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Abstract 

An analysis is conducted to investigate the problem of heat/mass transfer in MHD free 

convective flow of Casson-fluid in a vertical channel embedded with saturated porous 

medium past through carbon nanotubes in the form of single-wall carbon nanotubes 

(SWCNTs) and multiple-wall carbon nanotubes (MWCNTs) with engine oil as base fluid. 

In this article, the impact of CNT’s on velocity, temperature, shear stress and rate of heat 

transfer of the nanofluid has been investigated and studied graphically for the effects of 

different key physical parameters involved. The validity of this flow model is presented and 

is found satisfactory agreement with published results. The results state that, fluid velocity 

accelerates for greater values of Casson parameter and nanoparticles volume fraction, while 

thermal radiation (R) and heat generation (Q) assume a significant role in CNT's. 

Applications of this study arise in broad area of science and engineering such as thermal 

conductivity, energy storage, biomedical applications, air and water filtration, fibers and 

fabrics. 
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1.   Introduction 

Recently, an interest of extensive research has given towards the investigation of carbon 

nanotubes and its various applications for their small dimensions, high thermal 

conductivity and unique architecture and for having huge potential in nanotechnology, 

nano-medicine as biocompatible, air refinement scheme, mechanical compound materials, 

superfluous strong filaments, sensors devices, storage of gas, bio-sensors and many more. 

CNTs are generally comprised of pure carbon and  belongs to the group of fullerenes 

(C60), and these are accessible in different geometrical shapes like tubes, spherical, or 

ellipsoidal, which are mainly classified into two types such as single-walled carbon 

nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs) depending upon 

the structure. 

 Now days, CNTs have been considered as an ideal nano-carrier in the field of science 

and engineering. Many researchers [1–6] have paid an important attention on the CNTs 
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with various effects such as heat transfer, thermal conductivity, thermal radiations, porous 

medium and so on. Aman et al. [7] studied heat transfer enhancement in free convection 

flow of CNTs Maxwell nanofluids with four different types of molecular liquid. 

Convective heat transfer in MHD slip flow over a stretching surface in the presence of 

carbon nanotubes is discussed by Haq et al. [8]. Khan et al. [9] studied the slip flow of 

Eyring-Powell nanoliquid film which contains nanoparticles of graphene. Three-

dimensional nanofluid flow with heat and mass transfer analysis over a linear stretching 

surface with convective boundary conditions is illustrated by Khan et al. [10]. Also, 

Reddy et al. [11] addressed MHD boundary layer flow, heat and mass transfer analysis 

over a rotating disk of Cu-water and Ag-water nanofluid with chemical reaction through 

porous medium.  

 Further, Kandasamy et al. [12] explores the influence of various effects like Soret, 

Dufour, chemical reaction, heat source on free convective heat and mass transfer. Heat 

transfer of Cu-water nanofluid in an enclosure with a heat sink and discrete heat source is 

researched by Hassan [13]. Also, Reddy et al. [14] discussed the effects of Soret and 

Dufour on MHD convective flow of Al2O3–water and TiO2–water nanofluids in a 

stretching sheet saturated by porous media with heat generation/absorption. 

 Moreover, it is important to note here that numerous fluids of industrial importance 

are non-Newtonian because of their applications in petroleum drilling, polymer 

engineering, certain separation processes, food manufacturing and some other modern 

procedures. Due to the nonlinearity between the stress and the rate of strain for non-

Newtonian fluids, it is hard to explain every one of those properties of a few non-

Newtonian fluids in a single constitutive equation. This has approached the consideration 

of researcher to examine the flow dynamics of non-Newtonian fluids. Consequently, 

several non-Newtonian fluid models have been proposed depending on various physical 

properties. The most well-known among these fluids is the Casson fluid. Casson model is 

introduced by Casson to predict flow behavior of pigment oil suspensions of the printing 

ink type, which is a shear thinning liquid assumed to have infinite viscosity at zero rate of 

shear and gives stress below which no flow occurs. Jelly, tomato sauce, honey, soup, 

engine oil, human blood etc. are the examples of Casson fluids [15]. Mukhopadhyay et al. 

