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Abstract:
The current study explores the complex dynamics of hybrid nanofluid (Hz2 O+MWCNT+CuO) flow on
a flat plate, examining the effects of various physical parameters such as velocity slip, shape factor
and thermal radiation. The primary equations of the current problem have been converted into a set
of ordinary differential equations through the application of suitable similarity transformations.
Subsequently, the bvp4c solver is employed to address them. The three cases involving the shape
factor—platelet, cylinder, and spherical—are addressed with the results. The friction factor increases
at rates of 0.02383, 0.023825, and 0.023809 for platelet, cylinder, and spherical forms, respectively,
as the volume % of multiwalled carbon nanotubes varies from 0 to 0.105. Research indicates that
when the Eckert number varies from 0 to 0.6, the heat transmission rate decreases by 0.4444371 for
platelet form, 0.444998 for cylindrical form, and 0.444502 for spherical form. Increasing the
chemical reaction parameter enhances the mass transfer rate by intensifying the concentration
gradient at the surface. When the values of the chemical reaction range from 0 to 0.6, the Sherwood
number surges at rates of 0.2827136, 0.2827211, and 0.2827408 for platelet, cylinder and spherical
forms respectively.
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NOMENCLATURE Greek symbols

o Electrical conductivity [Sm] Cr Dimensionless chemical reaction parameter

Eck Eckert number Br Brinkman number

St Schmidt number L, Velocity slip parameter [m s?]
Kinematic viscosity [m2 5] o* Stefan-Boltzmann constant [Wm2 K]
Thermal conductivity [Wm K] L Velocity slip parameter (dimensionless)

r Thermal relaxation parameter K Permeability parameter [m?]

k* Mean absorption coefficient [m? Kg] A Porosity parameter

Dm Molecular diffusivity [m? s7] ki Chemical reaction parameter [molL? s]

p Density [Kgm™] ) Mixed convection parameter

Tw Wall shear stress [Nm™2] r# Thermal relaxation time of heat flux

Sw Wall mass flux [Kgm? s?] Bi Biot number

Mg Magnetic field parameter

1. Introduction

Thermal radiation significantly influences fluid flow by altering the energy distribution within the fluid. The
interaction of thermal radiation with the fluid involves absorption, emission, and scattering processes, which
modify the temperature distribution within the flow domain. These thermal variations subsequently influence
the velocity field and pressure distribution of the fluid. The phenomenon becomes more pronounced in
high-temperature regimes, with radiative heat exchange dominating the transport process. Applications of this
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knowledge include optimizing cooling systems in power plants and aerospace vehicles, designing efficient solar
thermal collectors, and understanding the dynamics of astrophysical plasmas. In 1996, Bakier and Reddy
explored the effect of thermal radiation on mixed convection over a permeable boundary. Later, Mohammadein
and colleagues (2000) applied a comparable configuration to power-law fluids, highlighting how radiative
transfer influences their flow properties. When the radiation parameter is amplified, a steeper velocity profile
can be seen. Al-Harbi (2005) quantitatively investigated the non-Darcy and radiative movement of a liquid with
variable viscosity. The inclusion of a viscosity parameter has been shown to enhance the Nusselt number. The
impact of radiation on viscous fluid flow over an exponentially stretching surface was studied by Bidin and
Nazar (2009). Makinde et al. (2017) extended this line of inquiry to Walter-B fluid in a flexible conduit,
showing that the friction coefficient grows with the Hartmann number. Reddy et al. (2018) further examined
radiative Casson nanofluid flow over a cylinder under slip boundary conditions using numerical methods.
Findings indicate that higher Eckert numbers suppress fluid velocity, highlighting the role of viscous
dissipation. Building on this, Hassan and Fenuga (2019) analyzed the steady radiative flow of a couple-stress
fluid through a permeable channel. Results confirmed that entropy generation is most intense along the central
axis of the channel. Building on this, Lund et al. (2020) employed the shooting method to study stagnation-point
flow in radiative Casson fluids interacting with contracting and expanding surfaces. Further contributions came
from Anantha et al. (2020), who analyzed the heat transfer behavior of unsteady Casson fluids over
exponentially stretching curved surfaces, with particular attention to viscous dissipation effects. Qasem et al.
(2021) later employed the finite difference method to numerically study how thermal radiation affects natural
convection and heat transfer in a water-based nanofluid confined within a heated enclosure. Revathi et al. (2021)
examined the dissipative and radiative behavior of a hybrid nanofluid flowing over a curved, stretching sheet.
Their analysis revealed that higher activation energy parameters are associated with increased concentration
levels. Following these studies, several researchers examined the role of thermal radiation across diverse
fluid-flow configurations. Notable contributions include the works of Kathyayani (2021), Babu et al. (2022),
Appidi et al. (2022), Nadeem et al. (2023), Waqas et al. (2023), Revathi et al. (2024), and Shaheen et al. (2024).

