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Abstract

In a paper Mukheimer established some results regarding common fixed point of
two self mappings in a complex valued b-metric space satisfying a rational type
contractive condition. In this paper we have established a common fixed point
theorem by making use of compatibility and weak compatibility of self mappings
satisfying generalized rational inequality of four mappings as opposed to two self
mappings in a complex valued b — metric space. Some concrete examples have also
been presented to verify the effectiveness and applicability of established results.
Towards the end, an application to solution of Urysohn’s integral equations has also
been presented to substantiate the usability of the obtained results. Results of this
paper generalize the results of Mukheimer and some other earlier results. Theorems
approved in this article will be supportable for researchers to work on rational
contractions with more than two pair of self mappings.
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1. Introduction

A basic and fundamental result namely Banach contraction principle (BCP) was
established by Banach [1]. He proved that a contraction map on a complete metric
space always possess a unique fixed point. After this interesting result and its
various applications, a huge number of generalization of this result are available in
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the literature by using different types of contractive conditions in various abstract
spaces. By generalizing the Banach contraction principle, Jungck [2] set out
tradition of common fixed point of mappings for two commuting mappings on
complete metric space. After the result of Jungck [2] many authors introduced
many concepts namely weak commutativity, compatibility, weak compatibility of
maps (Sessa [3], Jungck [4,5], Jungck and Rhoades [6] etc.) and established results
regarding common fixed point theory. In fact commutativity of maps = weak
commutativity of maps = Bcompatibility of maps = weak compatibility of maps,
but the converse of these implications is not true. In 2011, Azam et al. [7] by
introducing the notion of complex valued metric space, gave sufficient condition
for the existence of some common fixed point for a pair of maps satisfying rational
inequality.

As a generalization of metric space the structure of b-metric space was
developed by Bakhtin [8]. An analogous to the structure of b-metric space, Rao et
al. [9] developed the structure of complex valued b-metric space and initiated the
study of common fixed point of maps. After that number of researchers has proved
several results regarding fixed point in context of complex valued b-metric space
[10-13].

In a paper, Bairagi et al. [12] by generalizing the results of Azam et al. [7],
Bhatt et al. [14], Rouzkard et al. [15] and others, proved some common fixed point
theorem in complex valued b-metric space for a pair of mappings satisfying
contractive conditions involving rational inequalities.

The aim of this paper is to prove some results regarding common fixed point of
maps, by using the notion of compatibility and weak compatibility of maps in
complex valued b-metric space satisfying contractive conditions involving rational
expression. Further we applied our results to find the solution of Uryshon’s integral
equations.

2. Preliminaries

We recall some basic definition and results which will be utilized in our subsequent
discussion.

Definition 1. [7] Let C be the set of complex numbers and z,,z, € C. Define a
partial order S on C as: z; < z, if Re(z;) < Re(zy),Im(z,) < Im (z,). It follows
that z; < z, if one of the following conditions holds:

(i) Re(z,) = Re(z,) and Im(z,) = Im (z,)

(ii) Re(z,) < Re(z,) and Im(z,) = Im (z,)

(iii) Re(z,) = Re(z,) and Im(z,) < Im (z,)

(iv) Re(z;) < Re(z,) and Im(zy) < Im (z,)

We write z; £ z, if z; # 2z, and one of (ii) and (iii) is satisfied and we write
7, < z, ifonly (iv) is satisfied.
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Here we note the following holds trivially:

Q) If 05 z; 2z, then |zy] <|z,;

(i) Ifzy <zyandz, < z; then z; < z3;

(iiiy Ifa,b €eR and a < bthenaz < bzforall z € C;
(ivy Ifa,b e Rand 0<a<band z; Sz,

implies az; < bz,.

Definition 2. [7] Let X be a nonempty set. A function d: X X X — C is called a
complex valued metric on X if for all z;,z,,z; € X the following conditions are
satisfied.

(CVM 1) 0=d(z,2,)and d(zy,2,) = 0ifandonly if z; = z,;

(CVM 2) d(zy,2;) = d(z3,21);

(CVM3) d(zy,25) = d(zq,235) + d(z3,2;).

Then the pair (X, d) is called a complex valued metric space.

