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Abstract

An injective map 1 - E(G) — {+1,%2, ..., +q} is said to be an edge pair sum labeling of a
graph G(p, q) if the induced vertex function f*:V(G) —» Z — {0} defined by f*(v) =
Yeer, f(€) is one — one, where E, denotes the set of edges in G that are incident with a

vertex v and f*(V(G)) is either of the form {ikl,ikz,...,ikg} or

{ikl, +tk,, ...,ikp_—l}U{kg} according as p is even or odd. A graph with an edge pair sum

labeling is called an edge pair sum graph. In this paper we prove that path B,, cycle Cp,
triangular snake, P,UK;,, C, © K, are edge pair sum graphs.
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1. Introduction

We consider only finite, simple, planar and undirected graphs. A graph G(p,q) has the
vertex-set V(G) and the edge-set E(G) with [V(G)|=p and |E(G)| = g. A vertex labeling f of
a graph G is an assigned of labels to the vertices of G that induces a label for each edge xy
depending on the vertex labels. An edge labeling f of a graph G is an assigned of labels to
the edges of G that induces a label for each vertex v depending on the labels of the edges
incident on it. Terms and terminology are used in the sense of Harary [1].

Ponraj and Parthipan [2] introduced the concept of pair sum labeling. An injective map
f- V(G) — {1, £2,...,#p} is said to be a pair sum labeling of a graph G(p,q) if the
induced edge function f.:E(G) — Z - {0} defined by f¢(uv) =f(u)+f(v) is one-one and
fe(E(G)) is either of the form {zk;, *k,,..., £ka} or {zk;, *ky,..., *kg-1} U{kg+1}

" Corresponding author: jeyajeyanthi@rediffmail.com


http://dx.doi.org/10.3329/jsr.v5i3.15001

458 Edge Pair Sum Labeling

according as q is even or odd. A graph with a pair sum labeling is called a pair sum graph.
The pair sum behavior of graphs like complete graph, path, bistar, cycle, all trees of order
<8, and <9 and some more standard graphs are investigated in refs. [3-6].

Motivated by Ponraj and Parthipan [2], we define a new labeling called an edge pair
sum labeling analogous to pair sum labeling. Let G(p, q) be a graph. An injective map f :
E(G) — {£1,£2,...,£+q} is said to be an edge pair sum labeling if the induced vertex
function f*:V(G) —» Z — {0} is defined by f*(v) = X.cg, f(e) is one — one where E,
denotes the set of edges in G that are incident with a vertex v and f*(V(G)) is either of

the form {ikl,ikz, ...,ikg} or {ikl,ikz, ...,ikp_—l}U{kg} according as p is even or
2 2 2
odd. A graph with an edge pair sum labeling is called an edge pair sum graph.
We use the following definitions in the subsequent sequel.

Definition 1.1
The union of two graphs G, and G, is the graph G;UG,with V (G,U G,) = V(G;) U V(G,)
and E(G,U G,) = E(G;) U E(G,).

Definition 1.2

The corona G © H is the graph obtained by taking one copy of G and n copies of H and
joins the ith vertex of G with an edge to every vertex in the ith copy of H where |V (G)| =
n.

2. Main results
Theorem 2.1: Every path B, is an edge pair sum graph for n > 3.

Proof: Let V = {v;,v,, ..., v,,} and E = {ey, e,, ..., €,,_1} be the vertex set and edge set of
P, respectively, where e; = v;v;,,, 1< i < n — 1. We consider the following four cases:

Case (i) n=3.
Define the labeling f: E(G) - {£1,+2} by f(e;) = —2, f(e,) = 1. The induced vertex
labeling are f*(v,) = -2, f*(v,) =—-1, f*(v3) = 1.Hence, f is an edge pair sum
labeling of P;.

Case (ii) n=4.

Define the labeling f:E(G) » {+1,+2,+3} by f(e;) = -2, f(ey) =—1,f(e3) = 3.
The induced vertex labelings aref*(v;) = =2, f*(v,) = —-3,f"(v3) = 2, f*(v,) = 3.
Hence, f is an edge pair sum labeling of P;.

