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Abstract:

Three-dimensional (3-D) wing moving steadily over free water surface with the effects of finite depth
has been investigated numerically using an iterative boundary element method (IBEM), which was
developed for cavitating 3-D hydrofoils advancing under a free surface. The IBEM has been modified
and extended for this purpose. The water is incompressible, inviscid and the flow is irrotational. All
variables and equations are made dimensionless. In this way the convergence of the numerical scheme
is achieved very quickly and consistently. The IBEM is based on Green’s theorem. The wing part of
problem (including its wake), the free surface problem and the bottom surface problem are solved
separately with the effects on each other. The 3-D wing surface, the bottom surface and free surface are
modeled with constant strength source and doublet panels. The kinematic boundary condition is applied
both on the wing surface and on the bottom surface. On the other hand, the linearized kinematic and
dynamic combined condition is applied on the free water surface. The method is first applied to a
rectangular wing with a high aspect ratio to compare the pressure distribution on mid-section strip with
that of two-dimensional method. Later, the IBEM is applied to a tapered swept-back wing and the effects
of finite depth on wing performance have been examined. It is noted that the reduced water depth causes
an increase in Kelvin wedge angle, wave height and wave length compared to the infinite depth case. It
is also found that a decrease in the depth of bottom surface causes an increase in the loading on the
wing.
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NOMENCLATURE

AR aspect ratio NW total number of panels on free surface
Ctip chord length at tip p pressure

Croot chord length at tip Po reference pressure

Co drag coefficient S span

CL lift coefficient Se bottom surface

Cp pressure coefficient Sks free surface

d depth of finite bottom from free surface Sw wing surface

D drag force Swk wake surface

frmax maximum camber tmax maximum thickness

Fre chord-based Froude number (=U/(gCro0t)*?) ] velocity of incoming flow
Frn clearance-based Froude number (=U/(gh)®%)  Greek symbols

g gravitational acceleration angle of attack

h clearance between wing and calm free surface total potential

IBEM iterative boundary element method
L lift force
NBS number of panels on bottom surface

perturbation potential
density of water

oD S g R

wave elevation
NFS number of panels on free surface
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1. Introduction

Marine crafts utilizing the wing-in-ground (WIG) effect, along with certain very high-speed marine vehicles, can
exploit air wings to either partially or completely lift the weight of the vehicle. The aerodynamic performance of
these wings holds significant practical importance for high-speed air-assisted boats, whether navigating in deep
water or in water of finite depth. The vertical clearance between the wing and free surface, as well as the depth of
finite bottom from free water surface, can significantly impact the performance (lift and drag forces) of these
supporting wings. This study aims to numerically investigate the performance of three-dimensional (3-D) wings
moving at a constant speed above free surface in water of finite depth using an iterative boundary element method
(IBEM) developed previously for cavitating hydrofoils operating under a free surface. This problem was not
previously addressed to the author's knowledge.

Previous studies have extensively examined two-dimensional (2-D) and 3-D hydrofoils operating either under or
piercing the free surface, with or without cavitation (Carabineanu, 2014; Chen, 2012; Sun and Wu, 2022; Bal
2007a, Bal 2007b). However, the research on 2-D or 3-D WIGs travelling over a free water surface is limited
compared to the studies on hydrofoils operating beneath the free surface. A recent study successfully tackled the
flow problem around a 2-D WIG moving closely to a free water surface (Zong et al., 2012). It emphasized the
significance emergence of the WIG effect when the clearance between free surface and WIG craft is small enough.
Additionally, a lifting surface theory for 3-D WIG crafts with free surface effects under subsonic flow conditions
was previously developed (Liang and Zong, 2011), demonstrating the significant occurrence of the WIG effect
when the clearance is sufficiently small, giving the findings in the 2-D case. Further investigations into WIG
problems in both 2-D and 3-D cases were conducted in (Barber, 2007), revealing varying behaviors of the free
surface deformation based on Froude numbers. Notably, a small change in the shape of free surface deformation
was observed for higher Froude numbers. For very high Froude numbers, (say Froude number, 14), the free surface
beneath the foil rises up. A similar conclusion was also made in (Grundy, 1986). The WIG craft moving steadily
that is close to the free water surface, has been investigated numerically both in two-dimensional (2-D) and three-
dimensional (3-D) cases in (Bal, 2016). The problem has been solved by an IBEM in deep water. The numerical
results have been validated with experiments. Moreover, research explored the endplate effects on the
performance of 3D wings operating above free surface in (Jung et al., 2012), highlighting a potential decrease in
induced drag due to end plates. A combined aero-hydrodynamic flow simulation for a ram wing moving above
free water surface steadily was described in (Matveev, 2013). The aerodynamic performance parameters of a ram
wing and associated water surface deformations were presented. In another study, IBEM has been applied to
different types of WIGs, such as inverted and tapered ones (Bal, 2018). The effects of dihedral and sweep angles
on the performance of WIGs were discussed. For a comprehensive understanding of WIG crafts and the
development of WIG technology, extensive resources and detailed information are presented in review surveys
such as those by (Rozhdestvensky, 2010; Rozhdestvensky, 2006).