Example 3. [16] Let X = C. Define the mapping d: X X X —» C by
d(zllZZ) = ilzl - Z2|,VZ1,Z2 €EX.
Then (X,d) isacomplex valued metric space.

Example 4. [17] Let X = C. Define the mapping d: X x X - C by
d(zy,2,) = e¥|z, — z,|,where k €ER, Vz,z, €X.
Then (X, d) is a complex valued metric space.

Definition 5. [9] Let X be a nonempty set and s = 1 be a given real number. A
function d: X x X - C is called a complex valued b-metric on X if for all
74,24, Z3 € X the following conditions are satisfied:

(CVbM 1) 0=d(z,2,) and d(z;,2z,) = 0ifandonlyif z; = z,;

(CVOM 2)  d(zy,2;) = d(23,21);

(CVbM 3)  d(zy,7,) = s[d(zy,23) + d(z5,2,)].

Then the pair (X, d) is called a complex valued b-metric space.

Example 6. [9] Let X = [0,1]. Define the mapping d: X x X - C by
dCx,y) =lx—y|> + ilx —yl?
Then (X, d) is a complex valued b-metric space with s = 2.

Example 7. [10] Let X = C. Define a function d: X x X - C such that
d(zy,25) = |1 — x3|% + ily; — 2|3,V 21,2, € X, Where z; = x; + iy, ,
Zy = Xy + 1Y,

Then (X, d) is a complex valued b-metric space with s = 2.
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Example 8. Let (X,d) be a complex valued metric space and p(z,z,) =
(d(z1,2,))", where p > 1 is a real number. Then (X, p) is a complex valued b-
metric space.
(i) Since d(zy,2,) 2 0 = (d(21,2,))" 202 p(2,2,) 2 0
Moreover, p(z3,2;) = 0 & (d(z1,2,))” =0
o d(zy,z,) =0
Sz, =2, V21,2, € X.
(i) p(zy, 25) = (d(zl,zz))p = (d(zz'z1))p = p(23,21).
(iii) ifa = 0,b = 0 are complex numbers and p = 1 then (a + b)P < 2P(aP + bP).
Casel:az bthena+b <Sa+a=2a
= (a+b)? = 2PaP X 2P(a® + bP).
Casell: bz athena+b <b+b=2b.
= (a+ b)P 3 2PbP 3 2P(aP + bP) .
Therefore in both cases we have (a + b)? < 2P(aP + bP).
Then p(z;,2,) = (d(21,2))" 3 (d(z1,23) + d(23,2))"
2 27((d(zy,25))" + (d(z3,2))")
= 2P[p(zy,z3) + p(z3,25)].
Hence (X, p) is a complex valued b-metric space with s = 2P,

Definition 9. [9] Let (X,d) be a complex valued b-metric space. Consider the
following:

(i) A point x e X is called interior point of a set A € X whenever there exists
0 < r € Csuch that

Bx,r) ={yeX:d(x,y) <r} c A

(i) A point x € X is called a limit point of a set A € X whenever, for every
0<recC,B(x,r) N(A—X) # 0.

(iii) A subset B < X is called open whenever each element of B is an interior point
of B.

(iv) Asubset B < X is called closed whenever each limit point of B belongs to B.
(v) The family F = {B(x,r):x € X, and 0 < r} is a sub basis for a topology on X.
This topology is denoted by 7. Indeed, the topology 7.is Hausdorff.

Definition 10. [9] Let (X,d) be a complex valued b-metric space and {z,}, a
sequence in X and

z € X. Consider the following:

(i) If for every ¢ € C with 0 < ¢ there is N € N such that, for all n = N, d(z,, z) <
¢, then {z,,} is said to be convergent, {z,} converges to z, and z is the limit point of
{z,.}. We denote this lim,,_,, z, = zand {z,} > zasn — oo.

(i) If for every ceC withO<c there is NeN such that, for all
n> N,d(z,, Z,+m) < ¢, where m € N, then {z,,} is said to be a Cauchy sequence.
(iii) If every Cauchy sequence is convergent in (X, d), then (X, d) is said to be a
complete complex valued b-metric space.
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Lemma 11. [9] Let (X,d) be a complex valued b-metric space and let {z,} be a
sequence in X. Then {z,,} converges to z if and only if |d(z,,z)| - 0, as n - .