Recent advances in thermal engineering highlight the importance of nanofluids and hybrid nanofluids, primarily
due to their remarkable heat transfer capabilities. These engineered fluids are produced by suspending
nanoparticles within a conventional base liquid, a modification that significantly enhances thermal conductivity
and improves the efficiency of heat transport processes. By incorporating two or more distinct nanoparticle
materials into the same base fluid, hybrid nanofluids provide even greater improvements in thermal efficiency
than single-particle nanofluids. These advanced fluids find applications in various fields, including electronics
cooling, solar energy systems, automotive engines, and biomedical engineering. By improving heat transfer
efficiency, they contribute to energy conservation, reduced system size, and enhanced performance in diverse
technological applications. According to the research of Koo and Kleinstreuer (2005), the benefits of
incorporating nanoparticles can be amplified by using a conventional fluid with a high Prandtl number, such as
ethylene glycol. Entropy generation in nanofluid systems was investigated by Moghaddami et al. (2011), who
considered flow through a circular tube exposed to constant wall heat flux. Their findings emphasized that
nanoparticle dispersion can improve thermodynamic efficiency provided that heat transfer irreversibility
remains the leading source of entropy generation. Building on this foundation, Thameem Basha et al. (2019)
explored stagnation-point flow and the heat transfer characteristics of nanofluids formulated with ethylene
glycol and water. The microscale dynamics of CNT—water nanofluids over irregular radially stretching disks
were analyzed by Gohar et al. (2019) using the homotopy analysis method. Extending this line of inquiry, Upreti
and Kumar (2020) investigated how Ohmic heating and thermal radiation jointly influence nanofluid flow
across slender needles, reporting that water-based fluids achieved the highest velocities, whereas ethylene glycol
yielded the lowest. More recently, Majeed et al. (2023) and Makhdoum et al. (2023) contributed further insights
by modeling flow and heat transfer characteristics of nanofluids over stretching surfaces through varied
mathematical formulations. Hussain et al. (2017) expended the FEM to examine the optimization of entropy
generation for the water + Al,O; +Cu fluid flow within a horizontal conduit. Findings indicated that heat
transfer intensifies as the Richardson number increases. Extending this line of research, Afridi et al. (2018)
analyzed the dissipative flow dynamics of the same fluid over an exponentially stretching sheet, offering further
insight into its thermal behavior. It has been found that in hybrid nanofluids, fluid friction irreversibility is more
pronounced than in convectional nanofluids. In 2020, Acharya and colleagues applied the RK-4 scheme to study
radiative flow of a water + TiO. + CoFe204 particles over a spinning disc. It has been found that compared to a
single particle, the thermal efficiency of a suspension of two particles is greatly enhanced. In their study of flow
characteristics in a micropolar (water + Al,O3 + Cu) hybrid nanofluid, Roy et al. (2021) used a
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contracting/expanding surface with a vortex viscosity parameter to produce two solutions. Results show that as
the vortex viscosity parameter is decreased, so does the temperature profile. Research momentum continued
with contributions from Sandeep et al. (2022), Animasaun et al. (2022), Cao et al. (2022), Xiu et al. (2022),
Ullah et al. (2023), and Ali et al. (2024), who collectively investigated how hybrid nanofluids behave in terms of
heat and mass transfer when subjected to a wide range of geometrical configurations.

The central contribution of this research lies in its detailed examination of flow and heat transfer in a Water—
MWCNT-CuO hybrid nanofluid. By accounting for the combined impacts of thermal radiation, higher-order
chemical reactions, and the Cattaneo—Christov heat flux framework, the study provides new insights into the
complex mechanisms governing hybrid nanofluid performance. Although these physical mechanisms have been
examined separately in earlier studies, their combined influence, particularly in the presence of varying
nanoparticle shape factors, has not been systematically explored. We present the outcomes for the various shape
factor scenarios: spherical, platelet and cylindrical. The relevant physical features are shown and explained
using tables and bar graphs. This investigation set out to address a number of interrelated questions:

1. Nanoparticle Geometry and Radiation

Among platelet, cylindrical, and spherical nanoparticle geometries, which configuration exerts the greatest
impact on fluid flow behavior when exposed to thermal radiation?

