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Abstract:  
Poiseuille flows are considered as flows of Newtonian fluids through stationary pipes, with applications 

ranging from the pharmaceutical industries to manufacturing companies. These flows have been 

extensively studied in several works of literature due to their relevance in many spheres of life. However, 

the Poiseuille flow for non-Newtonian flows has not gained much attention, even though most fluids are 

non-Newtonian. Based on this, this study investigates the Poiseuille flow of the second-grade fluid. 

Second-grade fluids are viscoelastic non-Newtonian fluids that exhibit both shear-thinning and shear-

thickening with applications found in several industrial applications such as pharmaceutical, cosmetics 

and polymer processing. The Poiseuille flow of second-grade fluid is formulated from the underlying 

Navier-Stokes’ equations and the general assumptions of Poiseuille flow are invoked to reduce the 

equations to the regular ordinary differential equations. An analytical solution for the flow problem is 

sought using the method of separation of variables and the results are graphed to show the response of 

velocity and flow rate to the parameters of the flow. The outcomes show that velocity distribution reduces 

as the pipe radius increases and second-grade fluid has lower velocity than the Newtonian fluid. 

 

Keywords: Poiseuille flow, Couette flow, second-grade fluid, non-Newtonian fluid, Navier-Stokes’ equations. 

 

NOMENCLATURE 

 

Greek symbols 

V


 
velocity vector   dynamic viscosity 

p pressure   stress sensor 

 

1. Introduction  
 

Non-Newtonian fluids are fluids whose shear strain responds nonlinearly to the shear stress. Examples of non-

Newtonian fluids include the Casson fluid (Reddy and Reddy, 2022; Oke et al., 2020), Williamson fluid (Divya 

et al., 2023), Carreau fluid (Murthy and Reddy, 2023), Eyring-Powell fluid (Oke et al., 2023), modified Eyring-

Powell fluid (see Oke, 2021; Oke 2022) and second-grade fluid (Krishna, 2021). Second-grade fluids are non-

Newtonian fluids of the viscoelastic type, exhibiting a second-order relationship between the shear stress and 

shear strain. They can shear-thin or shear-thicken depending on the particular choice of second-grade fluid. The 

behaviour of the second-grade fluids depends both on the current state, as well as the past deformation history. 

Examples of second-grade fluid include ketchup and blood with applications found in several industrial 

applications such as pharmaceutical, cosmetics and polymer processing. Krishna (2021) studied the Hall slip on 

unsteady MHD flow of second-grade and the results include some novel applications of second-grade fluid in 

aerospace science. Yavuz (2022) extended the partial differential equations to the fractional order equations. The 

Laplace transform was used to solve the equations and the results showed that velocity profile reduces with 

increasing Prandtl number. Other studies include Oke et al. (2021), Juma et al. (2022), Oke (2022b), Vyakaranam 

(2022), Oke (2022c), Reni et al. (2023). 

 

Flows in diverse geometries of pipes and channels are ubiquitous in applications and are usually classed as Couette 

or Poiseuille flow depending on the relative motion of the channel walls (Kumar et al., 2018a; Kumar et al., 2018b; 
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Kumar et al., 2019a; Kumar et al., 2019b; Kumar et al., 2020). Poiseuille flow is a flow driven by pressure 

differential whereas Couette flow concerns flow between relatively moving parallel plates (Coles, 1965). 

Poiseuille flow is characterized by a flow of non-overlapping layers (that is, laminar flow) of viscous fluid 

sustained by the pressure variation (Gee & Gracie, 2022). The velocity profile in a Poiseuille flow is a symmetrical 

parabola with a maximum point at the midpoint but no flow on the wall (Wu et al., 2023). Poiseuille flow is 

essential for the design and development of microfluidic devices because the velocity gradient in this profile 

improves material transport. Other real-world uses for the Poiseuille flow can be found in many industrial 

processes and blood flow through capillaries. Poiseuille flow can be used to mimic the flow of blood in capillaries. 

It can be used to simulate industrial processes such as fluid transport in pipelines, heat exchanger systems, and 

chemical reactors, which have applications in the petroleum industry and other large-scale businesses (Sulaimon, 

2023). The implementation of Poiseuille flow in sophisticated medical diagnostics, medication delivery, and 

microscale chemical analysis is easily traced to the elegance in obtaining the solution of such flow. 

