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Abstract

An injective mapf : E{&EGY2,.Y+q} is said to be an edge pair sum labeliga
graph G(p, q) if the induced vertex functiorf*:V(G) —» Z — {0} defined by f*(v) =
Yeer, f(e) is onei ong whereE, denotes the setf @dges inG that are incidenwith a

vertex v and f*(V(6)) is either of the form {ikl,ikz,...,ikg} or

{ikl,ikz, v, Thkp- 1} {kp} according ap is even or odd. A graph with an edge pair sum

labeling is calleobn edge pair sum graph. In thisyper we prove that pat,, cycle C,,
triangular snakep,,UK; ,, C, © K, are edge pair sum graphs.
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1. Introduction

We consider onlyfinite, simple, planaiand undirectedyraphs A graph G(p,q) has the
vertexsetV(G) andthe edgesetE(G) with [V(G)|=p and E(G)| =q. A vertex labelingf of

a graphG is an assiged of labels to the vertices of G that induces a label for edgexy
depending on the vertdabels. An edge labelinigof a graphG is an assigreof labels to
the edges of that induces a label for each vertedepending on the labels of the edges
incident on it.Terms and terminologgreusedin the sense of Harary [1].

Ponraj and Parthipg[2] introduced fie concept of pair sum labelingn injective map
a: (& Y { N1 p}isM@d té beNa pair sum labeling of a grapfp.q) if the
induced edge functiod.E(G) Y  Z {0} defined by &(uv) = qu)+ 4v) is oneone and
a,(E(G)) is either of the form {k;, zk,, é kq} Wr {£ky, ko, €, kq- 1N U{kq+1}
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according asg| is even or odd. Ayraph with a pair sum labeling called a pair sum graph.
The pair sum behavior of graphs like complete graplth bistar, cycle, all trees of order
08, and OmBoreatandargsaphsare investigatéd refs.[3-6].

Motivated by Ponraj and Parthipaj?], we define a new labeling calleth edge pair
sum labelinganalogous to pair sum labelifget G(p, ¢ be a graph. An injective mép
E(G) Y {#1,42,..,4+q} is said to be an edge pair sum labelinghi# induced vertex
function f*:V(G) - Z — {0} is defined byf*(v) = X.cg, f(e) is onei one whereE,
denotes the set of edgesGrthat are incident with a vertaxand f*(V(6)) is either of

the form {ikl,ikz, ...,ikg} or {ikl,ikz, ...,ikp_—l}z {kg} according as p is even or
2 2 2
odd. A graph with an edge pair sum labeling is called an edge pair sum graph.
We use the following definitions in the subsequeaduel.

Definition 1.1
The union of wo graphs;, andG, is the graphz;z G,with V (G, U G,) =V(G,) z V(G,)
andE(G,U G,) = E(G,) z E(G,).

Definition 1.2

Thecorona G O H is thegraph obtained by taking one copy®fandn copies ofH and
joinstheith vertex ofG with an edge to eary vertex in theth copy ofH where|V (G)| =
n.

2. Main results
Theorem 21: Every pathP, is an edge pair sum graph foe 3.

Proof: LetV = {v;,v,, ..., v,,} andE = {ey, e,, ..., €,,_1} be the verx se and edgeset of
P, respectively, wheree; = v;v;,,, 1< i < n — 1. We considethe following four cases

Case (i)n=3.
Definethelabeling f: E(G) - {1, +2} by f(e;) = —2, f(e,) = 1. The induced vertex
labeling are f*(v,) = -2, f*(v,) =—-1, f*(v3) = 1.Hencefis an edge pair sum
labeling ofP;.

Case ([) n=4.

Define the labeling f: E(G) » {+1,+2,+3} by f(e;) = =2, f(ey) = —1,f(e3) = 3.
The induced vertex labelys ar¢*(v,) = -2, f*(v,) = -3,f (v3) =2, f*(v,) = 3.
Hencefis an edge pair sum labeling Bf.

