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Abstract

The gravitational radiation from two point masses in Keplerian circular or elliptic orbit is
calculated with the assumption that the orbital plane of the binary undergoes small
oscillation about the equilibrium x-y plane. This problem is simplification of a physically
possible orbit where one of the point masses is spinning whereby the spin-orbit force drives
the orbital plane to wobble in a complicated manner. It is shown that the total energy of
gravitational radiation emitted by the binary in this case is greater than the energy emitted
when the binary orbit is fixed in the x-y plane. The results presented are in fact a
generalization of the classic results of Landau and Lifshitz.
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1. Introduction

We are now passing the exciting days of gravitational wave (GW) research. Earth-based
laser-interferometric detectors of gravitational wave are now collecting data, and LIGO
has just completed the longest scientific run [1] to date. The space-based detector LISA is
expected to open an observational window at low frequencies within the next decade [2].
In such an exciting and important time of gravitational wave research, every bit of
information on gravitational radiation, be it theoretical, computational or experimental, is
valuable. The most basic of GW science is the energy of radiation emitted by a GW
source such as a binary star, a binary black hole etc. Calculation of gravitational radiation
energy emitted by point masses in Keplerian elliptical orbit was performed by Peters and
Mathews [3], by Landau and Lifshitz [4]. In current literature, the objectives of
gravitational wave research are more focused on detection of GW [5-8] and on evolution
of GW sources [9-12]. In the present paper, we revisit the GW energy emission problem
with a fresh look in the scenario. In most astrophysical binaries, the orbital plane does not
remain invariant on a plane. For example, in a binary where one of the bodies is spinning,
the spin-orbit force drives the orbital plane to precession [13] or to oscillation in a
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complex manner [14]. Such precession or oscillation modulates the GW signal and the
total energy emitted also changes. Here we consider a simplified problem from the
scenario reported in [14]. Let two point masses in a Keplerian binary revolve round the
center-of-mass in circular orbit and at the same time, the plane of the orbit is undergoing
small oscillation about the equilibrium x-y plane. We assume that the angular frequency
of oscillation about the x-y plane is equal to the Keplerian angular frequency of orbital
motion in the x-y plane. Moreover, we assume that the amplitude of angular oscillation
about the x-y plane is very small compared to the radius of the orbit. We then calculate the
energy emitted separately in the two polarization modes of gravitational wave and the
total energy emitted in all directions. We find that the amount of energy emitted gets
increased which is determined by the amplitude of angular oscillation. This is an
important finding, and we feel that many researchers would like to know the way to this
result. The paper is organized as follows: In section 2, we briefly summarize the important
formulae of gravitational wave. In section 3, we present the problem and the subsequent
calculation. Finally, conclusion is presented in section 4.

2. Gravitational Radiation

Gravitational radiation emission from various astrophysical sources has been the focus of
many researches (see, for example, refs. [15-21]). Let us consider a source of gravitational

radiation characterized by a mass quadrupole moment tensor D,; with the six elements
D._.,D,,D_,D_.,D ,D
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with respect to a set of fixed inertial axes (X,y,z). We
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where p is the mass density, and % =x? + y? + z2,dV = dxdydz. The waves can be

taken to be plane in view of the typically large distance between the source and the
observer. The two independent polarization states of the gravitational wave can be
represented by the three-dimensional symmetric, unit polarization tensor e, satisfying

the relations
€oe =0, eopnp =0, e pe,5=1, (2

where #n is a unit vector in the direction of propagation of the wave. Let us label the two
polarizations by [3]
1 (rn ~n 1 (sn =~a
e, =—=\00 - ¢¢ e, =—\0¢ + 40|, 3)
where 6 and ¢ are conventional polar coordinates. In this basis, the wave form can be
written as [22]
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where £ is the metric perturbation or the GW wave form, and Dy, Dg, and D, are the
physical components of D, (the Cartesian components of quadrupole tensor) projected

along the directions of the spherical unit vectors 6 and ¢3 There exists canonical
procedure for obtaining these components, but we simply quote the results from Ref. [22]:

Dy = (Dm cos® ¢+ D, sin” g+ D, sin 2¢)0032 0+

+D_sin20-(D,, cosg+ D, sin ¢)sin 20,

D,y =D sin’ g+ D, cos® ¢ — D, sin 24, (5)
Dy, = —%(DXX -D,, )cosHsin 2¢+D,, cos@cos2¢ +

+ (sz sing-D,, cos ¢)sin 0.