However, none of the aforementioned studies have incorporated the effects of finite bottom on the performance
of WIGs into their calculations. In this paper, the numerical method (IBEM) previously developed for cavitating
or non-cavitating hydrofoils working below a free surface has been adapted and expanded to accommodate 3-D
WIGs moving over the free water surface. IBEM employs Green’s theorem (Green’s second identity) to construct
an integral equation, which is then divided into three components: (i) the wing portion, including its wake, (ii) the
free surface portion and (iii) the finite bottom portion. These three components are addressed individually, with
their interdependencies considered iteratively. The three isolated problems make a connection each other by their
potential values. Specifically, the potential induced by the wing on the free and the bottom surfaces, by free surface
on wing and bottom surfaces, and by bottom surface on wing and free surfaces are all accounted for on the right-
hand sides of their corresponding integral equation. The validity of results of present IBEM has been previously
confirmed through experiments and comparison with those of other methods (Bal et al., 2001; Bal and Kinnas,
2002; Bal, 2016), obviating the need for repetition in this study. The method has recently been utilized to examine
the impact of curved tips on the performance of cavitating hydrofoils (Bal, 2023), yielding very satisfactory results
for practical applications. Here, initially a rectangular wing with aspect ratio (AR=10) was selected and the
pressure distribution on the mid-section was compared with that of 2-D panel method - a comparison not
previously conducted. Subsequently, the method was applied to a 3-D tapered swept back wing geometry with
the angle of attack of five degrees. The effects of finite depth on lift coefficient, drag coefficient, pressure
distribution and the free surface deformation were thoroughly investigated.

In the subsequent sections, the mathematical model of the problem is presented for comprehensive understanding.
The numerical procedure and IBEM are then introduced in a brief form, along with a demonstration of the
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algorithm (flow diagram) of the numerical method. Following this, numerical results for a validation test and for
a tapered swept back wing are presented, accompanied by discussion on the effects of shallow water on the results.
Finally, some remarks are made in Conclusion section.

2. Mathematical Model

Consider a wing positioned above free water surface with finite depth. A uniform inflow, U as depicted in Fig. 1,
is passing this wing. Oxyz cartesian coordinate right-handed system is defined, where the x-axis is positive in the
inflow direction and the z-axis is indicating upwards as positive (Fig. 1). The origin is situated at the intersection
point of mid-span and mid-chord length in the y axis and x axis, respectively. The wing above undisturbed free
surface is situated at z = h, where the vertical distance between the free surface and wing is h, and the vertical
distance between the horizontal flat bottom surface and mean free surface is d. The water is incompressible,
inviscid and the flow is both irrotational and steady. All variables and equations are dimensionless, made by using
U and Croot, Where Croot is described and illustrated in Fig. 1. The mathematical model was elaborated in detail in
previous works (Bal et al., 2001; Bal, 2002), and is presented here in a brief form for the sake of completeness.

Half of Wake Surface X
and Panels

Fig. 1: Definition of coordinate system for 3-D wing problem. Half of wing is shown due to symmetry.

Both the total potential,®(x, z) and the perturbation potential, ¢(X, z) must satisfy the Laplace’s equation (mass
conservation) in the fluid domain:

V2d = 0 and V2 = 0 1)

X

Here, in non-dimensional form & =

+ ¢.

Croot

The perturbation potential, ¢ must satisfy the following boundary conditions:

1-) Kinematic condition on wing surface: The flow velocity must be align with (parallel to) the surface of the
wing, ensuring that the total velocity perpendicular to the wing surface is zero:

B _ _Ioxl on Sy 2

on Croot
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Here, 71 represents the unit normal vector on the wing surface directed towards the air. Sw denotes the wing
surface.