 

In this study, the Poiseuille flow of second-grade fluid is investigated within a pipe. Most works of literature have 

extensively considered Poiseuille flow for Newtonian fluids in different geometries, but none has specifically 

identified a non-Newtonian fluid to consider the analytical solution of such Poiseuille flow. The selected geometry 

for our study, a cylindrical pipe, reflects its widespread application in various engineering and biomedical fields. 

Though simple, the representative nature allows for a focused investigation of the Poiseuille flow of second-grade 

fluid. Inspired by its importance in fluid transport systems and microfluidic devices, we chose this geometry to 

elucidate the behaviour of non-Newtonian fluids in a practical setting. This study provides answers to the 

following research questions: 

(i) What is the effect of viscosity on flow velocity and flow rate of a Poiseuille second-grade fluid flow? 

(ii) What is the effect of second-grade fluid parameters on flow velocity and flow rate of a Poiseuille second-

grade fluid flow? 

 

2. Flow Description and Model Development 

Figure 1 shows a prototype of the fluid flow between two plates separated by a diameter of 2ℎ. The flow region 

is symmetrical about the origin 𝑦 = 0. An incompressible steady second-grade fluid flows between the stationary 

plates and the flow is considered after it is fully well-developed. 

 

 
Figure 1: Flow configuration 

The continuity equation, according to Oke et al. (2020) and Sitamahalakshmi et al. (2023) governing the steady 

flow of the second-grade fluid is  

                                                                                              ∇ ⋅ 𝑽⃗⃗ = 0                                                                                   (2.1) 

and 𝑽⃗⃗  is the velocity vector defined as 𝑽⃗⃗ = (𝑢1, 𝑢2, 𝑢3) and ∇ is the gradient operator in 3-dimension defined as  

∇=
𝜕

𝜕𝑥1

+
𝜕

𝜕𝑥2

+
𝜕

𝜕𝑥3

. 

In general, the continuity equation can be rewritten as  

                                                                         
𝜕𝑢1

𝜕𝑥1

+
𝜕𝑢2

𝜕𝑥2

+
𝜕𝑢3

𝜕𝑥3

= 0                                                                                (2.2) 

Following the work of Kọríkọ (2020), the law of conservation of momentum is 

                                                                 𝜌 (
𝜕𝑽⃗⃗ 

𝜕𝑡
+ (𝑽⃗⃗ ⋅ ∇)𝑽⃗⃗ ) = ∇ ⋅ 𝝈 + 𝜌𝑏                                                                    (2.3) 
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where the stress tensor is represented as 𝝈 and 𝑏 stands for the possible body forces. Since the flow is steady, then 

the velocity is independent of time and the equation (2.3) becomes  

                                                                𝜌(𝑽⃗⃗ ⋅ ∇)𝑽⃗⃗ = ∇ ⋅ 𝝈 + 𝜌𝑏.                                                                                      (2.4) 

According to Ayub and Zaman (2010), the stress tensor for the second-grade fluid has a quadratic relationship of 

the form 

 𝝈 = −𝑝𝑰 + 𝜇𝑨1 + 𝛼1𝑨2 + 𝛼2𝑨1
2. 

The terms in the equation are the identity tensor 𝑰, pressure 𝑝, dynamic viscosity 𝜇 ≥ 0, fluid constants 

𝛼1, 𝛼2 and the Rivillin Ericksen tensors 𝑨1, 𝑨2 whose representations are given in Anderson (1992) and Beard 

(1964) as 

  𝑨1 = ∇𝑽 + (∇𝑽)𝑇 , 

  𝑨2 =
𝜕𝑨1

𝜕𝑡
+ (𝑽 ⋅ ∇)𝑨1 + 𝑨1(∇𝑽) + (∇𝑽)𝑇𝑨1. 

        = (𝑽 ⋅ ∇)𝑨1 + 𝑨1(∇𝑽) + (∇𝑽)𝑇𝑨1,   𝑠𝑖𝑛𝑐𝑒     
𝜕𝑨1

𝜕𝑡
= 0   𝑓𝑜𝑟  𝑠𝑡𝑒𝑎𝑑𝑦  𝑓𝑙𝑜𝑤. 

        = (𝑽 ⋅ ∇)𝑨1 + 𝑨1(∇𝑽) + (𝑨1
𝑇(∇𝑽))

𝑇
, 

 where     ∇𝑽 = (
𝜕𝑢𝑖

𝜕𝑥𝑗
),   , 𝑖, 𝑗 = 1,2,3. 

