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Abstract
Let G be a graph with p vertices and g edges and A = {01 2 P”A vertex labeling f: V (G)

— A induces an edge labeling " defined by f"(uv) = f(u) + f(v) for all edges uv. For a € A,
let v; () be the number of vertices v with f(v) = a. A graph G is said to be vertex equitable
if there exists a vertex labeling f such that for all a and b in A, |\,f (a) - v¢ (b)| <1 and the

induced edge labels are 1, 2, 3,..., . In this paper, we prove that jewel graph J,, jelly fish
graph (JF),, balanced lobster graph BL(n,2,m), L,@ K, and <Ln6Klm> are vertex equitable
graphs.
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1. Introduction

All graphs considered here are simple, finite, connected and undirected. We follow the
basic notations and terminologies of graph theory as in [1]. A graph labeling is an
assignment of integers to the vertices or edges or both, subject to certain conditions. There
are several types of labeling and a detailed survey of graph labeling can be found in [2].
The vertex set and the edge set of a graph are denoted by V(G) and E(G) respectively. The
concept of vertex equitable labeling was due to Lourdusamy and Seenivasan [3] and
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further studied in [4-7]. This is the further extension work on vertex equitable labeling
and we prove that the jewel graph J, , jelly fish graph (JF), , the lobster L(n,2,m),
L,@ K, and <Ln6K1,m> are vertex equitable. The following definitions have been used in
the subsequent section.

Definition 1.1: The jewel graph J, is a graph with vertex set
V(Jn)={u,v,x,y,uizlsiSn} and edge set E(Jn)={ux,uy,xy,xv,yv,uui,vui

1<i<n}.

Definition 1.2: The jelly fish graph (JF), is a graph with vertex set

V((JF)n):{u,v,ui,vj :1<i<n,1< j <n-2}and edge set E((JF),)=

{uui :1<i<n} U{wj 1< j< n—Z}U{unflun,vun,vunfl}.
Definition 1.3: The corona G;‘2G, of the graphs G; and G, is defined as a graph obtained

by taking one copy of G, (with p vertices) and p copies of G,and then joining the i vertex
of G, to every vertex of the i copy of G,.

Definition 1.4: A tree, which yields a path when its pendant vertices are removed, is
called a caterpillar. A tree, which yields a caterpillar when its pendant vertices are
removed, is called a lobster. Let L(n, 2, k) be the lobster constructed as follows. Let aj,
a,,...,a, be the vertices of the path P, and a;; and a;, be the vertices adjacent to a;, 1<i<n.
Join a; with the pendant vertices a;', ai?,..., &, 1<i<n, j=1,2.

Definition 1.5: A graph <'—n6K1,m> is the graph obtained from ladder L,, and 2n copies of

Ky m by identifying a non central vertex of i" copy of Kym with i " vertex of L,,.
2. Main Results

Theorem 2.1: Let Gy(p1, d1), Ga(p2, 92) »---» G (Pm» Om) be a vertex equitable graphs
with vertex equitable labeling f; where gi(1<i<m) is even and let ¢ =xu, and

e; =y,v,be an edge with f, () = f (uy) =q?i and f;(y;) =0, f;(v;) =1 respectively of the
graph G; (1<i<m) . If G is a graph obtained by joining the vertex X; with Ying and
U; with v; 1 (1<i <m-1) by an edge, then G is a vertex equitable graph.

m
Proof: The graph G has PL+ Py +ot Py vertices and _Zlqi +2(m—-1) edges.
1=
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m
_ 2 Gj +2(m-1) . N
LetA= )51, =l . Define a vertex labeling f: V (G) — A as follows.

2
f(x) = f,(0 if xeV(G)),
i1
_ 2 Oy
f(x)= (%) +(l—1)+k% if xeV(G;) for 2<i<m

The edge labels of the graph G; will remain fixed, the edge labels of the graph G;
(2<i<m) are

q1+3,q1+4,...,q1+q2+2;q1+q2+5,q1+q2+6, ...,q1+q2+q3+4;...,

-1 -1
mz gj +2m-1, mz gj +2m,..., E g +2(m-1). The bridges between the two graphs G;,
i=1 i=1 i=1
G+ Will get the label i gj +2i-1, i gj+2i 1<i<m-1). Hence the edge labels of G are
k=1 k=1

distinctand is {0,1,2, ..., E 0j +2(m—1)} . Also <1 foralla,b € A. Hence
i=1

V¢ (a)—vf(b)

G is a vertex equitable graph.