[16] discussed the exact solutions for the flow of Casson fluid over a stretching surface 

with transpiration and heat transfer effects. Analysis of Casson fluid flow over a vertical 

porous surface with chemical reaction in the presence of magnetic field is observed by 

Arthur et al. [17]. Hayat et al. [18] illustrated the mixed convection flow of Casson 

nanofluid over a stretching sheet with convectively heated chemical reaction and heat 

source/sink. Recently many useful researches have been developed by various researchers 

[22-33] about heat transfer through convective boundary conditions, heat source/ sink, 

radiation effect and chemical reaction of nanofluid/ nanotubes. Kalita et al. [36,37] 

discussed the effect of various emerging parameter on CNT and nanofluids with different 

shapes. Many recent researches [19-21,34,35,37-39] have been done on nanofluids with 

its powerful effect and found useful conclusions. 
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 In this article, engine oil is used as base fluid inside CNTs. The study of CNT with 

Casson fluid is considered as one of the important problems because of its development in 

many engineering problems. Carbon nanotubes can be used for the potential applications, 

structural evaluation, which have exceptional tensile strength and extraordinary electrical 

conductivity, also they can be chemically modified. 

  This research is aimed to investigate the impact of CNT’s in a vertical porous channel 

filled with Casson fluid (engine oil) and also this study enlightens the effects of heat/mass 

flux, diffusion thermo, Casson parameter, CNT volume fraction, magnetic drag force and 

Schmidt parameter on velocity, temperature, shear stresses and rate of heat transfer for 

different CNT’s with special emphasis on thermal radiation. All the relevant investigative 

findings of the embedded parameters are graphically displayed 

2. Mathematical Formulation 

We consider an electrically conducting fluid in a vertical channel of width a, and static 

walls at     and     with a uniform magnetic field of strength B0 applying 

transversely to the channel. This MHD flow is assumed to be incompressible and 

unsteady with heat and mass transport in Casson fluid (engine oil) containing SWCNT 

and MWCNT embedded in a saturated porous medium and are presented in Figs. 1 and 2. 

 
Fig. 1. Physical configuration and coordinate system [19,28,29,32]. 
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 Fig. 2. Distribution of SWCNT and MWCNT [19,34,35]. 

Under the assumptions of [29] and [32], the boundary layer equations for CNTs in a 

vertical channel of Casson fluid are given by 
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Eq. (1) gives:  ̅                

where  ̅ and  ̅ are the velocity components in the  ̅ and  ̅ directions respectively,    is the 

suction velocity to the plate,  ̅ is the temperature,  ̅ is the concentration of the nanofluid , 

 ̅        ̅  are the temperature and concentration of the nanofluid at wall    ,    is the 

uniform magnetic field strength,   is the Casson parameter,   is the electrical 

conductivity,    is the specific heat at constant pressure,  ̅ is the dimensional pressure, 

  , dimensional heat source,    is the species diffusivity,  ̅  is the permeability of the 

porous medium,   is a chemical reaction parameter; and  ,  ,   and      are the dynamic 

viscosity, density, thermal conductivity and heat capacitance, respectively. Here suffices 

CNT, nf, f are the carbon nanotubes, nanofluid and base fluid respectively. 