Case (iii) nis even. Take n = 2k, k> 3.
Define the labeling f: E(G) —» {£1,%2,..,2(n — 1)} by

—2  ifi=k-1,
fle)={-1 ifi=k,
3 ifi=k+1,
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fleo = | 2k +1-2i ifl<i<k-2
: 2k—1-2i ifk+2<i<2k-1.
The induced vertex labelings are
frw) =fe)) =2k -1, f"(v) = feg—1) = —Qk—1),for2<i<k-2
fr) =flei-) + fle) =4k +1—10), f*(W—1) =3, (i) = =3, [ (Vg41) =
2, f"(Wpyz) =—2andfor k+3<i<2k—1 f"(v;) = f(e;_1) + f(e) = 4(k —
0).
From the above vertex labeling we get f*(V(G)) ={+2,43,+12,t16, ..., +4(k —
1+ (24— 1). Hence, f is an edge pair sum labeling of A2z

Case (iv) nisodd. Taken=2k + 1, k > 2.
Define the labeling f: E(G) —» {+1,£2,...,£(n — 1)} by

1 ifi=k+1,

-5 ifi=k-1,

5 if i=k+2,
f(ei)=§—(2k+3—2i) ifl<i<k-2

—2k+1+2i ifk+3<i<?2k.

The induced vertex labelings are

fr(w) =f(e)) = -2k —1,f"(v,) = flex) = Rk + 1),

for 2<i<k-1 f'(v)=f(e)+f(e) =4(-k+i-2), ff(v)=-3 ,

fT(is1) =3, fT(vpy2) =6 and for k+3<i<2k f'(vy) = f(e;i-1)+f(e)

= —4(k — ).

From the above argument we get f*(V(G)) = {£3,+12,+16, ..., 4k, +(2k +
1)U6. Hence, f is an edge pair sum labeling of 2. 0

Theorem 2.2: Every cycle C, (n = 3) is an edge pair sum graph.

Proof : Let V = {v,,v,,...,1,,} and E = {ey, e,, ..., e, } be the vertex set and the edge set
of C,, where ¢, =vv;,;,1<i<n—-1and e, = v,v, .

Define the edge labeling f: E(G) - {£1,+2, ..., +n} by considering the following three

cases.

Case (i) n=3.
fle)) = -1, f(e;) =2, f(e3) =—3 . The induced vertex labelings are f*(v,) =
—4, f*(v,) = 1,f*(v;) = —1. Clearly, f*(V(G)) = {£1,—4}. Hence f is an edge
pair sum labeling of Cj.

Case (ii)n=4.

fle)) =1, f(ey) =2, f(e3) = —1, f(e,) = —2 . The induced vertex labelings are
fro)=-1, f'W)=3fWw)=1[f'(w)=-3 Claly, f(V(©)=

{+1, +3}. Hence f is an edge pair sum labeling of C,.
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Case (iii) niseven. Take n =2m.

Subcase (i) m is odd.
For1<i<m f(e)=1iand f(eysi) =—i. The induced vertex labelings are as
follows:

For1<is<m-—1 f"(vi41) = f(e) +fley) =QRi+1), fT(Wme1) = fen) +
f(em+1) = (m - 1)1
for 1<i<m-—1 f"(Wpirs) = flemed) + flempre) =—-Qi+ 1), f(v)=
f(ezm) + f(e1) =-(m-1).
Thus we get f*(V(G)) = {#3,£5,47,..,£(2m — 1), +(m — 1)}. Hence, f is an
edge pair sum labeling.
Subcase (ii) miseven and m > 2.
Fori<i<mf(e)=1i, f(ems1) = =2, flems+2) = —1,
for 1<i<m—2 f(emiz+d) = flems) — 2.
The induced vertex labelings are as follows:
For 1<i<m-—1 f"(vjy1) =f(e)+fey) =2i+1 [ (Vmer) = flem) +
f(e.m+1) =m-—2,for1<i<m-—1 f"Wmy1+) = femsi) + f(€ms141) =
-(2i+1), f7(v1) = fegm) + fe) = —(m—2).
From the above labeling, we getf*(V(G)) ={+3,45,+7,..,t2m —1),£(m — 2)}.
Hence, f is an edge pair sum labeling.
Case (iv) nisodd. Taken=2m+1,m = 2.
Subcase (i) m = 0,2 (mod3)

f(el)z 1! f(ez)z_z; forl Slsm_l f(eZ+i) =2+l! f(em+2):_1:
for 1<i<m—1 flepmuory) =—(2+10).