2-) Kutta and wake condition: Finite velocity values must be obtained at the trailing edge of the wing by enforcing
the Kutta condition:

V¢ = finite; at TE ?3)
TE means trailing edge. This condition ensures that the flow quits the wing at its TE. The force must be zero on

the wake surface and this condition must also be fulfilled. The strengths of doublet at the trailing edge are carried
to the surface of wake to ensure zero pressure jump, leading to an iterative Morino’s Kutta condition:

¢ —¢” = Ay, (4)

where ¢* and ¢ are the potential values at the up and down wake planes of the wing, respectively. Further details
are presented in (Kinnas and Hsin, 1992).

3-) Linearized and combined free surface condition: Combining the kinematic and dynamic free surface conditions
and neglecting higher-order terms yield the linearized free surface equation in non-dimensional form as follows:

2
22+ Fr22=0 on z=0 ©)

Here, Fr. represents the Froude number (Fr. = ) and g is the acceleration of gravitation. Note that this

U
v 8Croot
condition does not account for wave breaking and wave spray if they occur. The corresponding linearized wave
elevation is given by:

(= —Fr2 % 6)

¢ ax

Here, ¢ denotes non-dimensional wave elevation.

4-) Radiation condition: Upstream waves must not occur on the free surface, implying that both the first and
second-order derivatives of the perturbation potential value with respect to x-coordinate must be zero as
demonstrated in (Bal et al., 2001):

P _ 90 _ _

ae T ox 0 8 X2 )
5-) Finite-depth condition: The normal velocity on bottom surface must be zero. Since the incoming velocity does
not contribute to the normal velocity on finite bottom surface, this equation can be expressed as:

b
E_O on Sg (8)

3. Numerical Solution by IBEM

The perturbation potential on the wing surface, free surface and bottom surface can be expressed as (Katz and
Plotkin, 2001) using Green’s third identity:

_ aG a4 G
g = fSW+SFS+SB ( an 6_nG) ds + fSWK Aq)WaFds ©)

where Sw, Swk, Srs and Sg are the boundaries of the wing surface, its wake surface, free surface and bottom
surface, respectively. The Green function is G=1/r for the 3-D wing problem. The distance is r between the
singularity (doublet or source) point and the field point. The potential jump is defined Adw, over the wake surface
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as given in Equation (4), and the unit vector perpendicular to the surface of wake is n*, pointing positive z
direction. In the present study, the iterative method mainly presented primarily in (Bal, 2011) is modified and
applied to solve the Equation (9). The problem here is separated to three isolated parts: (1) the wing part, including
its wake, (2) the free surface part and (3) the bottom surface part. The potential value induced by the wing surface
and its wake surface, ow, can be written as (Katz and Plotkin, 2001):

_ 3G 8¢ 4G
2w = f, ( =— %G) dS+ [ Adw=dS (10)

The potential values in the fluid domain induced by the free surface and the bottom surface, ¢rs and ¢gs can be
written as:

2mpes = g, (05, = 5,6) dS (1
2nepp = J;_ (05— 22G)ds 12)

By substituting the Equation (11) and Equation (12) into Equation (9), the integral equation for the wing surface,
including its wake can be written as follows:

G 0 G
2w = fy, (05 —32G)dS+ [, Adw 1o dS + 41(Pps + bp) (13)

and by similarly substituting Equation (10) and Equation (12) into Equation (9), the integral equation for the free
surface can be written as follows:

2ndps = J (5 — 52G) dS + 4m(dw + be) (14)

Similarly, by substituting Equation (10) and Equation (11) into Equation (9), the integral equation for the bottom
surface can also be written as follows:

2npp = [ (952 — 22G) dS + 4m(pw + ds) (15)

When the kinematic condition on the wing surface and the bottom surface and the free surface condition have all
been applied, the Equations (13), (14) and (15) can be rewritten as follows:

2y = fy, (05 +1,G)dS+ [, AdyardS + 47(ps + bp) (16)
2npps = Jy, (9 2+ Fr2 22 G) dS + 4n(dy + dp) (17)
2o = [, (65:) dS + 4m(dw + Prs) (18)

where, the x-component of the unit normal vector on the wing surface is nx. The integral Equations (15-17) can
be solved in an iterative manner using a Dirichlet type panel method. The potentials ¢pw, ¢prs and ¢bg are modified
during the iterative process. The iteration process ends up with when the difference between the potential values
of two running iterations is less than a certain specified value. The wing surface, free surface and bottom surface
are discretized into small rectangular elements (panels). Both the constant strength source and dipole singularities
are distributed on the panels. The algorithm (flow diagram) of the numerical method is shown in Fig. 2. Two
advantages of this method are as follows:

1-) Solutions to isolated problems are much simpler to manage and organize numerically compared to tackling
the entire problem as a whole,
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2-) Each isolated problem necessitates less computation time and less memory compared to solving the entire
problem. Consequently, the total computation time for iterative process is significantly reduced to solving the full-
problem.