 For nanofluids, the static part in the effective thermal conductivity     and the 

effective viscosity     are derived from Maxwells et al. [22], Brinkmans et al. [20] and 

Xuan et al. [21] models and are defined as  (here   is the volume fraction of  carbon 

nanotubes). 
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The radiative heat flux [19,29,32] is given by, 

 
  

  
     (     )                                                                                                         

where ,   is an absorbent coefficient and   is the dimensional radiative heat flux 

 

Let us introduce the non-dimensional parameters: 
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Here   is the distance between the wall;         are the coordinate system;    is the 

reference velocity;    ,   and   are the dimensionless velocity, temperature, 

concentration and time respectively.   is the dimensionless pressure,   is angular 

velocity,   is the perturbation constant.                                      

represent Reynold’s number, magnetic number, porosity parameter, thermal Grashof 

number, Grashof number due to mass transfer, ratio of thermal conductivity of nanofluid 

to that of base fluid, heat source,  Peclet number, radiation parameter, Dufour effect, 

Schmidt number and chemical reaction parameter respectively. 

The boundary conditions are given by: 
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With the help of (5) – (6), the eqs (2) – (4) reduce to the dimensionless form: 
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The dimensionless forms of (8) are 
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The eqs (9) – (11) may be re-written as 

  

  

  
              

   

   
                                                                    

  
 
  

  
   

   

   
   

     

   

   
                                                                                           

  

  
 

 

  

   

   
                                                                                                                 

To solve the eqs. (13) – (15) with the boundary conditions (11), the perturbed solutions 

are taken of the forms: 

                                                                                                           

where   stands for           and     . 

On using the eqs. (16) into eqs. (13) – (15), we obtain the following system of ordinary 

differential equations, 

       

   
    

                                                                                             

       

   
    

                                                                                         

       

   
    

          

       

   
                                                                                        

       

   
    

          

       

   
                                                                                         

       

   
   

                                                                                                                       

       

   
                                                                                                                         

The transformed boundary conditions (12) are 

{

                                         

                                        

                                       

}                                                    

The solutions of the eqs. (16) to (21) the under boundary conditions (22) yield to 
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Shear Stress 

The shear stresses in terms of skin-frictions in non-dimensional form at     and   

 are as follows: 
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Rate of Heat Transfer 

The rate of heat transfer in non-dimensional form at     and    are as follows: 
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3. Validity and Accuracy 

The accuracy of the present CNT model is verified by comparing the results with 

published results illustrated by Aman et al. [19] at      and      for velocity and 

at      and       for temperature. The comparisons of the velocity and temperature 

for CNT-engine oil are presented in Tables 1 and 2. 
 

Table 1. Velocity profile for    in CNT for Engine oil at                        

                                                                       
 

Aman et al. [19] at       Present work at      

y                                         

0.0 0 0 0 0 0 0 

0.2 2.027 3.440 4.409 3.871 6.665 8.610 

0.4 2.162 3.630 4.623 4.056 6.942 8.941 

0.6 1.638 2.725 3.453 3.028 5.157 6.625 

0.8 0.864 1.429 1.804 1.582 2.686 3.444 

1.0 0 0 0 0 0 0 
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Table 2. Temperature profile for   in CNT for engine oil                    
                           

 

Aman et al. [19] at      Present work at      

y                                         

0.0 1 1 11 1 1 1 

0.2 0.8688 0.8474 0.8352 0.9097 0.8727 0.8527 

0.4 0.6935 0.6641 0.6474 0.7488 0.6981 0.6708 

0.6 0.4829 0.4566 0.4417 0.5317 0.4865 0.4623 

0.8 0.2477 0.2325 0.2239 0.2758 0.2497 0.2357 

1.0 0 0 0 0 0 0 

The present model is validated and accurate through the analysis of Tables 1 and 2. 

 

4. Results and Discussion 

All the numerical computations have been done through Table 3 for the properties of 

engine oil, SWCNTs and MWCNTs. The plotted curves are drawn for human blood-based 

nanofluid with SWCNTs and MWCNTs on velocity, temperature and skin friction of 

Casson-nanofluid. Default values of various parameters, which have been used to 

graphically analyze the effectiveness of the model are as follows:               

                                                               

                 

 

Table 3. Thermophysical properties of Engine oil and CNTs. 
 