Since 𝑢2 = 𝑢3 = 0 and there is no flow in the 𝑧-direction, then  

∇𝑽 = (

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

0 0 0
0 0 0

)   ⇒   (∇𝑽)𝑇 =

(

 
 

𝜕𝑢1

𝜕𝑥1

0 0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

 

and  

𝑨1 = ∇𝑽 + (∇𝑽)𝑇 =

(

 
 

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

 

𝑨1
2 =

(

 
 

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

(

 
 

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

=

(

  
 

4(
𝜕𝑢1

𝜕𝑥1

)
2

+ (
𝜕𝑢1

𝜕𝑥2

)
2

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

(
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 0)

  
 

. 

 By noting that 𝑨1 is symmetric then,  

                                                     𝑨2 = (𝑽 ⋅ ∇)𝑨1 + 𝑨1(∇𝑽) + (𝑨1(∇𝑽))
𝑇
.                                                                  (2.5) 

Now,  

𝑨1(∇𝑽) =

(

 
 

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

(

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

0 0 0
0 0 0

) =

(

  
 

2(
𝜕𝑢1

𝜕𝑥1

)
2

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

(
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 0)

  
 

, 
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(𝑨1(∇𝑽))
𝑇

=

(

  
 

2(
𝜕𝑢1

𝜕𝑥1

)
2 𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

(
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 0)

  
 

. 

 and 

𝑨1(∇𝑽) + (𝑨1(∇𝑽))
𝑇

=

(

  
 

4(
𝜕𝑢1

𝜕𝑥1

)
2

3
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

3
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

2 (
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 0)

  
 

. 

Next,  

(𝑽 ⋅ ∇)𝑨1 = (𝑢1

𝜕

𝜕𝑥1

+ 𝑢2

𝜕

𝜕𝑥2

+ 𝑢3

𝜕

𝜕𝑥3

)

(

 
 

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

 

                    = 𝑢1

𝜕

𝜕𝑥1

(

 
 

2
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝜕𝑢1

𝜕𝑥2

0 0

0 0 0)

 
 

=

(

  
 

2𝑢1

𝜕2𝑢1

𝜕𝑥1
2 𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

0

𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

0 0

0 0 0)

  
 

 

 and  

𝑨2 =

(

  
 

2𝑢1

𝜕2𝑢1

𝜕𝑥1
2 𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

0

𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

0 0

0 0 0)

  
 

+

(

  
 

4(
𝜕𝑢1

𝜕𝑥1

)
2

3
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

3
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

2 (
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 0)

  
 

. 

      =

(

  
 

2𝑢1

𝜕2𝑢1

𝜕𝑥1
2 + 4(

𝜕𝑢1

𝜕𝑥1

)
2

𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

+ 3
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

0

𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

+ 3
𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

2 (
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 0)

  
 

. 

 The stress tensor is  

𝝈 =

(

 
 
 
 
 
 

[
 
 
 
 −𝑝 + 2𝜇

𝜕𝑢1

𝜕𝑥1

+ 2𝛼1𝑢1

𝜕2𝑢1

𝜕𝑥1
2 + 4𝛼1 (

𝜕𝑢1

𝜕𝑥1

)
2

+4𝛼2 (
𝜕𝑢1

𝜕𝑥1

)
2

+ 𝛼2 (
𝜕𝑢1

𝜕𝑥2

)
2

]
 
 
 
 

         

[
 
 
 
 𝜇

𝜕𝑢1

𝜕𝑥2

+ 𝛼1𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

+3𝛼1

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

+ 2𝛼2

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2]
 
 
 
 

0

𝜇
𝜕𝑢1

𝜕𝑥2

+ 𝛼1𝑢1

𝜕2𝑢1

𝜕𝑥1𝜕𝑥2

+ 3𝛼1

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

+ 2𝛼2

𝜕𝑢1

𝜕𝑥1

𝜕𝑢1

𝜕𝑥2

       −𝑝 + 2𝛼1 (
𝜕𝑢1

𝜕𝑥2

)
2

+ 𝛼2 (
𝜕𝑢1

𝜕𝑥2

)
2

0

                0                      0 −𝑝)

 
 
 
 
 
 

. 

