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Abstract 
 

The minimum average Hamming distance of binary codes of length n and cardinality M is 
denoted by ߚ . All the known lower bounds ߚ  are useful when M is at least of 
size about  

భ
ሺ݊,ܯሻ ሺ݊,ܯሻ
ଶష


 . In this paper, for large n, we improve upper and lower bounds 

for ߚ . ሺ݊,ܯሻ

ଶ ൌ ሼ0,1ሽ ଶ


, ଶܨ ∋ ݕ ݀ሺݔ, ሻݕ
ݔ ሺݔሻ  ൌ  ݀ሺݔ, ሻ

ଶ


ሻܯ,

ҧሺܥሻ ൌ ଵ
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1. Introduction      
                   
In this paper we will consider only binary codes. Let ܨ  and let ܨ  denote the set 
of all binary words of length n. For ݔ ,  denotes the Hamming distance 
between  and ݕ and ݐݓ  is the weight of  ݔ, where  denotes all-zero 
codeword. A binary code ܥ of length ݊ is a non empty subset of  ܨ . An (n, M) code C is 
a binary code of length ݊ with cardinality [1] ܯ.  

The average Hamming distance [2] of an ሺ݊  code C is defined by     
 

                  ݀ ∑ ∑ ݀ሺܿ, ܿ′ሻ אא′

ሻܯ,

ሺ݊,ܯሻ ൌ min൛ ҧ݀ሺܥሻ: .ൟ ݁݀ܿ ሻܯ,ሺ݊ ݊ܽ ݏ݅ ܥ

, ሻܯ ҧሺܥሻ ൌ ሻܯ,ሺ݊ߚ

                                                

                                                                          (1) 

The minimum average Hamming distance of an ሺ݊  code is defined by 
 

ߚ   
 

An ሺ݊  code ܥ for which ݀  is called extremal code.   
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, ሻܯ 1ሻ

ሼܣ, ,ଵܣ ,ଶܣ … , ,ሽܣ  ൌ
|൛൫,ᇲ൯א ൈൟ:ௗ൫,ᇲ൯ୀ|

ெ

On the extremal combinatories of Hamming space, Ahlswede and Katona [3] posed 
the problem to determine the value of β(n, M) for 1 ≤ M ≤ 2n. Ahlswede and Althofer [4] 
observed that this problem also occurs in the construction of good codes for writing 
efficient memories, introduced by Ahlswede and Zhang [5] as a model for storing and 
updating information on a rewritable medium with constraints. 
 

2. Preliminaries 
 

The distance distribution of an ሺ݊  code ܥ is the (݊  -tuple of rational number 

 where ܣ , 

א  .ܥ   ൌ  1

∑ ܣ ൌ ܯ
ୀ     0     ݅    ݊

ܿ, ܿ൯ ൌ  ݀ ݁ݎ݄݁ݓ ܿ, ܿ א ,ܥ  ݅, ݆  ൌ  1, 2, . . .   , ݊

ܿ, ܿ൯ ൌ ݀൫ ܿ, ܿ൯ ൌ ݀ ൌ ݀  ൌ 0

 
the average numbers of codewords 

which are at distance ݅ from any given codeword ܿ   It is clear that ܣ , 

 and ܣ  for 0 .  
 

Let ݀൫ . 

Therefore,  ݀൫  and ݀ . 

Consequently, the following composition distance table (Table 1) is symmetric and all 

diagonal elements are zero. 
Table 1 

distance C1       C2         C3      …     Cn 
C1 

C2 

C3 

. 

. 

. 
Cn  

 0        d12        d13     …     d1n 

 d21          0          d23    …     d2n 

 d31      d32         0      …     d3n 

  .           .           .                . 
  .           .           .                . 
  .           .           .                . 
 dn1        dn2         dn3    ….    0 

 

From Eq. (1), we get 
 

        ҧ݀ሺܥሻ ൌ ଵ
ெమ ∑ ∑ ݀ሺܿ, ܿԢሻᇲאא ൌ ଶ

ெమ . ܵ

՜ஶ ሻܯ,ሺ݊ߚ ൌ
ହ
ଶ

                                                                      (2) 

where ܵ is the sum of upper triangular components of the composition distance table.  

In order to develop our main result in the next section we need the following theorems 

[2,6,7] on bounds. 
 

