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Abstract 
 

The effects of torsion, aspect ratio and curvature on the flow in a helical pipe of rectangular 
cross- section are studied by introducing a non-orthogonal helical coordinate system. 
Spectral method is applied as main tool for numerical approach where Chebyshev 
polynomial is used. The numerical calculations are obtained by the iterative method. The 
calculations are carried out for 0≤ δ ≤0.02, 1≤ λ ≤ 2.85, 1≤ γ ≤2.4, at Dn = 50 & 100 
respectively, where δ is the non-dimensional curvature, λ the torsion parameter, γ the 
aspect ratio and  Dn the pressure driven parameter (Dean number).. 

Key words: Spectral method, non-orthogonal helical coordinate system, Chebyshev polynomial, steady fluid flow, 
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1. Introduction 
  
The curved geometry of helical pipe is important from both industrial and academic standpoint. The 
helical square pipe has been used extensively in various industrial applications to enhance the rate of 
heat, mass and momentum transfer. In order to improve the performance of these devices, an accurate 
and reliable analysis of the flow in the helical pipe is necessary, which can also be used as the basis for 
studying the flow in other devices, such as screw pumps, heat exchangers, and the passage between the 
blades of gas turbines or centrifugal compressors. The shape of a helical rectangular duct is as shown in 
Fig. 1 and it is determined by the dimensionless curvature δ and torsionτ. The torsion and curvature are 

defined, respectively, as 
22

0 α
ατ

′+′

′
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r
a  and 
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δ
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r
ar , where α is the width of the cross section 

of the helical pipe, απ ′2  the pitch of the helical pipe and 0r ′  the radius of the tube that the helical pipe 
is wound around. The curvature δ and the torsion τ of the centre line of the pipe characterize the 
particular kind of a pipe. For example, for a toroidal pipe, δ is constant and τ is zero, and for helical 
pipe, both τ and δ are finite and nonzero. The torsion gives rise to the so-called pitch of the pipe, απ ′2 , 
as shown in Fig. 1. The curvature induces centrifugal force acting on the flow in the pipe. The action of 
the centrifugal force in a toroidal pipe has been studied by Joseph et al.(1975), Cheng et al.(1976), Ghia 
and Sokhey(1977) and Winters(1987). 
 
A finite torsion generally makes the co-ordinate system non-orthogonal. Wang(1981) for the  first time 
handled the problem of flow in a helical circular pipe using a non-orthogonal helical co-ordinate 
system. The flow in the helical pipe has been studied for circular (Manlapaz et al.(1980); Wang(1981); 
Murata et al.(1981); Chen and Fan(1986); Kao(1987); Xie(1990)) cross sections. Yamamoto et al. 
(2000) first studied the flow in rotating helical pipe with circular cross-section. Very few numbers of 
studies regarding the torsion effect on the flow in a helical pipe of rectangular cross-section with large 
aspect ratio were studied.   
 
Hence, our object is to establish a set of mathematical equations in tensor form that can describe the 
flow through a helical duct.  The non-orthogonal helical co-ordinate system (r', s', t') has been used in 
the present problem.  Spectral method is used as a tool to solve the non-linear partial differential 
equations involved. The obtained non-linear algebraic equations are solved by iterative method. The 
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role of curvature, aspect ratio and torsion of the helical duct is investigated.  

 
 

Fig.1 Helical pipe with rectangular cross-section and coordinate system. 
 

2. Governing Equations  
 
A coordinate system that is suitable for describing fluid flow through a helical pipe (with square cross-
section) is helical coordinate system, as shown in Fig.1, which is a non-orthogonal coordinate system. 
Any point in the helical pipe can be defined by a Cartesian position vector R, which is a function of the 
co-ordinate system ),,( tsr ′′′  as shown in Fig. 1, where r ′  is the radial co-ordinate, s′  is the co-
ordinate along the centre line of the cross-section and t ′  is the co-ordinate parallel to the center line of 
the helix. The position vector R at any arbitrary point on the centerline is expressed as: 

ktsjsrisrR ′′+′′+′′+′′= )(ˆsinˆcos α . 
 
Along the centerline, the unit tangent, normal and binormal vectors are mutually orthogonal and 
denoted as T,  N and B respectively. The helical coordinate system ),,( tsr ′′′  is constructed with the 
co-ordinates ),( tr ′′ , defined by the plane of N and B, and the third coordinate s′  along the axial 
direction of the helical pipe of square cross section. 
 