The induced vertex labelings are

ffw)=-1, fflwy) =1, for3<i<m f"(viq) = f(e) + flegq) =20 + 1,
[ Wmi2) =m, fT(Wpy3) = =4, for3<i<m f"(pms14) = f(emei) +
flemirr) = —Q2i+ 1), f*(vy) = —m,

From the above arguments, we get f*(V(G)) = {£1,47,49, .., +2m +
1+mU—-4. Hence, fis an edge pair sum labeling.

Subcase (ii) m = 1 (mod3)

it

fle)=1,(e;) =2,f(e5) =3, for1 <i<m—2 f(ez;) = B+1), flemsz) =
—1, femas) = =2, for 1<i<m—2 femszs) =—(3+10).

The induced vertex labeling are
ff) =3, f"(w3) ==1, f'(v)) = Lford<i<m f"(vi44) = f(e) + f(€i41)

= (21 + 1)1 f*(vm+2) =m, f*(vm+3) =-3, f*('l?m+4) =—6,for 4<ic<
m [ (Umir+) = f(emsid) + femere) = —QRi+ 1), f*(vy) = -m.

Clearly, f*(V(6)) = {+1,£3,49,+11,...,£(2m + 1), +m}U{—6} . Hence, f is an
edge pair sum labeling. 0

Theorem 2.3: The star graph K ,, is an edge pair sum graph if and only if n is even.
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Proof : Let V(Kl,n) = {v,v,, vy, ..., v} and E(Kl,n) = {e;, €5, €3, ..., €,} Where ¢; = vy;
,1<i<n.

Define f(e,) = —1, for 2 SiS"T” fle) =i, for 3<i snT” f(en_—z_H.) = —i.
2

The induced vertex labelings are f*(v;) =—1, for 2<i < n2 (v =i, for

2
3<i< "T” fr (vgﬂ.) = —iand f*(v) = 1. From the above labelings we get
2

n

(V) = {il, +3,44,...,+ (E + 1)} U{2}. Hence, f is an edge pair sum labeling

of K, ,, if nis even.

Conversely assume that n is odd. Let f be an edge pair sum labeling of G with labeling
fle) =x;, for 1<i<n Then f*(v))=x; forl<i<n and f'(v)=XL,x;.
Since f is an edge pair sum labeling we have

FVE) = {ikl, +hy, +hs, ...,J_rkn_ﬂ} .

If f*(v) =k,, then there must be a vertex say wv,with f*(v;) = —k;.

Therefore Y x; = —x;, = 2x; + X, x; = 0. Since f is an edge pair sum labeling
™, x; = 0. Hence x; = 0 which is a contradiction. Therefore f is not an edge pair sum
labeling of K, if nis odd. O

Theorem 2.4: The complete graph K, is not an edge pair sum graph.

Proof: Let f be an edge pair sum labeling of K, with f(e;) = x;, f(e;) = x,, f(e3) =
x3, f(e,) =x4 , f(es) =x5 ,f(es) =x¢ . Hence the induced vertex labeling are
ff) =x1+x+x6, fT(v2) =% + x4+ x5, f7(v3) = X3+ x4 + xg and f7(v,) =
X, + x3 + Xs.
Suppose that f*(v,) = k,; then the other vertex labels must be f[*(v,) = —ky,
f*(v3) = ky, f*(vy) = —k, . Hence 2x; + x, + x4 + x5 + x, = 0 and x, + 2x5 + x, +
Xs + x¢ = 0 which implies that 2x; — 2x; = 0 and hence x; = x5, is a contradiction.

Therefore, K, is not an edge pair sum graph. 0

Remark:
By Theorem 2.1, K; and K, are not edge pair sum graphs. By theorem 2.2, K5 is an edge
pair sum graph.

Theorem 2.5: The graph P,,UK; ,, is an edge pair sum graph if m is odd.
Proof : Let V(B,,) = {uy, Uy, ..., U}, E(By) = {e; = ujujq ;1 < i <m— 1}, V(Km) =
vvpl<i<n}and E(K,)={e; =vv;1<i<n}

Define the edge labeling f : E(P,UK;,) — {£1,£2,43,..,x(m+n—1)} by
considering the following six cases.