Further details on the method are presented in (Bal et al., 2001, Bal 2011).

4. Numerical Results and Discussion

The existing IBEM has undergone through validation to predict flow characteristics around fully submerged non-
cavitating and cavitating hydrofoils without free surface effects. This validation involved extensive convergence
testing as well as the comparison to experimental data and other numerical methods (Bal and Kinnas, 2002). Thus,
they are not repeated here. This study presents the results of a numerical IBEM applied to a rectangular wing with
AR of 10 (AR=span/chord ratio), comparing them with those obtained using a 2-D numerical panel method (Bal,
et al., 2001). The rectangular wing has NACAO0012 sections along its span-wise direction, facilitating a direct
comparison of the pressure distributions on the center section of wing with those of a 2-D NACAO0012 section at
an angle of attack of 0=5° This comparison was not previously conducted. The wing comprises a total of 4800
panels (80 panels along chord-wise direction and 60 along span-wise direction) as shown in Fig. 3, with symmetry
applied to half of the wing with respect to the span.

FS: Free Surface
BS: Bottom Surface
WS: Wing Surface

Solve WS problem without FS and BS
effects and calculate induced potentials
on FS and BS

Solve FS problem only with WS effect
and calculate induced potentials on

BS and WS
oy
Solve
BS problem with Converged?
S and FS effects and calculate
potentials on FS & Yes
WS

Converged?
No

y

Solve Converged? i
WS problem with F Yes 9 WK‘
and BS effects and calculate

potentials on FS & A
BS
Converged?
No
Converged?
Converged? Solve
Nonverg FS with WS and Yes

BS effects and calculate
otentials on BS
and W

Fig. 2: Flow diagram of present IBEM.

In Fig. 4, the dimensionless pressure distribution Cy=(p-po) / (0.5pU?) for mid-section strip is demonstrated as
compared with that of 2-D panel method in unbounded flow domain. A very good compromise has been found
between two solutions except a very small region near leading edge. This is also somehow a validation of the
method. Subsequently, another rectangular wing with aspect ratio of 5 is examined to illustrate the effects of finite-
depth solely on mid-section pressure distribution. The wing features NACAQ0012 sections along its span-wise
direction. The number of panels on the bottom surface is 2000, (100 panels in the x direction and 20 panels in the
y direction). Free surface effects are not considered in this specific case. As shown in Fig. 5, the finite-depth

results in an increase in loading (lift coefficient) on the wing, as expected. The lift coefficient and drag coefficient

(C, = lpALUZ’ Cp = EZﬁ’ L: lift force, D: drag force, A: planform wing area) in unbounded domain for this wing
2

are calculated as C.=0.2238 and Cp=0.0042, respectively. For the case where the depth-to-chord ratio (d/c) equals
0.25, the lift coefficient and drag coefficient for this wing are calculated as C.=0.2888 and Cp=0.0022,
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respectively. A shallower finite depth induces a higher lift coefficient while concurrently reducing the drag
coefficient. This observation aligns with the pressure distributions shown in Fig. 5.

o

.,,//5//;?;{'47"’” >
A

i

—y

U
/ A . Half of Wing and its
Mid-section Wake

Fig. 3: Panels on rectangular wing and its wake, AR=10, a=5° (Half of wing is shown due to symmetry).

15p & ——5—— 3D (Pressure)
——=4a—— 3D (Suction)
— —o— — 2D Solution

x/c

Fig. 4: Comparison of pressure distribution on the mid-section of 3-D wing and 2-D solution.