Case (ii) nis even Taken = 2k, k O3.
Definethelabelingf: E(G) —» {£1,+2,...,2(n— 1)} by

—2  ifi=k-1,
fle)={-1 ifi=k,
3 ifi=k+1,
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fleo = | 2k +1-2i ifl<i<k-2
: 2k—1-2i ifk+2<i<2k-1.
The induced vertebabelings are
frw) =f(e)) =2k -1, f"(v) = fez—1) = —Qk—1),for2<i<k-2
fr) =flei-) + fle) =4k +1—10), [T (1) =3, (i) = =3, [ (Vg41) =
2, f"(Wpy2) = —2andfor k+3<i<2k—1 f"(v;) = f(e;_1) + f(e)) = 4(k —
0).
From the aboveertex labehg we getf*(V(G)) ={+2,43,+12,t16, ..., +4(k —
1x(2#4 1).Hencefis an edge pair suhabeling of 2.

Case ) nis odd Taken=2k+ 1, k > 2.
Definethelabelingf: E(G) - {+1,+2,...,+(n — 1)} by

1 ifi=k+1,

-5 ifi=k-1,

5 if i=k+2,
f(ei)=§—(2k+3—2i) ifl<i<k-2

—2k+1+2i ifk+3<i<?2k.

The induced vertex labelisgre

fr(w) =f(er) =2k —1,f" (vy) = feax) = Ck + 1),

for 2<i<k-1 f'(v)=f(e-1)+fle) =4(-k+i-2), f"(v) =-3 ,

["Wiks1) =3, [T(Wk42) =6 and for k+3<i<2k f'(v;) = f(ei-1)+ f(e)

= —4(k — ).

From the above argument we get f*(V(G)) = {#3,+12,+16, ..., +4k, +(2k +
1)z 6. Hence f is an edge pair sum labeling 6.

Theorem 22: Everycycle C,, (n = 3) is an edge pair sum graph.

Proof : LetV = {v,,v,, ...,1,,} andE = {ej, e,, ..., €, } be the verte setand the edge set
of C,, where ¢, =v;v;,,,1<i<n—-1 and e, = v,v, .

Define the edge labelingf: E(G) - {£1,12, ..., £n} by considerirg the following three

cases.

Case (i)n=3.
fle)) = -1, f(e;) =2, f(e3) = —3 . The induced vertedabeling are f*(v,) =
—4, f*(v)) = 1,f"(v;) = —1. Clearly, f*(V(G)) = {+1,—4}. Hencef is an edge
pair sum labeling of’;.

Caseii) n=4.

fle)) =1, f(ey) =2, f(e3) = -1, f(e,) = —2 . The induced vertex labelings are
fro)=-1, f'w)=3fWw)=1 ['(w)=-3 Claly, V()=
{+1, +3}. Hencef is an edge pair sum labing of C,.
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Case i) nis evenTaken=2m.

Subcase (i)mis odd
Fori<i<m f(e;)=1iand f(ens;) =—i. The induced vertex labelisgare as
follows:

Fori<is<m-—1 f'(vj41) = f(e) +fley) =QRi+1), fT(Wme1) = fen) +
f(em+1) = (m - 1)1
for 1<i<m—1 f"(Vms14)) = femsd) + f(€mers) =—Qi+ 1), f(v)=
flezm) + f(er) =-(m-1).
Thus we get f*(V(G)) = {#£3,45,47,..,£(2m — 1), +(m — 1)}. Hence f is an
edge pair sum labeling.
Subcase (ii)mis even anan> 2.
Fori<is<smf(e) =1 fleme) = =2, flemsz) = —1,
for 1Ii<m—2 f(emiz+i) = fleme) — 2.
The induced vertebabelings areas follows:
For 1<i<m-—1 f"(vjy1) =f(e) +fey) =2i+1, [ (Vms1) = flem) +
f(e.m+1) =m-—2,for1<i<m-—1 f"(Wmp14) = f(ems) + f€me140) =
-(2i+1),f"(v1) = f(ezm) + f(e) = —(m —2).
From the abovéabeling,we getf*(V(6)) = {£3, 45,47, ..., (2m — 1), +(m — 2)}.
Hence f is an edge pair sum labeling.
Caseiv) nisodd Taken=2m+ 1, m = 2.
Subcase (iym = 0,2 (mod3)