Case (i) m=3and niseven.
fle)=1,fle) =2, for 1<i<2 fle)=—ifor 1<i<™2 fleg;) =

—(3+1i) and f(e%ﬂ,) =3+i).

The induced vertex labelings are
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ffu) =1, f"(u) =3, (u3) =2, f"(v)) =1, fr(wy)) =—-2,for 1 <i< nT—z
Frps) = -G +10) and f° (1@“) —@+i),fori<i<n f'®w) =
2

Y. f*(e;) = —3. Hence we get f*(V(G)) = {il, +2,43,..,+ (nTM)} . Thus, fisan
edge pair sum labeling.

Case (ii) m=3and nis odd.
fle)=1,f(ey) =2,for 1<i<3 f(e)=—ifor1<i< "T*f(egﬂ) =
—(641) andf(eﬁﬂ,) =6+1i.

The induced vertex labelings are f*(uy) =1, f*(u,) =3, f'(uz) =2, for1 <i <
3 ) =—i, for 1<i<™>f(va)=—(6+0) and f° (Un_+3+i) = (6+1),
for1<i<n f*(v)=Xf"(e;) =—6 .The vertex labeling becomzes (V)=
{il, +2,43,+7,48,19, ..., + (nTH)} U{—6}. Hence, f is an edge pair sum labeling.

Case (iii) m=5,7,9and niseven.

For 1<i< ™2 f(e) = 2i—-1), flenss) =2 f(emTﬂ) =f<em_—3)+2, for

2

1<is< mT*f(emTﬂﬂ) - _f (emT_l_i), Fle) =2 f(e)) = —m+2,for1<i<
nT_zf(eéH-) =(m+i)and f (e%ﬂ,) =—(m+1i).

The induced vertex labelings are
Fr@) =1 ) = =1, for 1 <i ™2 (uyy) = 4i, £ (umea ) = (m - 2),

f* (um_ﬂ) =m, f* <Um_+3> =2,for 1<i< mT—S f* (um_+3+i> = —f* (Um_—l_i) s

f*(vl)zz =2, f*(vy) =2 —(m-2),for1<i< nT_Z () = (M +10) a;d
fr (Un_+2+i) =—(m+i), for1<i<nf'(v)=Xf"(¢e) =—m.

From the above arguments we get
Fr(V(6)) = {1,£2,£4,48, .., 24 (™), £(m - 2), m, £(m + 1), £(m +
2,....x(m+n—22) . Hence, f is an edge pair sum labeling.

Case (iv) m=5,7,9and n is odd.

Subcase (i) Let n<2(m-1).

For1<i<™2 f(e) = (2i - D, flem) =2, f(emTﬂ> = f(em_—z) + 2, for

120222 (emnn ) = —f (emaa ), fle) = =2 £e) = —m+2, f(e5) =
-m,for1 <i< nz;Sf(egﬂ-) =(m+1i) andf(eﬁﬂ,) =—(m+1i).

The induced vertex labelings are
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fflu) =1, f"(up)=-1, for1 <i < mT_S frlugy) =4i, f" (um 1) = (m — 2),
f*(umTﬂ)zm,f*<umT+s>=2,f0r1£iSmT_5f (um+3 )——f (U.m 1 i)’
ffv) ==2,f"(v;) =—(m=2),f"(v3) =—mfor 1<i< TS fr(se) =
(m+i)and f* (vmﬂ.) = —(m+0), forl<i<nf'® =Yf(e)=—2m

The vertex labeling becomes f*(V(G)) = {+1 +2,44,48,. +4( ) +(m —
2xmrEm+1,....x(2m+n—32)U-2m . Hence, f is an edge pair sum Iabellng

Subcase (ii) Letn>2(m-1).

For1<i<™2 f(e)=(2i—1), flems) =2, f (e%> = f(emT—3> +2,
fori<i<™? (emTHH.) - f (emT_l_l), fle) = =2, f(e)) = —m +2,
fes) =—m, for1<i<™2 f(es) = 2m+0) andf(e%ﬂ_) ——2m+i).
The induced vertex labelings are

Fr@) =1 f ) = L for 1< i <™2 f(uy,) = 40, f° ( _ ) —(m-2),
f*(um_ﬂ)zm,f*<um_+s>=2,forlSiSm—_s f(um+3 ) f( )
JTW) =2, fT(vy)) = —(m—2), f(v3) = —m, for 1< <—3 f (v3+1) =
(2m + i) and f* (vnTHH) ——@Qm+i),fori<i<nf'@)=3f(e)=—2m.
From the above labelings we get

FV@) = {£1,£2,+4,48,.., 24(2), £(m — 2), m, £(2m + 1), £(2m +
2y x(dm+n—32)U—2m .