Example 1: The vertex equitable labeling of G4, G, and G; are given below:

3 3
. 1 2 3
1
> . 3
4 [ ] 0 7
0 7 3 7
! 3
4 ®
3 ! 6
J 4 5 6
0 1

The vertex equitable labeling of the graph obtained by the above construction is given in
Fig. 1.
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Theorem 2.2: Let Gy(p1, 1), G2(p2, 92) »---» Gm (Pm» Om) be a vertex equitable graphs with
vertex equitable labeling f; where ¢i(1<i<m) is odd and let € =X;u; and

e; =YVY,V,be an edge with fi(xi):[qziJ 'fi(“i):{qzi-‘ and  fi(y;) =0, fj(v;) =1

respectively of the graph G; (1<i<m) . If G is a graph obtained by identifying x; with

Yis1 and u; with viy, (that is identifying the edge e; with ei'+l) (1<i<m-1),then G is a
vertex equitable graph.

m
Proof: The graph G has P+ Py +ot P vertices and _Zlqi —(m-1) edges. Let A=
1=

m
2% ~(M=D || Define a vertex labeling f: V (G) — A as follows.
2

012,..,

f(x)= f,(x) if xeV(Gy) and

i-1
> —(i-2)
f(x)= fi(x) + kzlf -1 if xeV(G)) for 2<i<m.

The edge labels of the graph G; will remain fixed, the edge labels of the graph G; (except
€)(2<i<m) are

m-1
q1+l,q1+2,..-,q1+q2 -5 0 +05,01 +0p +1,---,q1+q2+Q3—2; izl gi—m +3,

m-1 m
'Zl g —m+4, .., _Zlqi —m+1. Also
I=. 1=

V¢ (a)—vf (b)|<1foralla,b €A . Hence Gisa

vertex equitable graph.

Example 2: The vertex equitable labeling of G, G, and G3 are given below:

3
4
0 2 2

? 3

:?ﬁ
1

0 0 1

1 1 2
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The vertex equitable labeling of the graph obtained by the above construction is given in
Fig. 2.

Fig. 2

Theorem 2.3: The jewel graph J, is a vertex equitable graph.

Proof: Let vertex set V()= {u,v, XY, uiﬂsign} and edge set
E(Jn):{ux,uy, Xy, XV, YV, uuj, v 1< i< n} . Then J, has n+4 vertices and 2n+5 edges.

Let A = {0,1,2”_”(@% Define a vertex labeling f: V (G) — A as follows.
2

f(u) =i+1if 1<i<n ,f(u)zo,f(\,)_F“ﬂ,f(x)=n+2,f(y): 1. It can be
2

verified that the induced edge labels of J, are 1, 2,..., 2n+5 and |v (i) v (j)| <1forall i,
jeA. Clearly f is a vertex equitable labeling of J,. Thus, Jewel graph J, is a vertex
equitable graph.

Example 3: The vertex equitable labeling of Js is given in Fig. 3.

Fig. 3

Theorem 2.4: The jelly fish graph (JF), is a vertex equitable graph.
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Proof: Let vertex set V((JF),)= {u,v, Uj,vj:l<i<nl<j<n —2} and edge set E((JF),) =
{uui 11<i< n} U{un,lun,vunyvun,l} U{W,— << n—z}- Then (JF), has 2n vertices and

2n+1 edges. Let A = {012{$” Define a vertex labeling f: V (G) — A as follows.

i if n-1<i<n

be verified that the induced edge labels of (JF), are 1, 2,..., 2n+l and
ve () -ve (J)
Jelly fish graph (JF), is a vertex equitable graph.

F(V)=0,f(v))=jif 1<j<n-2, f(u):[zr”l-l, f(ui)z{i—l it 1<in-2 It can
2

<1for all i, je A. Clearly f is a vertex equitable labeling of (JF),. Thus,

Example 4: The vertex equitable labeling of (JF)s is given in Fig. 4.

6

Fig. 4
Theorem 2.5: The balanced lobster BL(n, 2, m) is a vertex equitable graph.

Proof: Let the vertex set V(BL(n, 2, m))= {ui Vi Wi Vi, W :1<i<nl<j< m} and edge
set

E(BL(n,Z,m))={uiuiJrl (1<i<n —1} U {uvi, ujw; :1<i<n} U {VivieriWij il<i<n,
1< j<mand v, = VU, W,w;, = Wiui}. Then BL(n, 2, m) has 2nm+3n vertices and

2mn+3n-1 edges. Let A = {0'1,2,“”{M]}. Define a vertex labeling f: V (G) — A as
2

follows. f (vy; ;) = (2m+3)(i 1), f (Uy_;) = F (Wy;_y) = (2M+3)i — (M + 2)

iflgis{n—‘,
2

fug) = F(vy) = (2m+3)i —(M+1), f (Wy) = (2m+3)i MSH,
2
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FUyg )= T (Wyy ;) = (@M +3)( -+ | iflsism,lg,-gm,
f(vgi )= fWy ) =@m+3)i—(m+D)+j 1Si£FJ 1< j<m- It can be verified that
2

the induced edge labels of BL(n, 2, m) are 1, 2,..., 2mn+3n-1 and <1for

Ve ()-vy (i)

all i, je A. Clearly f is a vertex equitable labeling of L(n, 2, m). Thus, balanced lobster
BL(n, 2, m) is a vertex equitable graph.