Subsequently, a tapered swept back wing with a taper ratio (Croot/Crip=3) and sweep angle (A=19.5°) is chosen,
modeled with an aspect ratio (aspect ratio=s*A; where A is the planform area of the wing) of 3.75. The chord
length at mid-section and at tip, as well as the span of the wing are denoted as Croot, Ciip and S, respectively, as
illustrated in Fig. 6. Additional geometrical details of the wing are provided in Table 1. The wing features
symmetrical (no camber) NACA four digit-sections with varying thickness distribution along the span-wise
direction. The root section adheres to NACAQ012 while the tip section is of zero thickness. The flow around the
wing is initially simulated numerically for infinite depth case without considering free surface effects (e.g., in an
unbounded flow domain). These analyses are conducted at the angle of attack, a=5°. The number of panels on the
half wing surface is 2400, (80 panels along the chord-wise direction and 30 panels along half-span-wise direction)
as shown for half of the wing due to symmetry with respect to span in Fig. 6. Full cosine spacing in the chord
direction and half cosine spacing in the half-span direction are applied for the simulations. The number of panels
on both the free surface and bottom surface is consistent, set at 2000, (100 panels in the x-direction and 20 in the
y-direction). These types of panel distributions and the number of panels on the surfaces of each sub problem
(wing surface, free surface, and bottom surface) remain consistent for all subsequent simulations.
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0.4+ £ Unbounded Domain (Pressure) P!
— A Unbounded Domain (Suction) &

— = - dlc=0.75 (Pressure)

-0.6 — B - d/c=0.75 (Suction)

| g d/c=0.25 (Pressure)
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o 0.2 0.4 0.6 0.8 1
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Fig. 5: Finite-depth effect on pressure distribution for mid-section of rectangular wing (AR=5).

Table 1. Geometrical details of tapered swept back wing.

2yls cls fmax/C tmax/C

0.0 (Root section) 0.2000 0.0 0.1200
0.1 0.1867 0.0 0.1178
0.2 0.1733 0.0 0.1154
0.3 0.1600 0.0 0.1125
0.4 0.1467 0.0 0.1091
0.5 0.1333 0.0 0.1050
0.6 0.1200 0.0 0.1000
0.7 0.1067 0.0 0.0937
0.8 0.0933 0.0 0.0857
0.9 0.0800 0.0 0.0750
0.95 0.0733 0.0 0.0546
0.975 0.0700 0.0 0.0286
1.0 (Tip section) 0.0667 0.0 0.0000

El‘m S wk
S w

; I IilililI
T
Figie

Fig. 6: Definitions of parameters and panels on tapered swept back wing and its wake, 0=5° (Half of wing and
its wake are shown due to symmetry).
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In Fig. 7, the effects of finite depth on pressure distribution at root chord-based Froude number Fr.=0.9 are shown
for mid-section (Strip 1). The ratio of wing distance from free surface to root chord is (h/cre0t=1.0). It is noted
from this figure that smaller depth ratio of finite bottom (d/cx:=0.25) has a significant effect on the pressure
distribution. In Table 2, the effects of finite-depth on lift and drag coefficients (induced drag + wave drag,
including bottom effect for drag) are shown. It can be seen that the shallower finite-depth causes an increase in
both lift and drag coefficients. This result is consistent with the pressure distribution shown in Fig. 7.

Table 2. Lift and drag coefficients at different finite-depth ratios.

d/Croot CL Co

100 0.2093 0.0047
0.75 0.2097 0.0046
0.25 0.5480 0.0091

sk
=
a4k ——-&—— d/c, =100 (Pressure)
B —=—— d/c,,,,=100 (Suction)
O — —v— — d/c,,=0.75 (Pressure)
B — —>— — d/c,,=0.75 (Suction)
3 . < d/c,,,=0.25 (Pressure)
1 o d/c,,,,=0.25 (Suction)
o | ©
Q 2 o
B o
= o
- o
1F, 0

CECINE=E RN - v
499999999999 I999E9

N L L L L L L 1 L L L 1 L L L
(o] 0.2 0.4 0.6 0.8 1

root

Fig. 7: Finite-depth effect on pressure distribution for Strip 1, h/Croe=1.0, Frc=0.9.
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Fig. 8: 2-D wave contours on free surface, h/cro0=1.0, Fre=0.9.