   

        
   

        

  

       
  

      
      

      

Engine oil 884 1910 0.144    0.8 0.18 

SWCNT’s 2600 425 6600         27 

MWCNT’s 1600 796 3000          44 

 

Fig. 3. A) Impact of   on velocity profile ( ) for MWCNT (   ) and SWCNT (     ). B) 

Impact of   on velocity profile ( ) for MWCNT (    ) SWCNT (      ). 
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Fig. 3A describes the behavior of magnetic number on nanofluid velocity. It shows 

that the augmented values of   reduces the nanofluid motion, because a resistive force 

like Lorentz is generated during the motion of the electrically conducting nanofluid which 

retards the motion.  Moreover, maximum negative values of u is seen for the case of 

MWCNT when the thermal radiation is greater (   ) and hence back flow may occur in 

the channel. The impact of SWCNTs is more dominant than MWCNTs.  

 Fig. 3B displays the influences of   and    on nanofluid velocity ( ). It is observed 

that the behaviour of velocity is elevated for all greater values of   and    in the middle 

of the channel for both MWCNT and SWCNT. However, when   increases, physically 

the resistance of the porous medium is minimized for which momentum boundary layer of 

nanofluid increases and ultimately escalates the velocity for both SWCNTs and 

MWCNTs. These effects are natural phenomenon in physical prospects. 

Fig. 4. A) Impact of   on velocity profile ( ) for MWCNT (   ) and SWCNT (     ). B) 

Impact of   on velocity profile for MWCNT (    ) and SWCNT (     ). 

 

Fig. 4A depicts the influence of  and R on  . Increasing behaviour is observed in   

with augmented values of ( ). It is seen that u has higher value for the case of SWCNT 

than MWCNT and for        opposite behaviour is observed for MWCNT (   ) and 

back flow may occur.  

 Fig. 4B illustrates the effect of   on   at higher and lower values of  . In the region 

     , increasing behavior of   is observed with enhances in  . The behavior of   is 

more dominant in MWCNT than SWCNT. This is due to the fact that an increase in   

indicates a raise in the thermal conductivity of the CNTs nanofluid and for which the 

viscosity raises and hence flow velocity enhanced. 

A B 
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Fig. 5. A) Impact of   on velocity profile ( ) for MWCNT (    ) and SWCNT (      ). B) 

Impact of    on temperature profile ( ) for MWCNT (   ) and SWCNT (     ). 

 

The effects of   and mass    on velocity for CNTs’ are shown in Fig. 5A. It is 

observed that velocity is elevated for smaller   and the flow motion in MWCNT is more 

dominant than SWCNT, that is, velocity is accelerated for greater values of   . 

 In Fig. 5B all the profiles of   are sharply elevated due to the increasing effect of 

diffusion thermo parameter, while heat generation parameter is reducing the fluid 

temperature in the channel. However, SWCNT is more dominant than that of MWCNT 

and more heat is conducted near the plate    .  

 
Fig. 6. A) Impact of   on temperature profile ( ) for MWCNT (   ) and SWCNT (     ). B) 

Impact of    on temperature profile ( ) for MWCNT (      ) and SWCNT (       ). 

 

In Fig. 6A, temperature depression has been seen for greater values of heat generation 

as the   reduces the thermal boundary layer thickness, however temperature enhanced due 

to the impact of radiation. Interestingly, MWCNT is followed by the SWCNT 

substantially. Moreover, temperature of nanofluid is boosted without heat generation 

(   ) for both the cases of MWCNT and SWCNT. 

  Fig. 6B depicts the behviour of chemical reaction (  ) and Schmidt number (  ) on 

temperature of nanofluid and it is observed that temperature enhances for large value of 

   and   . Due to the impact of MWCNT, the fluid temperature of nanofluid is greatest 
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for ethanol species (      ) in comparison with the Ammonia (       ) in SWCNT. 

In physical prospects, this behaviour is valid and always reverse to species concentration. 