Lemma 12. [9] Let (X,d) be a complex valued b-metric space and let {z,} be a
sequence in X. Then {z,} is a Cauchy Sequence if and only if |d(z,, Z,+m)| = 0 as
n — oo, where m € N.

Definition 13. Two self maps S and T of a complex valued b-metric space (X, d)
are weakly commuting if |d(STz,TSz)| < |d(Sz,Tz)|, V z € X.

Definition 14. Two self-maps S and T of a complex valued b-metric space (X, d)
are compatible if

lim,_,|d(STz,,TSz,)| > 0 whenever {z,} is a sequence in X such that
lim,,,, Sz, =lim,,_,,, Tz, = z forsome z € X.

Definition 15. [9] Two self maps S and T of a complex valued b-metric space
(X, d) are weakly compatible if Sz = Tz implies that TSz = STz.

Definition 16. A function T defined on a complex valued b-metric space (X, d) is
called continuous at a point z, € X if for every € > 0 there exist § > 0 such that
|d(Tz,Tzo)| < e forall z€ X with |d(z, zy)| <48.i.e. lim,_, |d(Tz,Tz)| = 0.

Proposition 17. Let S and T be two self mappings defined on a complex valued b-
metric space (X,d). Then the commutativity of S and T implies weak
commutativity but the converse is not always true.

Proof. If S and T are two self maps on a complex valued b-metric space. If Sand T
are commuting maps then STx =TSx V x € X, therefore |d(STx,TSx)| = 0.
Then we have

0 =|d(STx,TSx)| < |d(Sx,Tx)| is true. i.e., S and T are weakly commuting maps.
For converse we have the following example:

Let (X,d) be a complex valued b-metric space, where X =[0,1] and d: X X X —
C

defined by d(x,y) = |x —y|*> + ilx—y|* ,V x,yeX.

Define self maps Sand Ton X by Tx=——and Sx=—"— Vx€X.

Then we see that T(Sx) =T (L) =—"_ and S(Tx) =S (L) =

x+2) T 2x+2 x+1) ~ 3x+2’

X

Therefore, ST # TS i.e. the mappings S and T are not commuting. Now

2 2

(1+0).

x x
3x+2 2x+2

i x x
3x+2 2x+2

X X

d(STx,TSx) =

3x+2 2x+2
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= |d(STx,TSx)| = (3x+2)(x+1)| 1+ l)|

X 2 X X 2
Also, d(Sx,Tx) = (x+2) (x+1)| (x+2)  (x+1D)
= |d(Sx, Tx)| = |—(x+2)(x+1)| 1+,

Hence, |d(STx, TSx)| < |d(Sx,Tx)| V x € X.i.e. Sand T are weakly commuting
maps. Therefore weakly commutativity does not imply commutativity of maps.

Proposition 18. Let S and T be two self mappings defined on a complex valued b-
metric space (X, d). Then the weak commutativity of S and T implies compatibility
but the converse is not always true.

Proof. If Sand T are two self maps of a complex valued b-metric space. If Sand T
are weakly commuting maps then |d(STx, TSx)| < |d(Sx,Tx)|, V x € X.

Now we take a sequence {x,} such that Sx,, Tx,, — t asn — oo for some t € X.
Then

|d(STx,, TSx,)| < |d(Sx,,Tx,)| = 0asn — o.i.e. Sand T are compatible maps.
For the converse part, we consider the following example:

Let (X,d) be a complex valued b-metric space where X =[0,1] and d:X X X —
C defined by

d(x,y) = |x—y|*> + ilx —y|* Vx,y e X. Define self maps San T on X by

Tx = x3and Sx = 2x3 V x € X. Then we see that

T(Sx) = T(2x3) = 8x° and S(Tx) = S(x3) = 2x°

d(STx,TSx) = d(2x°,8x%) = |2x° — 8x°|% + i|2x° — 8x°|? = 36|x°|2(1 + i)
= |d(STx, TSx)| = 36]|Ix°|2|(1 + i)||

d(Sx,Tx) = d(2x3,x3) = |2x3 — 232 + i|2x3 — 23| = |x3]2(1 + )

= |d(Sx,Tx)| = |-x31?|(1 +i)]. Therefore we have |d(STx,TSx)| <
|d(Sx,Tx)|i.e. Sand T are not weakly commuting.