The expressions for the intensity of radiation of a given polarization into solid angle
dQ are [4]

S 2m| adrd
where G is the Newton’s gravitational constant and c¢ is the speed of light in free space.
Using Egs. (3) and (4), we can write for the intensity of GW in (x) polarization as

3 2 3 2
an __ G gd Dy 1| _ G [d°Dy 7
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and that in (+) polarization as

3 3 2 3 3 2
a, G {dDgg dDﬂl G [dD%. dDWJ

2
dD,
ar=—C ( "’ﬂeaﬁ} dQ, (6)
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In the next section we apply these formulae to find out the gravitational radiation
energy emitted by a Keplerian binary whose orbital plane is oscillating about the
equilibrium x-y plane.

dQ 225 || drd d® dr® dr®

3. Gravitational Radiation from a Binary with Oscillating Orbital Plane

In many astrophysical binary star systems, the orbit of the stars undergoes precession and
oscillation due to many perturbing forces, such as, spin-orbit, spin-spin interactions.
Specifically, the spin-orbit force drives the orbital plane to oscillation about the
equilibrium plane in a quite complicated manner. One typical case is analyzed in Ref.
[14].

We consider a simplified situation defined by an almost fixed orbital plane confined to
the x-y plane, but the orbital plane undergoes very small angular oscillation about the
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equilibrium x-y plane. This situation simulates some of the characteristics of orbital
motion of a Keplerian binary with one particle having small spin. Now, we define the
orbit by the following orbital variables:

r = constant, &, =%— bsinat, ¢, =wt, 9)

where o is the Newtonian angular frequency of the orbit in the x-y plane , r =|r — 7|,
r, 7, being the positions of the particles of mass m,,m,, respectively, and b is a very
small parameter (b5 <<1 ) characterizing the angular oscillation about the x-y plane. This
oscillation is of the same frequency as the Newtonian orbital frequency. This choice is not
whimsical, but can be considered as practical (see, for instance, Ref. [14]). Now, we can
approximate the Cartesian components of the vector  as

X = rCoSwt,
y=rsin wt, (10)
z=rbsin wt.

Then, the quadrupole moments are

D, :yrz(?;cos2 a)t—l)D = yrz(3sin2 ot —1)

yy

D,, :%mzsin 201, D,, = ,ur2(3b2 sin? ot —1) (11)

D, :g,ubrz sin2et, D, =3ubr? sin® ot,

where u= itz , is the reduced mass of the binary. Now, we label the third

ml + mz
derivatives of the D’s as follows:

D,=4D,=BD, ,=CD_.=DD_=ED,=F. (12)

vz

Now, using Egs. (5), (7), and (12), we obtain

ay, G (11 sy 2. 102 (4 py2 2
d—Q_%mS[ZL{le +(4-B) }cos ¢9+4{4C (4-B) }cos 900544

+(E2 sin? ¢ + F? cos? qﬁ)sinze—EFsinz6’sin2¢+%C(B—A)cos2 Osin 4¢

(13)
1 1 . 1 1 . .

+ ZE(A_B)_ECF sin 20 cos 3¢ + ZF(A_B)+ECE sin 20sin 3¢

+ {%F(A - B)—%CE}sin 20sin ¢ + {%E(B - A)—%CF}sin 20c0s¢ )

Since, the system is rapidly rotating about the z-axis, average over the angle ¢ is
appropriate. Hence, we obtain
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dl .
a__ G 11 C2+£(A—B)2 coszﬁ+l(E2+F2)sm26 : (14)
dQ 36”2 4 2

Next, we take an average over the orbital period and after a somewhat lengthy
calculation we obtain the average

<%>:%{4(1—b2)00520+4b2} (15)