2. Thermal Relaxation and Convective Heating

In systems governed by convective boundary conditions, what role does the thermal relaxation parameter play in
shaping the fluid’s temperature distribution?

3. Magnetic Field and Slip Flow

Under slip boundary conditions, how does variation in the magnetic field parameter alter the velocity and
transport characteristics of hybrid nanofluids?

4. What changes take place in the formation of entropy profile as the volume proportion of MWCNT?

2. Mathematical formulations

This study focuses on analyzing the flow characteristics of an aqueous hybrid nanofluid past a flat plate. The
governing mathematical framework is formulated under a set of defined assumptions.
(i) For the computational analysis, the thermo-physical properties of MWCNT, CuO, and water were utilized
as provided in Table 1.
(if) The schematic representation in Figure 1 shows the flow arrangement, where a uniform magnetic field of

strength Bis applied perpendicular to the flat plate, thereby influencing the fluid motion.
(iii) At the plate surface, the fluid satisfies the no-slip condition, adhering completely to the boundary and
yielding zero velocity. Progressively away from the wall, the velocity increases and asymptotically approaches

the free-stream value U, beyond the boundary-layer region.

(iv) In the present model, the magnetic field induced by the motion of the conducting fluid is assumed
negligible and hence excluded. With these simplifications, the governing conservation equations together with
the associated boundary conditions are formulated (Purna Chandar Rao et al., 2022; Makinde, 2013;
Al-Hossainy and Eid, 2021).
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Fig. 1 Flow diagram

2.1 Hybrid nanofluid thermophysical features (Amala and Mahanthesh 2018)
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(Sheikholeslami and Rokni 2017)
Where | denotes the contour of the nanoparticle in this investigation. In this context, I=1 denotes a spherical
form, 1=5.7 signifies a platelet structure, and 1=4.8 represents a cylindrical form.
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Table 1. Thermo-physical parameters of water, CuO, and MWCNT utilized in the current study (source:
Alzahrani et al., 2021).

Properties MWCNT H20 CuO
(D) (f) ()

k(Wm=1k-1) 3000 0.613 76.5

p(kgm_g) 2100 997.1 6320
O'(Sm_l) 0.00019 0.0000055 2.7x10°8
c, (kg k™) 711 4179 531.8

Using the similarity variables reported by Makinde (2013), the governing equations are reformulated into a
dimensionless similarity framework for subsequent analysis.
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The friction factor can be expressed using the subsequent formula:
13u fpn
Cf =-=trf 11
f= o url, (1)
Employing the similarity variables outlined in Eq. (6) enables the conversion of Eq. (11) into a compact

. . . .. . . 13du
dimensionless expression, thereby streamlining the mathematical formulation. Cf = ;5% .
s y:{]

The subsequent relation is applied to determine the local Nusselt number for the heat transfer analysis.
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3. Computational Framework

The system of similarity equations (7)—(9), together with the relevant boundary conditions, is formulated as a
boundary value problem. This problem is subsequently resolved numerically by employing the bvp4c algorithm
within the MATLAB computational framework. For the numerical implementation, the bvp4c solver is adopted
because of its capability to efficiently solve two-point boundary value problems through an adaptive collocation
procedure utilizing the three-stage Lobatto IHIA formulation. An adaptive mesh refinement approach is
employed to improve computational efficiency without compromising numerical accuracy. Owing to its
stability, reliability, and accuracy, the bvp4c routine has proven to be a powerful computational approach for
solving nonlinear boundary value problems encountered in fluid flow and heat transfer studies. A prerequisite
for successful numerical convergence is a properly posed mathematical model together with an adequate set of
boundary conditions that ensures the existence of a unique solution. Convergence difficulties may arise when
the boundary value problem is ill posed or admits multiple solutions, which can prevent the numerical method
from identifying a unique and physically meaningful solution.

| Declaration of variables I

| Initialization |

| Domain Discretization

bvpdc

[ 1

| Boundary conditions I | First order ODEs I | Initial guess |

r—J—_‘\

Boundary conditions Boundary conditions
at zero at infinity

l I Il

| Evaluation of solutions |

| Numerical results |

Figure 2: Flow diagram of BVP4C numerical scheme. (adapted from Faiz et al., 2022).

4. VVerification of the current outcomes

The findings of our work have been corroborated through comparison with former reported findings,
specifically within specific settings. A good agreement is noticed (refer to Table-2).