 
 

Fig. 7. A) Impact of   on temperature profile ( ) for MWCNT (   ) and SWCNT (    ). B) 

Impact of   and   on shear stresses at     and     walls for SWCNT. 

 

In Fig. 7A, the effect of CNT volume fraction     on temperature nanofluid in the 

case of SWCNT and MWCNT is presented. An increase in nanoparticle volume fraction 

reduces the temperature of MWCNT when     and temperature is enhanced for 

SWCNT when    , which is opposite to MWCNT. This is due to the fact that the 

presence of heat generation diminishes the momentum and thermal boundary layers 

thickness. 

  In Fig. 7B, greater values of M reducing the shear stresses at the wall    , whereas 

shear stresses becomes negative for the effect of   at the     wall and leads to more 

back flow during the motion in the carbon nanotubes. Opposite values are observed at 

both the walls and shear stresses are substantially increased for  > 0. 

 
   

Fig. 8. A) Impact of   and  on shear stresses at     for MWCNT (     ) and SWCNT 

(      ). B) Impact of   and M on shear stresses at     for MWCNT (     ) and SWCNT 

(     ). 
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boosted the values of shear stresses at the plate     and significantly MWCNT is more 

dominat than the SWCNT. In Fig. 8B, the behavior of drag force   supresses the shear 

stresses at the plate     for small radiation      , while for higher radiation        

there is a mixed behaviour for   that means after        the shear stresses gets 

reversed effect. Moreover, the CNT volume fraction enhanced 0 for R=0.5 and SWCNT 

is more dominant than the MWCNT in Fig. 8B. 

 
 

Fig. 9. A) Impact of   and Q on     at     for MWCNT (      ) and SWCNT (      ). 

B) Impact of   and R on     at     for MWCNT (    ) and SWCNT (     ). 

 

The behavior of   and   on the rate of heat transfer (   ) at     for different 

CNTs at        and        is presented in Fig. 9A. Increasing   reduced Nu0 and 

same effect is seen for Du. No effect has been observed at     and maximum effect has 

occurred at    , Nu0 has a reverse behavior without heat generation (   ), but Nu0 

reduces for the CNT volume fraction. In Fig. 9B, the effects of   and R on Nu0 at     

for      and       is displayed, here maximum effect has been occurred for the 

higher heat generation (    ) than the lower       which leads to the elevation of 

    due to the effect of  . Moreover, an asymptotic decay of     has been occurred by 

the influences of CNT volume fraction and radiation. Here negative behavior of Nu0 

indicates that the heat is diffusing from Nanofluid particle to the plate    . In 

magnitude of    , MWCNT has a dominant impact on the lower impact heat generation 

     .  

 

5. Conclusion  

The useful findings of hydromagnetic Casson (engine oil as base fluid) fluid in a vertical 

channel of porous medium for MWCNT’s and SWCNT’s with radiative heat transport are 

summarized as: 

Engine oil-based CNTs has a great impact in the present research. At    , a dominant 

behavior of SWCNT in nanofluid velocity has observed, but at      , MWCNT shows 

reversed effect. The values of temperature of nanofluid for SWCNT at       is heavier 

than that of MWCNT at    . However, the effects of heat generation on the 
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temperature distribution is similar in both the Figs. 6, 7 & 9. Moreover, it is observed that 

all the shear stresses at the plate     are positive means no opposite motion, while this 

behavior is reversed at the plate y = 1 means may occur opposite flow. Due to the 

influences of   , Gm and Gr, the fluid velocity is accelerated, but opposite trend is 

seen for  . The shear stresses are substantially increased for the augmented values of    

Du in CNT’s, but opposite to the effect of M. Higher porosity gets the higher elevation of 

   for MWCNT. MWCNT has a heavier impact on Nu0 for the higher      than the 

lower      . Due to SWCNT, 0 elevated for CNT volume fraction for       and 

gets reversed for SWCNT for      . 
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