Based on the assumption that the flow is considered when it is fully developed in the 𝑥-direction, then  

                                                   𝑢2 = 𝑢3 = 0.                                                                                                      (2.6) 

 It is therefore clear that  
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𝜕𝑢2

𝜕𝑥2

=
𝜕𝑢3

𝜕𝑥3

= 0.                                                                                                               (2.7) 

  

 and the continuity equation (2.2) becomes  

                                                                

𝜕𝑢1

𝜕𝑥1

+
𝜕𝑢2

𝜕𝑥2

+
𝜕𝑢3

𝜕𝑥3

= 0  

                                                                           ⇒   
𝜕𝑢1

𝜕𝑥1
= 0                                                                                                (2.8) 

and  

𝝈 =

(

  
 

−𝑝 𝜇
𝜕𝑢1

𝜕𝑥2

0

𝜇
𝜕𝑢1

𝜕𝑥2

−𝑝 + (2𝛼1 + 𝛼2) (
𝜕𝑢1

𝜕𝑥2

)
2

0

0 0 −𝑝)

  
 

. 

The components of ∇ ⋅ 𝝈 in the three directions are  

∇ ⋅ 𝝈|𝑥 = −
𝜕𝑝

𝜕𝑥1

+
𝜕

𝜕𝑥2

(𝜇
𝜕𝑢1

𝜕𝑥2

) 

∇ ⋅ 𝝈|𝑦 = −
𝜕𝑝

𝜕𝑥2

+ (2𝛼1 + 𝛼2)
𝜕

𝜕𝑥2

(
𝜕𝑢1

𝜕𝑥2

)
2

= −
𝜕𝑝

𝜕𝑥2

+ 2(2𝛼1 + 𝛼2)
𝜕𝑢1

𝜕𝑥2

𝜕2𝑢1

𝜕𝑥2
2  

∇ ⋅ 𝝈|𝑧 = −
𝜕𝑝

𝜕𝑥3

. 

Writing 𝜆 = (2𝛼1 + 𝛼2), 𝑥1 = 𝑥, 𝑥2 = 𝑦, 𝑥3 = 𝑧 and 𝑢1 = 𝑢, 𝑢2 = 𝑣, 𝑢3 = 𝑤, we have the momentum equation 

as  

 
𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑥
+

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
                                                    

(2.9) 

 
𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑦
+ 𝜆

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
                                             

(2.10) 

 
𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑧
                                                                

(2.11) 

 

The flow under consideration is such that the walls are stationary and not stretching/shrinking and aligning with 

the no-slip condition, the accompanying boundary conditions at the walls are; 

𝑢(±ℎ) = 0. 

Figure (2..1) clearly shows velocity attains maximum when 𝑦 = 0, hence, the other boundary condition is  

𝜕𝑢

𝜕𝑦
|
𝑦=0

= 0. 

Thus, the equations governing the flow are 

 𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0                                                                            

(2.12) 
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𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑥
+

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
                                            

(2.13) 

 
𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑦
+ 𝜆

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
                                      

(2.14) 

 
𝑢

𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

1

𝜌

𝜕𝑝

𝜕𝑧
                                                          

(2.15) 

with the boundary and initial conditions  

                                                      at   𝑦 = ±ℎ;   𝑢 = 0.                                                                                             (2.16)  

                                                      at   𝑦 = 0;    
𝜕𝑢

𝜕𝑦
= 0                                                                                              (2.17) 

3. Analytical Solution 

The analytical solution to the governing equations will be sought in three stages (Oke, 2017). The first stage is the 

use of substitution of the flow assumptions, the second stage involves the use of techniques for solving ordinary 

differential equations. Starting by substituting conditions (2.6) and (2.7) in the momentum equation (2.13) gives 

                            𝑢(0) + (0)
𝜕𝑢

𝜕𝑦
+ (0)(0) = −

1

𝜌

𝜕𝑝

𝜕𝑥
+

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
 

                                           0 = −
1

𝜌

𝜕𝑝

𝜕𝑥
+

𝜇

𝜌

𝜕2𝑢

𝜕𝑦2
, 

                                                 𝜇
𝜕2𝑢

𝜕𝑦2 =
𝜕𝑝

𝜕𝑥
.                                                                                                                   (3.1) 

Observe also that by conditions (2.6) and (2.7), the following holds; 
𝜕𝑣

𝜕𝑥
=

𝜕𝑣

𝜕𝑦
=

𝜕𝑣

𝜕𝑧
=

𝜕𝑤

𝜕𝑥
=

𝜕𝑤

𝜕𝑦
=

𝜕𝑤

𝜕𝑧
= 0, 

 
𝜕2𝑣

𝜕𝑥2
=

𝜕2𝑣

𝜕𝑦2
=

𝜕2𝑣

𝜕𝑧2
=

𝜕2𝑤

𝜕𝑥2
=

𝜕2𝑤

𝜕𝑦2
=

𝜕2𝑤

𝜕𝑧2
= 0. 