Table 2: To ensure reliability, the computational results obtained in this study are benchmarked against existing
literature, focusing on representative limiting conditions for meaningful validation. Pr=10 and

Prw=¢cu=0.
Bi —6'(0)
Daniel (2016) Present results
1 0.42130 0.421344
5 0.63551 0.635583
10 0.67853 0.678721
20 0.70256 0.702563
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5. Discussion of outcomes

The three cases involving the shape factor—platelet, cylinder, and spherical—are addressed with the results.

5.1 Regular profiles including temperature

The velocity of the fluid decreases progressively with higher values of the MWCNT volume fraction (¢mw),
since the enhanced effective viscosity imposes additional resistance to flow. This trend is clearly demonstrated
in Fig. 3. At higher volume fractions, nanoparticles begin to interact with each other more frequently. Enhanced
interactions among nanoparticles may facilitate agglomeration, causing an uneven particle distribution that
introduces localized flow disturbances and lowers the overall heat transfer efficiency. An external magnetic field
introduces Lorentz forces that counteract fluid motion, reducing velocity as field strength rises (Fig. 4). This
trend is consistent with MHD principles. In parallel, higher thermal radiation parameters intensify radiative heat
transfer, increasing energy absorption and emission within the fluid. The resulting effect elevates fluid
temperature and alters its distribution, particularly under larger temperature gradients (Fig. 5). As the Eckert
number grows, viscous dissipation becomes more pronounced, channelling kinetic energy into thermal energy
and thereby elevating the fluid temperature, as shown in Fig. 6. A higher MWCNT volume fraction (¢mw)
further augments the nanofluid’s thermal conductivity, intensifying heat transfer and producing a more elevated
temperature distribution, as seen in Fig. 7. With increasing nanoparticle concentration, the hybrid nanofluid
exhibits enhanced thermal conductivity, which facilitates efficient heat diffusion and leads to greater thermal
energy accumulation. At the same time, the rise in nanoparticle content increases viscosity, making viscous
friction more significant. This frictional mechanism converts part of the flow’s mechanical energy into internal
energy, contributing to a small but noticeable increase in fluid temperature. The notion of thermal relaxation
time captures the delay involved in transmitting heat from a fluid particle to the adjacent medium. Higher
relaxation times weaken the rate of energy exchange, thereby slowing thermal diffusion and extending heat
retention within the fluid. As thermal energy transfer slows, the fluid temperature declines, as shown in Fig. 8.
When the chemical reaction parameter is increased, the reaction becomes more intense, leading to faster
consumption of reactive species. This process reduces species concentration, compresses the boundary layer,
and lowers the concentration profile, as demonstrated in Fig. 9. The influence of the Schmidt number (S) is
evident in Fig. 10, where higher values correspond to reduced species diffusion. In such cases, momentum
diffusivity outweighs mass diffusivity, thereby diminishing concentration levels throughout the boundary layer.
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5.2 Analysis of Bejan number trends and entropy generation distributions

Fig. 11. Rising Brinkman number amplifies viscous dissipation, leading to greater entropy generation and
irreversibility. The augmented viscous dissipation results in enhanced energy dissipation and, therefore, an
elevated rate of entropy formation. The creation of entropy in a fluid flow is directly proportional to both the
volume fractions of MWCNT and CuO, as shown in Figs. 12-13. With greater nanoparticle loading, the
nanofluid’s effective viscosity rises, leading to stronger viscous friction and higher energy dissipation. This
process amplifies entropy generation through intensified irreversibility. Figs. 14-15 illustrate that the Bejan
number serves as a measure of the relative contributions of thermal and frictional mechanisms to entropy
production. Although the MWCNT volume fraction (¢mw) influences this parameter indirectly, an increase in
the Brinkman number shifts the balance, resulting in a decline in the Bejan number. Higher Brinkman numbers
enhance the contribution of viscous dissipation to thermodynamic irreversibility, thereby increasing entropy
generation associated with fluid friction. As a consequence, the contribution of frictional irreversibility becomes
more significant than thermal irreversibility. Since the Bejan number represents the relative role of heat transfer
irreversibility in overall entropy production, its value diminishes when the Brinkman number increases, as
viscous dissipation exerts a greater influence on thermodynamic irreversibility. Larger Brinkman numbers
therefore highlight the predominance of frictional losses over thermal effects. This trend is further evident in
Fig. 16, where the Bejan number decreases with rising MWCNT volume fraction (émw).
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5.3 Engineering quantities including Nusselt number