Following Serret-Frenet formulas have been used for finding  the curvature and torsion: 

NTB
ds
dBN

ds
dNTB

ds
dTN

ds
dRT ∧==′−=′−′

′
== ,,,1, τκτ

κ
  

 
Now the co-ordinates ),,( tsr ′′′  are transferred to ),,( tsr ′′′ , where rrr ′+′=′ 0 . The dependent and 
independent variables are then normalized as follows: 
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where the variables with prime are the dimensional quantities. Assuming that the flow is steady and 
fully developed and hence the flow velocity is independent of s and the generalized Navier Stokes 
equations can be put in the following non-dimensional forms; 
in the η direction; 
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in the t direction; 
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the continuity equation; 
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where GaDn δ
µυ

2
3

= (Dean number), µ  the viscosity, 
s
PG
′∂

∂
−=  the constant pressure gradient 

along the duct axis, ),( tp η  the pressure in a cross-section and is related with the non-dimensional 

pressure P  by ),( tpGsP η+−= .                                                                                                             

We further introduce the new variable 
21 λγ

ξ
+

=
t  and the stream function ψ  such that 
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 which satisfies the continuity equation (4). 

The corresponding boundary conditions are 0=== wvu  at 1±=η  and 21 λγξ +±= . The 
assumption of a fully developed flow means that except for the pressure derivative all s derivatives are 
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set to zero. Eliminating p in the resulting equations (1)-(5) and we have the following equations for ψ 
and v, which are used for numerical calculations,  
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The boundary conditions for v  and ψ  are given by 
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3. Flux through the Helical Duct 
 
To calculate the flux, due to the non-orthogonality of the co-ordinate system, care should be taken 
about the axial velocity v′ , which is not perpendicular to tr ′−′  plane of the helical pipe, where the 
flow passes through, except at the centerline. The dimensional total axial velocity, Q′  through the 

tr ′−′  plane is obtained as: 

∫ ∫
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is the dimensionless total axial velocity. 
The dimensional mean axial velocity v ′  is defined as: 

δαγ 24
Qvv =′  

and the Reynolds number, eR  is: 

δγυ 22
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4. Method of Numerical Calculations 
 
The method adopted in the present numerical calculation is the spectral method, in which variables are 
expanded in series of functions consisting of the Chebyshev polynomials. That is, ),( ζηv  and 

),( ζηψ  are expressed as 
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which satisfy the boundary conditions at 1±=η  and 1±=ζ . The constants M and N are the 

truncation numbers in  η  and ζ  directions, respectively. mT  and nT  are the mth and nth order 

Chebyshev polynomial, and mnv  and mnψ  are expansion coefficients to be obtained. We substitute 
these expansions into equations (6) and (7) and apply the collocation method, then we obtain the non-
linear algebraic equations for mnv  and mnψ . The collocation points are taken to be 

2
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M
i

i
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2
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N
j

j
πζ  

where i=1,2,……,M+1 and j=1,2,……,N+1. The obtained non-linear algebraic equations are solved by 
iterated method and the convergence is assured by taking 1010−〈pε , where subscript p denotes the 

iteration number and pε  is defined as 

( ) ( )[ ]∑∑ −+−= ++ 2)1(2)1( p
mn

p
mn

p
mn

p
mnp vv ψψε  . 

The basic equations (6) and (7) and the boundary conditions (8) allow us to get a non-symmetric 
solution with respect to the horizontal line passing through the center of the cross- section. We shall 
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impose the symmetric condition for the solution. Actually, only non- symmetric solution is obtained 
due to non-orthogonal helical coordinate system. For sufficient accuracy, we have considered M=16 
and N=16 in the present numerical calculations. 
 
5. Results and Discussion 
 
5.1. Comparison 
The detailed comparisons on the flow through a curved duct (torsion parameter, 0λ = ) with aspect 
ratio, 1=γ (square cross-section) and non-dimensional curvature 02.0=δ  are presented here. First, 
present values of the Dean number may be compared at the limit points

1L  and 2L  with those of  
Winters’s(1987). Winters has shown the results at the pressure gradient instead of the Dean number, 

but these can be related by: 
δ2
nD

q = , where q is the axial pressure gradient in Winters’s notation. 

 
      Table 1. Comparison of the Dean numbers at the limit points 
 

Limit points 
nD (Present) 

nD (Winters) 

  L 2  683.0109491015334 683.26 

L 1   579.0281357122883 579.25 

         
Table 1 shows the comparison of present result with those of Winters’s by considering the truncation 
number (M, N)=(16,16). It is seen that present results show a good agreement with Winters’s results. 
Present ones are more precise than those of Winters’s and his calculations yield rather good results for 
the values of 1L  and 2L  in such simple flows.  
 
However, the spectral method with Chebyshev polynomial expansion as well as Rahpson method for 
iteration generally has the superiority to the other methods in numerical accuracy to solve differential 
equations in a closed domain and it is the most suitable method for the present problem containing 
complex flow structures. Therefore, it may be expected that the present numerical calculations give the 
flow characteristics accurately. 
 