Example 5: The vertex equitable labeling of L(4,2,4) is given in Fig. 5.

13 &
7 8
3 9 14 19
20
4 10 [
¢ : . 15 21e
11 16 22
5 17
&0 2
4
¢ . 15 2l e 17
. 11
3 8 14 20
2 7 13 19

[EnY
[EN

18

Fig. 5

Theorem 2.6: The graph L= a is a vertex equitable graph.

Proof: Let v;,V,,...,Vy, Uy, Uy, ..., U, be the vertices of the ladder L, . Let vj;,u;
(1<i<n,1< j<m)be the vertices of n copies of a . Clearly L, Kfm has 2n+2mn
vertices and 2mn+3n-2 edges. Let A= {0,1’2'___1[2m”’;3n—2“. Define a vertex labeling f :
V(G) —A as follows.

f(v) =0, f(u)=m+1, Fu;)=fv;)=] if 1<j<m, f(vy,;)=(2m+3)i+1,

FUing) =M+ (2m+3)i it 1< {n_lJ’
2

f(vy) = (@m+3)i-1 f(uy)=(2m+3)i-m-1 mSH,
2
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f(Voipa,j) = @mM+3)i+ j—1 f(upyy ;)= Cm+3)i+m+2— |

if 1si§[n_lJ,lﬁj£m.
2

f(v2i'j):(2m+3)i—j, f(uZi’j)=(2m+3)i—m—2+j if 1§i§[2J, 1<j<m.

It can be verified that the induced edge labels of LnDa are 1, 2,..., 2mn+3n-2 and

\Z: (i)—vf (j)|<1for all i, je A. Clearly f is a vertex equitable labeling of LHDE.

Thus, L, @ is a vertex equitable graph.

Example 6: The vertex equitable labeling of Ls & K_4 is given in Fig. 6.

9 16 2
4 8 1 19
3 7 14 18
1 5
1
9 0
7e— 11— «—
3 0 12 2
4 8 12 0
g 13 19
10 14 18
Fig. 6

Theorem 2.7: The graph <Ln6Klm> is a vertex equitable graph.

Proof: Let v;,v,,..,V,,U;,Uy,...,U, be the vertices of the ladder L, Let vertex set
V(<Ln6Klym>)= {Ui Vi, Ui, Vig, Vi U s1<i<n1< j<m} and edge set E(<Ln6K1,m>)
:{uivi 1<i< n} U {uium,vivi+1 1<i< n—l} U {uiuio,vivio 1<i< n} U

{viovij,uiouij :1<i<n 1< j<m and v, =u;, W, = ui}. Clearly <Ln6K1’m> has
2n+2mn vertices and 2mn+3n-2 edges. Let A={o‘1‘2,,,,,[2m”+723”*2“. Define a vertex

labeling f: V(G) —A as follows. f(v;) =1, f(u)=m, f(vy) =0, f(up)=m+1,
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Fug)=J, F))=§+1 i 1< j<m-1, f(vy,)=(@m+3)i, f(Uy,y) =(@m+3)i+

m+l if 1gi{"_1
2

J, f (Vi) = f(va) = (2m +3)i -1,

f(Upiyo) = Fug) =(@m+3)i-m-1 jf 1sis[;J,

F(Vaiaay0) = M+ )i +1 f (Uzinyg) = M+ i +m if 1< L”:J ,
f(V2i+1’j):(2m+3)i+ja f(U2i+1yj)=(2m+3)i+m+1—j
if 1si{”lJ,1sj3m—1.

2

f(vy ;) =(@m+3)i—j-1 f(uy ) =(@m+3)i-m-1+]

if 1sisBJ S l<j<m-1.

It can be verified that the induced edge labels of <Ln6K1’m>are 1, 2,..., 2mn+3n-2 and

<1for all i, jeA. Clearly f is a vertex equitable labeling of<Ln6K1‘m>.

vy -ve ()

Thus, <Ln6K1’m> is a vertex equitable graph.

Example 7: The vertex equitable labeling of <L46K1]5> is given in Fig. 7.

1 8 15 21
)
5 9 16 18 29
3 10 17 23
20
4 11 18 19 24
5 20
1 5
5 17 13 24
10
4 16 23 25
9 9
3 15 1 22
2
8 14 21

Fig. 7



42  Vertex Equitable Labeling

3. Conclusion

Lourdusamy and Seenivasan introduced the concept of vertex equitable labeling in 2008
and established that some families of graphs admit vertex equitable labeling. In this paper,
we prove that jewel graph Jn, jelly fish graph (JF)n, balanced lobster graph BL(n,2,m),

Ly a and <'-n5K1,m> are vertex equitable graphs.
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