Theorem 1:    lim . 
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െ 
ெሺ݊,ܯሻ  ቐ

ଷ
ାଶTheorem 2:    ߚ

, ݊݁ݒ݁ ݏ݅ ݊ ݂݅
ଷሺାଵሻ
ାଷ

െ ାଵ
ெ
, .݀݀ ݏ݅ ݊ ݂݅

݊, ݇݊ሻ

 

 

3. Main Result 
 
In this section we develop the following result.  
 
Theorem:   For any code ܥሺ  satisfy the following inequality  
 

...,,,k,kk
k

kn,nnk
k 543]1)1(2[2)(lim13

2 =+−≤∞→≤− β    

ሺ݊, 2݊ሻ ൌ ହ
ଶ
, ݊ ݎ݂ ՜ ∞

, ݇݊ሻ

and   ߚ  . 

 Proof: Let C be the ሺ݊  code. The code C partitioned by horizontal lines given below:    

0 0 0 0 0 · · · 0 0 0 
1 0 0 0 0 · · · 0 0 0 
0 1 0 0 0 · · · 0 0 0 

. 

. 

. 
0 0 0 0 0 · · · 0 0 1 
1 1 0 0 0 · · · 0 0 0 
1 0 1 0 0 · · · 0 0 0 

. 

. 

. 
1 0 0 0 0 · · · 0 0 1 
0 1 1 0 0 · · · 0 0 0 
0 1 0 1 0 · · · 0 0 0 

. 

. 

. 
0 1 0 0 0 · · ·0 0 1 
0 0 1 1 0 ·· · 0 0 0 
0 0 1 0 1 ·· · 0 0 0 

. 

. 

. 
0 0 1 0 0 · · 0 0 1 
0 0 0 1 1· · · 0 0 0 
0 0 0 1 0· · · 0 0 0 

. 

. 

. 
0 0 0 1 0· · · 0 0 1 

. 

. 

. 
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, 

Except all-zero codeword, the number of codewords between the first two horizontal 
lines is n, between the next two horizontal lines; the number of code words is n-1 and so 
on. Proceeding in this way, in order to meet the total number of codewords ݇݊  we need 
to include the remaining codewords from below the (k+1)th horizontal line.  
 

      First we prove the upper bounds of  ).,(lim knn
n

β
∞→

 

When ݇ , we consider only first three parts of the above codewords. ൌ 2
We can easily prove the following result by using Theorem 2, 

       

     .
n
nCdn,n 2

24
2
5)()2( −−=

−
≤β  

Taking limit n→ ∞, we have    

      lim՜∞ ,ሺ݊ߚ 2݊ሻ  ҧ݀ሺܥሻ ൌ ହ
ଶ
ൌ ଶ

ଶమ
ሾ2.2ሺ2 െ 1ሻ  1

ൌ 3

ሿ                                                   (3) 

Again when ݇ , we take only first four parts of the above codewords and two 
codewords from rest. Then by (2), we have  

 

     )n
1O(

9
26(C)d(n,3n) −=

−
≤β  

Taking limit n→ ∞, we have   
  

       
]1)13(32[

3
213

3
2)()3(lim 22 +−==

−
≤

∞→
..Cdn,n

n
β

                                          
 

Again when ݇ , then we take only first five parts of the above codewords and any 
five codewords from rest. Then by (2), we have  

ൌ 4

     )1(
16
50)()4( nOCdn,n −=

−
≤β  

Taking limit n→ ∞, we have    

      
...Cdn,n

n
]1)14(42[

4
225

4
2)()4(lim 22 +−==

−
≤

∞→
β  

In this way, if we increase the value of ݇, we get a sequential way of the above 
theorem for right hand side:  

       ...,,,k,kk
k

Cdkn,nn 432]1)1(2[2)()(lim 2 =+−=≤∞→ β  

 Now we prove the lower bounds of   . ),(lim knn
n

β
∞→

From Theorem 2, we have 
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Taking ܯ , we get   ൌ  ݇݊
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3
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36131

3
)1(3)(

2

β

→ ∞

  lim՜∞ ,ሺ݊ߚ ݇݊ሻ 
ଷିଵ


 

Taking limit as ݊ , we have 

                                                                                                     (4) 

Thus  

       ...,,k,kk
k

kn,nnk
k 43]1)1(2[2)(lim13

2 =+−≤∞→≤− β
 

Also, it is clear from (3) and (4),  

ሺ݊, 2݊ሻ ൌ ହ
ଶ

ߚ   , ݊ ݎ݂ ՜ ∞. 

This completes the proof.               □                                       
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