‘ 3

Hence, f is an edge pair sum labeling.

Case (v) m>11and n iseven.
Subcase (i) Let m <n.

For 1< 1< ™2 f(e) = 2i = 1), flems) =2, f(emTﬂ) - f(em7—3) +2,
for1<i< mT_Sf(eanﬂ.) = —f(em 1 ) fle)) =-2, f(ey) =—-m+2,
for1<i< "T‘Z flezss) = @m —10+0) and f <enT+z+i> =—(Q2m—10+ ).

The induced vertex labelings are

fram) =1, f* () = =1, for 1<i <™= f*(uyy) = 46, f* (um_> = (m—2),

fr (um+1> m, f~ <um+3> =2, for 1<i< mT_S fr (umTH_H:) =—f" (Um_—l_l.),

2 2
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frw) ==2, f'(w) = —(m—2),for 1 <i <™= f'(v,y) = (2m—10+1) and
)i (Urlziﬂ.) =—2m-10+i),for1<i<n f"(w) =X f(e;)) =—m
From the above labeling we get
frV(©) = {£1,42,+4,48, .., +4("2), £(m — 2), 2m, £(2m — 9), £(2m —
8,....x(4m+n—222). Hence, fis an edge pair sum labeling.

Subcase (ii) Let m > n.

For1 < i <™2f(e) = 2= 1), flems) =2,f (emnn) = f (ems) +2,
2 2 2
for1<i<™2f (emn,, ) = —f (ema ). Fe) = =2 flep) = —m+2
2 2
for1 <i< "T‘Zf(egﬂ-) =(2+4i)and f (e%ﬂ,) = —(2 + 40).
The induced vertex labeling are
Fra) =1, f @) = =1, for 1 < i <2 f(uy) = 4i
5

fr (Um_—l) = (m—2),f*<um_+1> =m,f*<umT+3> =2,for1l SiSmT_
2

f*(um” ')z_f <u"‘1 ) frw)==2 f'w)=—(m-2),for 1 <i<™

F*(0y01) = (2 + 40) and f* (Un_nﬂ.) — Q44 forl<i<nf'(w)=
Y f*(e;) = —m . Thus we get ’

m-5

fr(V(6)) ={1,£2,£4,48, .., £4 (™), £(m — 2), m, £6,£10, .., £(2n —
2). Hence, fis an edge pair sum labeling.

Case (vi) m>11 and n is odd.
Subcase (i) Let m>n.

For1<i<™2 f(e) = (2i— 1), flems) =2, f (em_ﬂ> = f(emT—3> +2,
for1<i< ’”—‘3 f(em+1 ) =—f (emz_l l.), fle) =-2, f(e)) =—m+2,
fley) = —m,for1 <i<™= f(e3+l) = (2 + 4i) and f(en+3 ) =—(2+40).
The induced vertex labelings are

Fram) =1, f ) = =1, for 1 < i <2 f(uyy) = 4,

£ (um__l) = (m—2), f* <um2+1> m f* (um+3) =2for1<i<™®

r (u"m ) =-r <um ! i)’f () ==2, f*(v) =—-(m—2), f*(v3) = -
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forl<i< nT_sf*(v3+i) =(2+4i)and f* <‘l7n_+3+i) =—(2+4i),for1<i<
2

nf'(w) =Xf(g) = —2m.

From the above arguments we get

@) ={t142£4,28, .., +4("2), £(m - 2), +m, +6,£10, ., +(2n —
4)U-2m . Hence, f is an edge pair sum labeling.

Subcase (ii) Letm<n.

