid flow through a porous medium  140 

Figures 17 and 18 show the impact of the solid volume fraction of nanoparticles on the distributions of velocity 

and temperature for Cu-water nanofluid. With an increase in the solid volume fraction, it is discovered that both 

velocity and temperature rise. These results are in good agreement with the results of Zhang et al. (2014). 

 

7.  Conclusion 

By taking into account the heat source and chemical reaction, a flat plate embedded in a porous medium is used 

to study the dissipative MHD nanofluid flow with uniform suction/blowing. The governing partial differential 

equations are converted into a set of non-linear ordinary differential equations using similarity transformation. 

These non-linear ordinary differential equations are then solved numerically using the shooting technique and the 

Runge-Kutta 4th order method, as well as by the differential transform method with Padé approximantion. Graphs 

are used to discuss the effects of some important parameters. Below are a few key conclusions.  

 Viscous heating is dominant in the neighbourhood of the plate for higher value of Br and for small values 

the distribution is smooth across the flow field. 

 Velocity is slightly increased with increasing values of thermal as well as solutal boundary parameters 

and Brinkman number. 

 Entropy generation becomes independent of embodied heat power at a certain layer of flow field. This 

result is a bearing in the arena of various heat transport phenomena. 

 Entropy generation is decreased for higher values of Br in a streamline manner within asymptotic pattern. 

This shows there is a base value or residue left over energy in the process of entropy generation. 

 Silver nanoparticles are superior to Cu in enhancing momentum diffusion across flow field.  

 The skin friction commensurate with Brinkman number i.e generation of viscous heating. 

 If the design requirement needs a constant heat transfer from the solid surface to fluid irrespective of 

viscous heat generation then Ag-water nanofluid is recommended. 

 Temperature increases commensurately by approx. 40% with increase in both Br and Q within the range 

0<Br<1, -2<Q<1.  

 Entropy generation increases commensurately by approx. 95% with increase in Br within the range 

0.1<Br<0.5. 
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