As presented in Table 3, the applied magnetic field (Mg) together with nanoparticle interactions significantly
modify the flow, thereby impacting the skin-friction coefficient. The increase in ¢mw enhances the effective
viscosity of the hybrid nanofluid, which strengthens interparticle interactions and raises momentum resistance.
This adjustment in rheological behavior intensifies shear forces at the wall, ultimately producing a higher
skin-friction coefficient. The friction factor is also marginally influenced by nanoparticle morphology; as
different particle geometries produce distinct flow responses under identical conditions. The observed
modifications in the Nusselt number under varying I and Eckert numbers highlight the competing influences of
convective and conductive mechanisms. The finite nature of the thermal response is determined by the
relaxation parameter, coupled with the inherent thermophysical properties of the medium. The finite thermal
response associated with larger values of (I') delays energy exchange between the fluid and its surroundings,
thereby diminishing convective heat transfer. s reported in Table 4, the Nusselt number decreases due to the
combined effects of convection and conduction. In contrast, the Eckert number reflects the contribution of
viscous dissipation to heat generation relative to the fluid’s conductive capacity. Table 5 reveals that both the
chemical reaction parameter (C;)) and the Schmidt number (St) enhance mass transfer, leading to an increase in
the Sherwood number. The higher chemical reaction intensity enhances species depletion near the surface,
resulting in a steeper concentration gradient and improved mass transfer characteristics. The Sherwood number
exhibits a positive response to increasing chemical reaction strength. When C; varies between 0 and 0.6, the
enhancement in the Sherwood number is found to be 0.2827136, 0.2827211, and 0.2827408 for platelet,
cylindrical, and spherical nanoparticle shapes, respectively.

Table 3. Variation in skin-friction coefficient as influenced by changes in the magnetic parameter and MWCNT
volume fraction.

Mg b Platelet Cylinder Spherical
1 0.065866 0.065843 0.065781
2 0.0262 0.026195 0.026182
3 0.015076 0.015076 0.015073
4 0.010683 0.010684 0.010684

0 0.015516 0.015515 0.015513
0.045 0.016382 0.016381 0.016378
0.075 0.017126 0.017124 0.017121
0.105 0.018027 0.018026 0.018022

Table 4 Impact of I" and Eck on Nusselt number
r Eck Platelet Cylinder Spherical

0 0.246657 0.239636 0.222954
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0.1 0.245578 0.238553 0.221859
0.2 0.2444432 0.237411 0.220702
0.3 0.243249 0.236208 0.219474
0 0.792512 0.765672 0.703459

0.2 0.703276 0.676414 0.614177

0.4 0.614387 0.587496 0.525327

0.6 0.525839 0.498971 0.436809

Table 5 Impact of Cr and St on Sherwood number

Cr St Platelet Cylinder Spherical
0 0.260261 0.260249 0.260215
0.2 0.322948 0.322937 0.322909
0.4 0.379120 0.379110 0.379086
0.6 0.430263 0.430255 0.430233
0 0.25 0.25 0.25

0.2 0.320092 0.320084 0.320065

0.4 0.381570 0.381558 0.381526

0.6 0.436702 0.436686 0.436643

6. Conclusions

This study investigates the intricate dynamics of hybrid nanofluid (H,O+MWCNT+C,0) flow via a flat plate,
analyzing the influence of several physical parameters including velocity slip, form factor, and thermal
radiation. The three cases involving the shape factor—platelet, cylinder, and spherical—are addressed with the
results. Key findings are presented below:

e AsBrand gmw values rise, the entropy generation also rises.

e Increasing the MWCNT loading enhances the frictional resistance of the nanofluid. As ¢mw changes
from 0 to 0.105, the friction factor increments are obtained as 0.02383, 0.023825, and 0.023809 for
platelet, cylindrical, and spherical particle shapes, respectively.

e Research indicates that when the Eckert number varies from 0 to 0.6, the heat transmission rate
decreases by 0.4444371 for platelet form, 0.444998 for cylindrical form, and 0.444502 for spherical
form.

e An intensified magnetic field strengthens the Lorentz force, which opposes fluid motion. This added
electromagnetic resistance diminishes fluid momentum, thereby lowering the velocity profile.

e Anintensified thermal radiation effect strengthens the coupling between radiative energy and the fluid,
thereby increasing heat absorption and elevating the fluid temperature.

Longer relaxation time delays heat transport, diminishing energy exchange and lowering temperature.
As the chemical reaction parameter varies from 0 to 0.6, the Sherwood number demonstrates a notable
rise. The enhancement rates are 0.2827136 for platelet structures, 0.2827211 for cylindrical forms, and
0.2827408 for spherical particles, highlighting the influence of nanoparticle geometry on mass transfer
behavior.
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