This equation gives the average intensity of gravitational radiation per unit solid angle
which is dependent on the oscillation parameter 5. Moreover, the result correctly reduces
to the classic result of Landau and Lifshitz [4] for circular orbit with invariant orbital
plane, i.e. when we put 5=0. Now, the intensity of (+) polarization is

2 o2 . 2 2

(Acos ¢+ Bsin ¢+Csm2¢)cos 0+

Dsin? 6 —(E cos¢ + Fsin ¢)sin 20 (16)
—(Asin2¢+Bcosz¢—Csin2¢)

dl, G
dQ  144xc°

Averaging over the angle ¢ gives

cos’ 9{%(/12 + Bz)+%C2 +%AB+D2 —z(E2 +F2)—(AD+BD)}+

oG |, cos?0)c? —l(Az +Bz)—§AB—2D2 +2(4D + BD)+ 2(E? + F?)} +
dQ  1447c° 4 2
+§(A2 +Bz)+1c2 +ZAB+D? - AD - BD
| 8 2 4 |
(17)
Next, averaging over the orbital period gives
dl 2.4 6
Ao\ _GHT O Ny bt 4o+ 267 —b*)oos? 0+ (L 4b2 + 5 Joos* ] (18)
dQ 2mc®

This result also reduces to the classic result of Landau and Lifshitz [4] in the 5=0 limit.
The total intensity of GW radiation in the present context is found by summing Eg. (15)
and (18). We obtain the total intensity as

b hd o

Integrating this expression over all directions, we get the energy radiated in
gravitational wave in all directions per unit time as
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2.4 6 4

_dE_,_32GuTr e’ 1+b2+b_, (20)
dt 5¢° 8

which reduces to the classic result of Landau and Lifshitz [4], for the case of circular

binary orbit fixed in the x-y plane, using 5=0, to

_ 32G,uzr40)6
5¢° .

Comparing Eg. (20) with Eq. (21), we see that the total energy radiated in gravitational
wave by a Keplerian binary system which is undergoing small oscillation of the orbital
plane is more than that emitted by a binary system with invariant orbital plane. Hence, we
found an important result, namely, the quantity of GW radiation emitted by an
astrophysical binary that is undergoing small orbital plane oscillation about the
equilibrium x-y plane with angular amplitude b, given by Eq. (20). If 5~ 0.1, compatible
with the approximation used in this work, then radiated GW energy increases by about
1%. So, the contribution of the small oscillation considered here in this work is
appreciable.

We now extend the calculation of the GW radiation to the case of elliptic binary orbit.
In reality, astrophysical binary orbits are elliptic. The orbit may also undergo oscillation.
Therefore, a calculation of the GW radiation output from such binaries will be worthwhile
to be carried out. With this motivation, we proceed with a simplifying assumption that the
orbital oscillation is of the same frequency as that of orbital revolution. The same
formulae (7), (8), (14) and (17) give the gravitational radiation intensity in the present
case. We define the orbital elements as that of a Keplerian elliptic orbit. In particular, we
assume the following orbital parameters:

I (21)

all-e?
,=

= , H:E—bsin(p
1+ecosp 2

do _lotm +my )i
dt 2

(22)

where a and e are the semi-major axis and eccentricity, respectively of an elliptic binary
orbit. The quadrupole moments are

D, = ur?@Bcos? 9 -1),D,, = pur?(3sin® p-1)
D =u?@b*sin®p-1),D,, :gﬂrz sin 2¢p (23)

D, zg,ubr2 sin2¢,D,, =3ubr?sin? .