Using the above results in the other momentum equations (2.14) and (2.15), we have 
                

𝑢(0) + (0)(0) + (0)(0) = −
1

𝜌

𝜕𝑝

𝜕𝑦
+ 𝜆

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
  ⇒   𝜆

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
=

1

𝜌

𝜕𝑝

𝜕𝑦
 

(3.2) 

𝑢(0) + (0)(0) + (0)(0) = −
1

𝜌

𝜕𝑝

𝜕𝑧
+

𝜇

𝜌
((0) + (0) + (0))   ⇒   

𝜕𝑝

𝜕𝑧
= 0 

(3.3) 

 

The independence of 𝑢 on the 𝑧-direction and the condition (2.8), then 𝑢 = 𝑢(𝑦). Also, equation (3.3) implies that 

pressure does not change in the z-direction. Based on these, equation (3.1) can be re-arranged as; 

                               𝜇
𝑑2𝑢

𝑑𝑦2 =
𝜕𝑝

𝜕𝑥
  ⇒   

𝑑2𝑢

𝑑𝑦2 =
1

𝜇

𝜕𝑝

𝜕𝑥
.                                                                                                       (3.4) 

Substitute equation (3.4) into equation (3.2), we get  

𝜆
𝑑𝑢

𝑑𝑦

𝑑2𝑢

𝑑𝑦2
=

1

𝜌

𝜕𝑝

𝜕𝑦
    ⇒ 𝜆

𝑑𝑢

𝑑𝑦
(
1

𝜇

𝜕𝑝

𝜕𝑥
) =

1

𝜌

𝜕𝑝

𝜕𝑦
 

                ⇒ 𝜆
𝑑𝑢

𝑑𝑦
=

𝜇

𝜌
(
𝜕𝑝

𝜕𝑦
÷

𝜕𝑝

𝜕𝑥
)    

⇒ ∫ 𝜆
𝑑𝑢

𝑑𝑦
𝑑𝑦 = ∫

𝜇

𝜌
(
𝜕𝑝

𝜕𝑦
÷

𝜕𝑝

𝜕𝑥
) 𝑑𝑦 

⇒    𝜆𝑢 =
𝜇

𝜌
∫(

𝜕𝑝

𝜕𝑦
÷

𝜕𝑝

𝜕𝑥
) 𝑑𝑦 + 𝑐. 

Consider a pressure distribution of the form 

                                                     𝑝(𝑥, 𝑦) = 𝑥2 + 𝑦2,                                                                                               (3.5) 

we have  
𝜕𝑝

𝜕𝑥
= 2𝑥,

𝜕𝑝

𝜕𝑦
= 2𝑦. 

Thus,  
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𝜆𝑢 =
𝜇

𝜌
∫

𝑦

𝑥
𝑑𝑦 + 𝑐  ⇒   𝜆𝑢 =

𝜇𝑦2

2𝜌𝑥
+ 𝑐. 

Using the boundary condition  

𝑢 = 0,   when   𝑦 = ±ℎ, 
we have  

𝜆(0) =
𝜇ℎ2

2𝜌𝑥
+ 𝑐  ⇒   𝑐 = −

𝜇ℎ2

2𝜌𝑥
. 

Finally, we have  

                               𝜆𝑢 =
𝜇𝑦2

2𝜌𝑥
−

𝜇ℎ2

2𝜌𝑥
=

𝜇

2𝜌𝑥
(𝑦2 − ℎ2).                                                                                        (3.6) 

Now since on differentiation, we have  

𝜆
𝑑𝑢

𝑑𝑦
=

𝜇𝑦

𝜌𝑥
  ⇒   

𝑑𝑢

𝑑𝑦
= 0,   𝑤ℎ𝑒𝑛   𝑦 = 0, 

then the second condition is automatically satisfied. The solution is therefore  

𝑢 =
𝜇

2𝜆𝜌𝑥
(𝑦2 − ℎ2). 