For1 < i <™2f(e) = 2i = 1), flem=s) =2 f<emT+1) - f(emT—s) +2,
fori<i< mT_3 f(emTﬂ_H.) =—f (emT—l_L.>, fle)) =2, f(e,) =—-m+2, f(es) =
—m, for 1 <i <™= f(esy;) = @2m—10+i) and f (e#ﬂ,) =—(2m-10+1),
for1<i<™™ f(epy) = @m+0)and f (e@ﬂ,) - —C2m+0).

The induced vertex labelings are

Fr@) =1 f ) = =1, for1 <12 (uy,) = 40, £ (uma) = (m - 2),

fr (Um_ﬂ) =m,f" (um_+3> =2,for1<i< mT—Sf* (Um_+3+i> =—f" (Um_—l_i),

ffw) ==2, ff(w)) =—-(m—2), fT(vz3) =—-m, for 1<i< mT_3f*073+i) =
(2m —10 + i) and f* (Um_+3+l.> =—2m-10+i), for1<i< % F*(Wmei) =
2
2m+i)and f* (‘Um_+n+l.> =—Qm+i),for1<i<nf'(w)=Yf(e) =-2m.
2
From the above arguments we get

£V(6)) = {£1,£2, 44,48, .., £4("2), £(m — 2), £m, £(2m + 1), £(2m +
2yt (3n+n2)+2m—9,4(2m—8,..,+5m—232,—2m

Hence, f is an edge pair sum label O

Theorem 2.6: Let G(p, q) is an edge pair sum graph . Then G O K{ is also an edge pair
sum graph if n is even.

Proof: Let f be an edge pair sum labeling of G. Then f*(V(G)) = {ikl, +k,, ...,iky} if
2
p is even.

V@) = {ikl, thy, .. ....,J_rkp__l}u{kg} if p is odd.
2 2
Let the edge set of G © K< be E(G O KS) =E(G)U{e; ;1<i<pand1<j<n}
and the vertex be V(G O K5) =V(6) Ufv: 1<i<pand1<j<n}

Here |E(G @K,f)|=q+np. Takekzg.
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Define h: E(G - Kf) - {£1,+2,43, ..., +(q + pn)}.
h(e) = f(e) if e € E(G)

h(ey) =q+k(i—1+j 1<i<p,1<j<k h(eigery) = —(a +
ki-147 1I<Kp, IS/

The induced vertex labeling are

W (vy) =q+k@—1)+j 1<i<p,1<j<k

R (Vigerjy) = —(q + k(i — 1) +) 1<i<p 1<j<k

2

Then h*(V (G O Kf)) = {ikl, tk,, ...,ikp} if piseven.

WG OKLH)) = {ikl, +tk,, ....,ikp_—l}U{kQ} if p is odd. Hence, h is an edge pair
2 2
sum labeling. O

Corollary 2.7 : The graph €, O K, isan edge pair sum graph.

Proof: By Theorem 2.6, C,, O K.,5 is an edge pair sum graph if m is even. Let m is odd
and take = mT_l

The vertex set V(C, OK,,)=V, UV,, where V, ={y; :1<i<n} and V, =
{vij :1<i<nand 1<j<m}and the edge set E(C, O K, ) = {{ei =V 1 <
En—1, en=vnvivel :1<in and 1</<m.

Define h: E(C, O KS)={+1,4+2,43,......,x(n + nm)}.
h(e;) =i 1<i<n,
h(ej)=—i j=1 1<i<n,
h(ej) =n+k(i-1D+j-1 1<i<n, 2<j<
h(egs)) = —(n+k(i—-1D+j—1) 1<i<n, zsjsmT“.
The induced vertex labels are as follows:
h(v)) =i 1<i<n,
h(v;j) = —i j=1 1<i<n,
h(vg) =n+k(i—-1)+j—1 1<i<n 2<j<™%
m+1

h(virj) = —(n+k(i—-1D+j—-1) 1<i<n, 2<j<—.

RV(Cy O Kf) = {+1,42, ., 4p,£(n+ 1), £ +2), .., + (n+k(n — 1) +
m—12.

N

Hence, C,, O K5 is an edge pair sum graph. 0

Observation 2.7: If G(p, q) is r- regular edge pair sum graph with even number of
vertices then Y,y f* (v)d(v) = 0.

Proof: Let f be an edge pair sum labeling of G. Then £*(V(G)) = {ikl, +k,, ...,ikg}
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Yver [T (0)d(W) = r(Lyev f* () = 0. O
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