We keep the same notation as (12) for the third derivatives of the different quadrupole
moments. Explicitly these derivatives are



28  Gravitational Radiation from Keplerian

A= p(l+ecosp) 2[65in 20 + esin (9 cos? ¢)—1)]

2 [65|n 20 + esin p(4 + 9 cos? go)]

=—p(1+ecosp)
C= /31+eCOS¢)2[6C052g0—3€005(p(1—30052(0)]

D=—ﬁ 1+ eCOS(p 2[6b2 sin 2¢ + 3b2esin p(1+ 3cos? @) + esin ¢)]

E =-3bB(1+ecosp)? [2 c0s 2¢ — e cos p(1 — 3cos? (0)]
F =-3bpB(L+ecos p)? [2 sin 2¢ + esin (1 + 3cos? (0)] (24)
where,

ﬂz _ 4G3m12m§ (ml + mz)
as(l—ez)5

Using formula (14) and averaging the resulting expressions over the orbital period, we
obtain the intensity of (x) polarization component of gravitational wave from elliptical
and oscillating binary, after a long calculation as

(25)

97 o2 49 2
4 2 2 2+ +—e" |cos? 6+
<d11>_ G*m*m(my +m,) 16° 64

a0/ 7
505(1—62)4 02212, B e ginzg
16 32

(26)

This equation gives the average intensity of gravitational radiation per unit solid angle
which depends on the oscillation parameter 5 and eccentricity e. If e=0, i.e., for circular
orbit, this equation reduces to equation (15). Note that e in equation (15) is now given by
do | dt of equation (22) with e=0. The exactness of equations (15) and (26) for e=0 is
clearly evident. For the (+) polarization the calculations are more involved and lengthy.
One would find the following result, (we have neglected terms of order higher than 52 ):

<d]_2> B G4m12m§(m1 + mz)><

o 5(1—62)%

[(Hﬁ 2+£ 4 _gp2 131 22 83 4y

2 |cos* @
2 64 256 16

+(1+§e2+47 et +2b% + ? 2p? + ¢ bjcosza

32 128
+£+%e2+£e4—ge2b2—ie4b2] (27
2 64 256 48 64

For e=0, this equation correctly gives formula (18) for circular orbit (note that in (27)
no b*term are included, however, in (18) there are). The results we have obtained here
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coincide with the results of Peters and Mathews [3] when we put 5=0 in the formulae (26)
and (27).
Next, we calculate the total energy radiated in GW in all directions per unit time as

32G4 2 2
_dE_ mlmZ(mlth)[l+Ee2+£e4+b2(1+§ez+ﬂe4)] (28)
dt Scsas(l_ez)A 24 96 16 72

which is generalization of the result of Landau and Lifshitz [4] for gravitational radiation
from a Keplerian binary in elliptic orbit, now with a small oscillation of amplitude 5. For
numerical results, we note that this is known for binaries like PSR B 1913+16 without the
oscillation induced term. The contribution from the oscillation can not be ascertained at
present, because specific values of the parameter b are not yet known. However, the
presence of small oscillation is evident from theoretical investigation [14], this is why we
have performed this study.

4. Conclusion

We have revisited an old problem, namely, energy radiated in gravitational wave by a
Keplerian astrophysical binary system. In literature, we find this problem discussed in the
context of a binary in circular or elliptical orbit with the plane of the orbit invariant [3-4].
Since, it is seen in literature [14] that due to spin-orbit interaction, the orbital plane in a
physical binary may undergo oscillation in a manner whose one simplified form is a small
oscillation about the equilibrium x-y plane with the angular frequency of this oscillation
as equal to the Newtonian orbital frequency, we found it as an interesting problem to find
the quantity of GW radiation in such a case. Our problem is the canonical problem of GW
radiation from a circular or elliptic binary, but with an additional parameter » which is the
amplitude of angular oscillation of the orbital plane (see, Eq. (9)). Our final result is
depicted in Eqgs. (20) and (28), which give the total energy radiated in all directions in
GW per unit time averaged over the orbital period. The formulae we obtain, Egs. (20) and
(28), are an extension of the classic results of Landau and Lifshitz [4] for the case of GW
radiation from circular or elliptic binary with fixed orbital plane. The oscillation we
considered augments the energy of radiated GW by an amount which is simply dependent
on the parameter b. Since our calculation is based on an approximation ( sin@ =6 ), our
result predicts for such cases as applicable, a maximum increase of GW radiation energy
by about 1% from the cases where there are no oscillation of the binary orbit. We consider
our simple calculation presented here as a valuable addition to gravitational wave
phenomenology that can arouse interest in practical GW researchers.
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