 

3.1 Numerical simulation 

Considering blood as a second-grade fluid, we take the default values as ℎ = 1.5𝑚, 𝜌 = 1050𝑘𝑔𝑚−3, and 𝜇 =
3.5 and 𝜆 = 2𝑚2. To verify the shape of the velocity profile, we plot the graph of 𝑢 when 𝑥 = 0.15𝑚 and the 

graph is displayed in Figure 2. The parabola nature of the graph indicates that flow is Poiseuille, just as expected.  

 

Figure 2: Showing velocity profile for Poiseuille flow 

The flow rate for the second-grade fluid is denoted as 𝑄 and defined as: 

𝑄 = ∫
ℎ

−ℎ

𝑢𝑑𝑦 

 so, 

𝑄 = ∫
ℎ

−ℎ

𝑢𝑑𝑦 = ∫
ℎ

−ℎ

𝜇

2𝜆𝜌𝑥
(𝑦2 − ℎ2)𝑑𝑦 =

𝜇

2𝜆𝜌𝑥
∫

ℎ

−ℎ

(𝑦2 − ℎ2)𝑑𝑦 =
𝜇

2𝜆𝜌𝑥
[
𝑦3

3
− 𝑦ℎ2]

−ℎ

ℎ

 

    =
𝜇

2𝜆𝜌𝑥
[(

ℎ3

3
− ℎ3) − (

−ℎ3

3
− ℎ3)] =

𝜇ℎ3

3𝜆𝜌𝑥
. 

 

It can be seen from Figure 3 that the flow rate attains maximum at the highest value of h. 

 ℎ = 1.5𝑚;   𝜌 = 1050;   𝜇 = 3.5;   𝜆 = 2. 
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Figure 3: Flow rate 

4. Analysis and Discussion of Results 

The analytical results obtained in section 3 for velocity and flow rate are plotted against the distance 𝑦 at varying 

values of the flow parameters to identify the behaviour of second-grade Poiseuille flow. The responses of velocity 

and flow rate to the variation in the flow parameters are discussed as follows. Figure 4 shows the behaviour of 

velocity distribution in the flow as the pipe radius increases. The velocity distribution reduces as the pipe radius 

increases as displayed in Figure 4. According to the continuity principle, the mass flow rate is constant throughout 

the pipe. Hence, with an increasing pipe radius, the velocity reduces to obey the law of mass conservation. Figure 

5 shows the velocity profile as the fluid becomes fully second-grade. When 𝜆 = 0, the fluid becomes Newtonian 

while the fluid becomes purely second-grade as 𝜆 increases. The velocity profile shown in Figure 5 indicates a 

decrease in velocity as the fluid becomes purely second-grade. The visco-elasticity nature of the second-grade 

fluid contributes to the increase in the boundary layer thickness, thereby causing more drag near the wall of the 

pipe and consequently leading to an overall reduction in the flow velocity. The flow rate is also found to decrease 

with increasing material parameter 𝜆. Figure 6 shows the decrease in the flow rate as the material parameter 

increases. Figure 7 is a representation of the behaviour of velocity as the dynamic viscosity increases. It can be 

seen that velocity increases as the viscosity increases while the flow rate decreases as the material parameter 

increases (see Figure 8). Figure 9 shows the velocity distribution at different cross-sectional areas of the pipe. The 

flow velocity reduces as the flow progresses further into the pipe as shown in Figure 9. 

 

  

Figure 4: Velocity profile for various values of pipe Figure 5: Velocity profile for various values of 
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radius material parameter 

 

 

  
Figure 6: Flow rate for various values of material 

parameter 

Figure 7: Velocity profile for various values of 

viscosity 

 

  

Figure 8: Flow rate for various values of viscosity Figure 9: Velocity profile at different cross-sections 

of the flow 

5. Conclusion 

The flow of second-grade fluid in a non-moving non-stretching plates is investigated in this study. The equations 

governing the flow were derived from and the analytical solution to the flow was found. The velocity distribution 

shows the parabola shape indicating the flow is Poiseuille flow. The results show that; 

 

 The velocity distribution reduces as the pipe radius increases. 

 The velocity profile decreases as the fluid becomes purely second-grade.  

 flow rate is also found to decrease with increasing material parameter 𝜆. 
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 velocity increases as the viscosity increases  

 flow rate decreases as the material parameter increases. 
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