But if we take a sequence defined by x,, = % then x,, » 0 as n - o. Now

3 1)3 3 1)3
Sx, =2(x,)° = 2(;) —0asn - oo and Tx, = (x,) =(;) —0asn —» o

d(STx,, TSxy) = |22, — 82,°|* |22, — 8x,°|” = 36|x,°12(1 + 1) +1i
= |d(STx,, TSx,)| = 36|x,,°|?|(1 + i)| = 36V2|x,°|> > 0 as n — oo. Hence S
and T are compatible maps.

Proposition 19. Let S and T be two self mappings defined on a complex valued b-
metric space (X, d). Then the compatibility of S and T implies weak compatibility
but the converse is not always true.

Proof. LetS and T be two self maps defined on a complex valued b-metric space
(X,d). Suppose that S and T are compatible maps and Sx = Tx for some x € X.
For every x € X, consider the constant sequence x, = x for all n e N. then Sx,, =
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Tx, > Sx or Tx as n » o and by the compatibility of S and T we have
|d(STx,TSx)| = |d(STx,,TSx,)| » 0 asn — oo. Hence, STx = TSx, i.e. Sand T
are weakly compatible maps, for the converse part we consider the following
example.

Let (X, d) be a complex valued b-metric space with the mapping where X = [0,2]
andd: X xX - C

defined by d(x,y) = |x —y|*> + ilx —y|? ,Vx,yeX.

1, x=1 1, x=1,2
2 ,otherwise and Tx = {x, otherwise
Then 1 is the only coincidence point of S and T i.e. S(1) =1 = T(1) and we see
that
ST(1)=S(1) =1,TS(1) =T(1) = 1.

i.e. ST(1) = TS(1) the maps S and T are weakly compatible.

On the other hand, if we take a sequence {x,}, defined by x, = (2 - %) -2 as
n — oo and

Sx, »2,Tx, =x, > 2as n - oo . But,

STx, =S 2—% =2 and TSx,=T(2) =1 andso

|d(STx,, TSx,)| =12 —1]?+i|2—1]?=1+4+i » 0as n > .

Hence S and T are not compatible maps.

Also one can not find a sequence {x,} such that lim,_. Sx, =lim,_ Tx, =
x € X for some x € X,

such that |d(STx,, TSx,)| >0 as n - o. Hence S and T are not compatible
maps.

Define self maps S and T on X by Sx = {

Lemma 20. Let S and T be compatible mappings from a complex valued b-metric
space (X, d) into itself. Suppose that lim,,_,, Sx,, =x for some x € X and if S is
continuous. Then lim,_,,T Sx,, = Sx.

Proof. If lim,_, Tx, = x, lim,_,STx, = Sx by continuity of S. But if
lim, o Sx, =x.
Then since d(TSx,,, Sx) < s[d(TSx,,STx,) + d(S5Tx,,, Sx)] implies that
|d(TSx,,Sx)| < s[|d(TSx,, STx,)| + |d(STx,, Sx)|] @)
Now by the compatibility of S and T we have
|d(TSx,,STx,)| = 0 asn —» oo, and lim,_,ST x, = Sx.
Then letting n — oo in (1), we have |d(TSx,, Sx)| = 0 yields that lim,,_,T Sx,, =
Sx.
Mukheimer [13] proved the following results:

Theorem 21. [10] Let (X, d) be a complete complex valued b-metric space with the
coefficient s > 1 and S, T: X - X be mapping satisfying

d(Sz,Tw) 3 Ad(z,w) + uid(zf:i?;x)m)

for all z,w € X, where A, u are non negative real numbers with sA + u < 1.then S, T
have a unique common fixed point in X.
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Theorem 22. [10] Let (X, d) be a complete complex valued b-metric space with the
coefficient
s =1 andletS,T: X — X be mappings satisfying:
d(SZ ) TW) < a d(z,5z) d(z,Tw)+d(w,Sz) d(w,Tw)

d(z,Tw)+d(w,Sz)
for all z,w € X, where a, a non negative real number with sa € [0,1). Then S, T
have a unique common fixed point in X.