f(el)z 1! f(ez)z_z; forl SLSm—l f(62+i) =2+l! f(em+2):_1:
for 1<i<m—1 f(emyns)=—(2+10).

The induced vertex labelingse
ffw)=-1, ffwy) =1L for3<i<m f (viq) = f(e) + flegq) =2 + 1,
[ Wms) =m, [f(Vmy3) = —4 for3<i<m f"(Wpi14) = flemei) +
flemirr) = =i+ 1), f*(v)) = —m.
From the above argumentge get f*(V(G)) = {£1,47,49, .., +2m +
1+mz1 4. Hence f is an edge pair sum labeling.

Subcase (ii)n = 1 (mod3)

ks

fle)=1,(e;) =2,f(e3) =3, for1 <i<m—2 f(ez;) = B+1), flemsz) =
—1, femas) = =2, for 1<i<m—2 f(emszsr) =—(3+10).

The induced vertebabelingare
ff) =3,f"(wv3) = =1, f (v = Lford<i<m f"(vi44) = f(e) + f(€i41)

= (21 + 1)! f*(vm+2) = m!f*(vm+3) =-3, f*(vm+4) =-6,for4<ic<
m [ (Ums1+) = f(emsi) + femr) = —QRi+ 1), f*(vy) = -m.

Clearly, f*(V(6)) = {+1,£3,49,+11,..., £(2m + 1), +m}U{—6} . Hencefis an
edge pair sum labeling.

Theorem 2.3 The star graphk; ,, is an edge pair sum graphsifid only ifn is even
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Proof : Let V(Kl,n) = {v,v,,v,, ..., v} and E(Kl,n) = {e;, €5, €3, ..., €,} Wheree; = vy;
, 1 O i O n

Definef(e,) = —1, for 2 SiS"T” f(e) =i, for 3<i snT” f(en_—z_H.) = —i.
2

The induced vertexabeling are f*(v;) = -1, for 2<i < "T” (v =1, for

3<i< "T” fr (vgﬂ.) = —iand f*(v) = 1. From the abovdabelings weget
2

n

(V) = {il, +3,+4, ..., + (E + 1)} U{2}. Hence f is an edge pair sum labeling

of K, ,, if nis even.

Conversely assume thatis odd Let f bean edge pair suttabding of G with labeling
fle)=x;, for 1<i<n Thenf'(v))=x forl<i<n and f'(v)=XL,x;.
Since f 5 an edge pair sum labeling wave

FVE) = {ikl, +hy, +hs, ...,J_rkn_ﬂ} .

If f"(v) =k,;,, then there must be a vertex say with f*(v,) = —k;.

Therefore} x; = —x;, = 2x; + X, x; =0. Since f is an edge pair sum labeling
™, x; = 0. Hencex; = 0 which isa contradiction.Therdore f is not an edge pair sum

labelingof K, , if nis odd

Theorem 24: The complete grapK, is not an edge pair sum graph.

Proof: Let f be an edge pair sum labgiof K, with f(e;) = x;, f(e;) = x,, f(e3) =

x3, f(e,) =x4 , f(es) =xs ,f(eg) =x¢ . Hence the induced vertelabeling are

ff) =x1+x+x6, fT(02) =% + x4 + x5, f7(V3) = X3+ x4 + X and f7(v,) =

Xy + X3 + Xs5.