5.2. Helical pipe with large aspect ratio 
Some numerical calculations have been made of Dean numbers nD =50 & 100 for different aspect 
ratio γ  and torsion parameter λ  at dimensionless curvature 1.0=δ . Therefore, interesting flow 
behavior will be expected if the helical duct with large aspect ratio is involved. It is also expected that 
the present numerical results measure better flow characteristics, although the multiple solutions may 
not be obtained. However, we have obtained multiple solutions in curved duct with large aspect ratio as 
well as in square cross section (Alam et al., 2006). Yamamoto et al. (1999) presented some results in 
case of square cross-section and did not produce any multiple solutions or bifurcation diagram. For 
different values of torsion, Fig. 2 shows the vector plot of the secondary flow in a cross-section while 
the streamlines plots at 50=nD  are shown in Fig. 3 and also Fig. 4 shows the equi-velocity lines of 

the axial flow at 50=nD . For each figure the outer wall is to the right and the inner wall is to the left. 
The length of arrow indicates the ratio of the stream velocity to the axial velocity and the direction of 
the flow in vector plots are always indicated by an arrowhead, no matter how small the flow is. Thus, 
the relative strength of the flow is not resolved for areas of a very weak secondary flow.  
 
For a helical duct with finite pitch and aspect ratio, 1≥γ  no symmetric solution can be expected. A 
pair of vortex locates upper and lower with unequal size but opposite direction of rotation with respect 
to the symmetric line through the centers of the duct and the curvature (see Figs. 2 & 3). The vortex 
rotating in the counter-direction of torsion (the upper vortex rotating anti-clockwise) is weakened and 
shifted to the upper right of the cross-section if we impose torsion force.  On the other hand, the other 
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vortex rotating in the same direction of torsion (lower vortex rotating clockwise) is strengthened and 

 

 
Fig. 2 Vector plots of the secondary flow for helical square duct at different values of   λ with δ =0.1 

and Dn=50, outside is to the right. 
 

shifted to the lower right of the cross-section (see Fig. 2 & 3).  At Dean number 50, a characteristic 
feature for increasing torsion is that the lower vortex of the secondary flow expands with the reduction 
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of the upper vortex. This can be seen in vector plots of Fig. 2 and the streamline plots of Fig. 3. The 
qualitative behavior is experimentally reported by Bolinder and Sunden(1995) for helical pipe with 
square cross-section as shown in Fig. 5(a) & 5(b). The effect of torsion on the axial flow is minor for 
ducts of low moderate pitch (Fig. 4). The maximum axial flow shifts to the lower half of the cross 
section. If the torsion is increased further, the location of the maximum axial flow moves to the lower 
right side corner of the cross-section.  

 

 
Fig. 3 Streamline plots of the secondary flow for helical square duct at different values of λ with δ=0.1 

and Dn=50, outside is to the right 
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Fig. 4 Contour plots of the axial flow for helical square duct at different values of  λ  with δ = 0.1 and 

Dn = 50, outside is to the right 
 
 
Here is a brief note on the flow through a rectangular helical duct with large aspect ratio 

4251.20.1 ≤≤ γ  and non-dimensional curvature 1.0=δ  at dean number 100=Dn . This Dean 
number is chosen because that is considered to be representative showing high flow patterns in the 
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helical curved duct. In this work, the iterative method is utilized for solving the obtained algebraic non-
linear equations. In Figs. 6 & 7, two-cell structure of secondary flow patterns are obtained at aspect 
ratio 0.1=γ  and these are not symmetric. There is not that much change in the flow pattern at the 
aspect ratios 4251.20.1 ≤≤ γ . Only the upper vortex is reduced and lower vortex is expanded.  The 
maximum axial flow at the horizontal centerline of the pipe is shifted towards the high-pressure side of 
the pipe as shown in Fig. 8. 
 

        
 
Fig. 5(a) Experimental result                               Fig. 5(b) Numerical result 
 

 

 
Fig. 6 Stream line plots of the secondary flow at different values of aspect ratio with λ=2.0 and 

Dn=100 
 

 
Fig. 7 Vector plots of the secondary flow at different values of aspect ratio with λ=2.0 and Dn=100 
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Fig. 8 Contour plots of the axial flow at different values of aspect ratio with λ=2.0 and Dn=100 
 
The physical mechanism responsible for such behavior is easily understood once we recognize that the 
curvature has the tendency to induce a secondary flow (without torsion) directed radially outward in the 
middle of the channel, while the torsion has a tendency to induce a secondary flow in radially inward 
direction. 
 
6. Conclusions 
 
Flow through a helical pipe with rectangular cross-section is studied in this research. From the above 
results and discussions, following conclusions can be drawn: 
 

1. The multiple solutions have not been obtained in case of helical pipe with rectangular cross-
section and for finite pitch no symmetric solution can be expected. 

2. A pair of vortex of the secondary flow locates upper and lower with unequal size but opposite 
direction of rotation with respect to the symmetric line through the centers of the duct and the 
curvature. 

3. If the torsion is increased, the lower vortex of the secondary flow expands with the reduction 
of the upper vortex and the location of the maximum axial flow moves to the lower right side 
corner of the cross-section.  

4. The maximum axial flow at the horizontal centerline of the pipe is shifted towards the high-
pressure side of the pipe. 
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