3. Main Results

Here by using the notion of compatibility and weak compatibility maps, we
generalize the above results by taking four maps as opposed to two maps.

Theorem 23. Let (X,d) be a complete complex valued b-metric space and
mappings 4, B, S and T satisfying.
i SX)<BX),TX) S AX)
(i) d(Sz,Tw) =
ad (AZ, BW) + ﬂ d(Az,Sz)d(Bw,Tw) d(Az,Sz)d(Az,Tw)+d(Bw,Sz)d(Bw,Tw)
1+d(Az,Bw) d(Az,Tw)+d(Bw,Sz)
where d(Az, Tw) + d(Bw, Sz) # 0.
d(Sz,Tw) =0if d(Az,Tw) + d(Bw,Sz) = 0.
for all z,w in X where a, 8,y are non negative reals with sa + 8 + sy < 1.
(iii) Suppose that A is continuous, pair (S,A) is compatible and (T, B) is weak
compatible.
OR
(iv) T iscontinuous, pair (S, A) is weak compatible and (T, B) is compatible.
Then A, B, S and T have unique common fixed pointin X.

Proof. Suppose z, be an arbitrary point in X we define a sequence {w,,} in X
such that
Wan = SZ3n = BZyni1 3 Wans1=TZang1 = AZapyo, for n =012, .. (2
Now from (ii), we have
d(WZn,W2n+1) = d(Szzn, TZan41)
d(Azzp, SZ2n)A(BZns1, TZone1)
< ad(Azy,, B
* ( “an ZZn+1) * ‘B 1 + d(AZZn, BZZn+1)

+y d(Aza1,522n)A(AZan,TZan+1)+d(BZ2n+1,5Z2n)d(BZ2n+1,TZ2n+1)
) A(Az2n,TZ2n+1)+d(BZ2n+1,5Z2n)
SInCE d(AZzn, TZZn+1) + d(BZzn+1, SZzn) = d(Wzn_l,W2n+1) + d(Wzn,Wzn) * 0.

which implies that
|[d(Wan—1, War) |ld (W2, Wap 1)
|dWan, Wans )| < ald(Wan_1, wan)| +
2n 2n+1 2n—-1 2n ﬂ |1 +d(W2n_1,W2n)|
|d(Wap—1, War) ld (Wapn—1, Wan i) | + [d(Wap, wa) [|d (Wap, Wapi1) |

|d(W2n—1: W2n+1) + d(WZn' W2n)|
< ald(Wan—1, Wap)| + Bld(Wan, Wan )| + ¥ |d(Wan_1, wop)|

a+y
|d(Wan, Wan+ )l < (125 ) |[d(Wan—1, Wan)l-
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Similarly

A(AZn+1,5Z2n+1)4(BZ2n+2,TZ2n+2)
d(W2n+1,W2n+2) S ad(Azzn41,BZony) + B

1+d(Azzn+1,BZ2n+2)

d(AZ3n+1,5Z2n+1)d(AZ2n+1,TZ2n+2) +d(BZ2n+2,522n+1)d(BZ2n+2,TZ2n+2)
A(Az2n+1,TZ2n+2)+d(BZ2n+2,5Z2n+1)

+y
Since

d(AZypns1, TZans2) + d(BZaniz, SZone1) = AWon, Wani2) + d(Woni1, Wonst) #
0.

|d(Wan, Wans D ld(Wap 1, Wana2)|
|1+ d(Wan, Wano)l

|d(W2n+1,W2n+2)| < ald(Wap, Wans )| + B

|[dWanWan+ D) ldWanWan+2)1+1dWant+1.Won+ DA (Wan+1.Wan+2) |
l[dW2nWan+2)+d(Wan+1,Wan+1)l
< aldWan, Wans )| + BldWans 1, Wans2) | + ¥Id(Wopn, Wan o)l
a+y
< (£2) 1dWan wans)l