Supposethat f*(v,) = k; then the other verta labels mustbe f*(v,) = —ky,
f*(v3) = ky, f*(vy) = —k, . Hence2x; + x, + x4, + x5 + x, = 0 and x, + 2x5 + x, +
xs + x, = 0 which implies that 2x; — 2x; = 0 and hencex, = x5, is a contradiction.
Therefore, K, is not anedgepair sum graph.

Remark:
By Theorem 2.1K; andK, arenot edge pair sum graphs. By theorem R2js an edge
pair sum graph.

Theorem 2.5:The graphP,, UK, ,, is an edge pair sum graph if m is odd.
Proof : LetV(B,,) = {uy, Uy, ..., U}, E(By) = {&; = wjuj4q ;1 < i <m — 1}, V(Km) =
{v,vy;1<i<n}andE(K,,)={e; =vv;1<i<n}

Define the edge labeling : E(P,UK,,) Y {+1,%2,43,..,£(m+n—1)} by
considering the following six cases.

Case () m=3and nis even.
fle) =1,f(e) =2, for 1<i<2 f(e)=—ifor 1<i<™2 fle;) =

—(3+1i) and f(e%ﬂ,) =B+i).

The induced vertex labelings are
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ffu) =1, (u) =3, (uz) =2, f"(v) = -1, f*(v,) ==2,for 1 <i< "7‘2
Frps) = -G +10) and f° (1@“) —@+i),fori<i<n f'(w) =
¥ f*(e;) = —3. Hence we getf*(I;(G)) = {il, +2,43,...,+ (nTM)} . Thus, fis an
edge pair sum labeling.

Case (ii) m =3 and nis odd.
fle)=1,f(ey) =2,for 1<i<3 f(e)=—ifor1<i< "T*f(egﬂ) =
—(641) andf(e,%”) =6+1i.
The induced vertex labelings af€ (u,) =1, f*(u,) =3, f'(uz) =2, for1 <i <
3 fw)=—i, for 1<i<™>f(vy)=—(6+0) andf* (un+3 ) = (6+1),
for 1<i<n f'(v)=YXf"(e) =—6 .The vertex labeling becomes (V(G)) =
{il,iZ,iB,iZiS,i‘), ("+9)}U{ 6}. Hence, f is andge pair sum labeling.

Case (ii) m=5, 7, 9 andhis even.

For 1<i<™2 f(e) = 2i—1), flens) =2, f(emTﬂ) =f<em_—3)+2,for

2

1<is< mT*f(emTﬂﬂ) - _f (emT_l_i),f(el’) =2, f(e)) = —m+2,for1<i<
nT_zf(eZ'H-) =(m+i)andf (e%ﬂ,) =—(m+1i).

The induced vertex labelings are

F1) =1, f () = =1, for 1 <0 ™22 ) = 41, (umaa) = (m - 2),
f*(Um_ﬂ)zm,f*<Um_+3>=2,f0r 1SiSTf <U,m+3 >_—f (um1 i),

2 2

Frv) =-2, f'(v) =—(m—2),for1<i< "7‘2 F*(vye) = (m + i) and
fr (Un_+2+i) =—(m+i), fori1<i<nfw)=Yf"(e) =—-m

From the above arguments we get

m-5

F(V(@) ={£1, 42,44, 48 .. +4 (T‘) L £(m—2), +m, £(m + 1), £(m +
2¢é x(m+m 22). Hence, fis an edge pair sum labeling.

Case (ivym=5, 7, 9 andh is odd.

Subcase (ml). Let n O 2(

For1 <i<™2 f(e) = (2i - D, flems) =2, f(em_ﬂ> = f(em_—z) + 2, for

1SiSmT_3f<emT+1+i)=—f<em 1 ) fle)) =—-2,f(e;) =—-m+2,f(es) =
-m,for1 <i< nz;Sf(eéﬂ-) = (m+1i) andf <en_+3+i) =—(m+1i).

The induced vertex labelings are