The wave contours and free surface deformation for Fr.=0.9 and h/cx=1.0 are shown in Figs. 8 and 9,
respectively. Notably, there is no finite-depth effect in this case. It is valued at noting that the presence of the
Kelvin wave pattern observed in deep water. On the other hand, the wave contours are illustrated in Fig. 10,
considering finite-depth effects, where the Kelvin wedge angle has now increased. In addition, both wave lengths
and wave heights have also increased compared to those observed in the infinite depth case. This result correlates
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with the increase loading on the wing surface, as demonstrated in Table 2 and Fig. 7. The dimensionless pressure
distributions on the back side of wing in unbounded flow domain as well as with the effects of free surface and
finite bottom, are shown in Figs 11 and 12, respectively. Similarly, the dimensionless pressure distributions on
the face side of wing in unbounded flow domain and with the effects of free surface and finite bottom are illustrated
in Figs 13 and 14, respectively. Notably, the differences are marginal for this particular case. Furthermore, the
convergence history of the present IBEM is depicted for both pressure distributions on the mid-section and for lift
and drag coefficients in Figs. 15 and 16, respectively. It is worth mentioning that the results presented in Figs 15
and 16 agree well with each other, and the converged solution is achieved by the second iteration step.

Fig. 9: 3-D wave deformation on free surface, h/coo=1.0, Fre=0.9.

2 p—
1.5 F
L "L-
1 | %
0.8
UL 0.6
i L] 0.4
0.5 H o2
i (o]
2] -0.2
I ° o4
-0.6
l -0.8
-0.5 F -1
-1.2
N I
I TNT]
-1.5 F
_2 Ll | Ll 1 | ) ) ) ) ) ) ) l Ll 1 | I
-1 -0.5 5] 0.5 1 1.5 2 2.5 3 3.5 4
2x/s

Fig. 10: Wave contours on free surface for h/croo=1.0, Fre=0.9, d/c00=0.25.
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Fig. 12: Non-dimensional pressure distribution on suction side of wing with free surface and finite depth effects,

h/cro0=1.0, Fre=0.9.

Numerical investigation of 3-D wing moving over free surface in water of finite depth 11



S. Bal / Journal of Naval Architecture and Marine Engineering, 21(2024)1-14

1 -
B /175'5";‘ c
B 7771117 <P
777777 0.5
0.8 |- i, o.a
| 0.3
| 0.2
o.1
B o

0.6 — -0.1
| -0.2
-0.3
= 0.4
B -0.5
0.4 |- -0.6
| -0.7
-0.8

0.2 Unbounded Flow domain

Pressure Side
o . . . 1 . . . J
0.2 o 0.2 0.4 0.6
x

Cp

006066066000000
ONOUNAMWNE RNWAO

d/c =0.75

root

Pressure Side

Fig. 14: Non-dimensional pressure distribution on pressure side of wing with free surface and finite depth

effects, h/Croo=1.0, Frs=0.9.
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Fig. 15: Convergence history for pressure distribution, h/cro=1.0, Fr=0.9, d/cr00=0.75.
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Fig. 16: Convergence of IBEM for lift and drag coefficients versus iteration number, h/cro0=1.0, Frc=0.9,
d/Cmot:O. 75.

5. Conclusions

An iterative numerical method previously described has been adapted and extended to accommodate the
movement of 3-D wings above a free water surface with finite depth. Some new numerical results have been
presented. The procedure involved separate solutions for the wing, free surface, and bottom surface parts, with
each problem iteratively influencing the others through their potential values. The method is based on the potential
flow model, has no viscosity terms, and linearizes the free surface condition without accounting for wave breaking
and spray effects in the calculations. The numerical method was first tested on a rectangular wing with a high
aspect ratio, allowing for a comparison of pressure distribution on mid-section with that obtained from a 2-D panel
method, serving as a validation test. NACAQ0012 sections were employed along the span-wise direction. A very
good satisfactory agreement has been found between two results. The numerical method was then applied to a
tapered swept back wing moving steadily over a free water surface with varying depths to assess its aero-
hydrodynamic performance. The findings are follows:

1) The wing loading increases as the depth of bottom surface decreases.

2) In deep water, a Kelvin wave pattern emerges, with the Kelvin wedge angle increasing for shallower bottom
surfaces, consistent with findings given in (Larsson and Raven, 2010).

3) Wave heights and lengths on the free surface also increase with shallower bottom depths, aligning with
those of given in (Larsson and Raven, 2010).

4) The method demonstrates that very rapid convergence is obtained, say only a few iteration steps.

These results demonstrate the significant impact of finite bottom surfaces on the performance of 3-D wings,
emphasizing the necessity of considering such effects during the early and final design phases of 3-D Wing-in-
Ground effect vehicles.
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