< (5
Since if sa + B + sy < 1, where s > 1 then s(“;;) <1lor s§ <1 where

a+y
(6 e ﬁ)
Therefore for all n > 0, we have
|d(Wans1,Wans2)| < 8ld(Wan, Wani1)l < 82ld(Wano1, Wap)| <...<
8™+ d (wo, wy )| 3)
Now foranym >n, m,n€ N and by (CVbM 3), we have
|d(W2n,W2m)| < sld(Wan, Wans )| + S1d(Wani1, Wam)l
< sld(Wan, Wans )| + 5% 1d(Wapa1, Wang2)| + 52 [d(Wapiz, Wan)|
< sldWan, Wans )| + S21dWans1, Wani2) | + $3[d(Wani2, Wapgz)| + -
......... +52M 7212\ d(Wy 3, Wam—2)| + S22 d(Wapm—2, Wom—1)| +

+y

SZm—Zn |d(W2m—1» W2m)|-
By using (3)
|d(Wan,Wom)| < 87" |d (o, wi)| + 282 d (wo, wi)| + 538242 |d (wo, wy)
+ et TSI G (W, wy ) |

sz 2n L+2n 161+2n lld(Wo,Wl)l _ng 1 té‘ |d(W0,W1)|

)

< T2 0n(8) 1 (wo, wy)| < 20
56 < 1)

Hence {w,, } is a Cauchy sequence in X. Since X is complete, therefore {w,,,}

converges to point ¢t in X and its subsequences
{82303 AT Z3n41} , { AZopn 2}, { BZopn 41} are also converge to t.

Id(wo,w1)| -0 as m,n — oo (since

Case | Suppose that A is continuous. Then A%z,, = AAz,, — At.

Also by the compatibility of S and A, from Lemma 20 SAz,, — At.

Using (ii), we have

d(A?2yp, SAZ3n)d(BZoni1, TZ2n41)

d(SAzyn, TZypns1) S ad(A%2yp, BZynie) + B 1+ d(A%z,,, Bz )
2n 2n+1
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d(A?23n,SAZ20) (A% 231, T 220 41) +A(BZan11,54220)d(BZans1.TZ2n+1)
A(A%230,TZ2n+1)+d(BZ2n+1,54Z2n)

d(a?
|d(SAZ2n' TZ2n+1)| < ald(AZZva BZ2n+1)| + ﬁ| ( =

+vy

n‘SAZZn)||d(BZZn+1rTZZn+1)|
|1+d(A%z20,BZ2n+1)]

+y |d(A222n,5A220)||d (A% 220, TZon 4 1)|+1d(BZ2n4 1,.54220) |14 (BZans 1. T Z2ns 1)
|d(A%220,TZan+1) +d(BZ2n+1,54Z20)|
SinCe d(AZZZn, TZZTl+1) + d(BZ2n+1, SAZZTL) = d(At ) t) + d(At ) t) * 0.

Letting n — o, we get
ld (At At)[|d(t,b)| |d(At Ab)||d (At ,t)|+]d(t AL)||d(t b)]
|d(At, )] < ald(At, )] + B |[1+d(At,b)]| ld(At t)+d(t ,At)|

= (1 —-a)|d(At,t)] <0 yields At =t.
Again using (ii), we get
d(St, Tzzpeq) 3
d(At,St)d(Bzan+1,TZ2n+1)
ad(At,Bzyn41) + B YPTITT I +
A (At,St)d(At,TZan+1)+d(BZ2n+1,5t)d(BZ2n+1,T22n+1)
14 d(At,Tzan+1)+d(BZz2n+1,5t)
Since d(At, Tzyp41) + A(BZyny1, St)=d(t, t) + d(t,St) # 0.
Letting n — oo, we have
|d(St’ t)l < ald(t, Ol + B [1+d(t,t)] ty |d(t,t)+d(t,St)]|
= |d(St,t)| <0 vyields St=t=At.
Now from (i) since S(X) € B(X), there exists a point u in X such that t = St =
Bu = At.
Then from (ii), we have
[d(t, Tw)| = |d(St,Tu)| < a|d(At,Bu)| + B
|d (At,S)||d(At,Tw)|+|d (Bu,St)||d (Bu,Tw)|
|d(At, Tw)+d (Bu,St)|
= |d(t,Tu)| <0 vyields t=Tu=Bu=St=At.
Now by weak compatibility of T and B, we have TBu = BTu = Tt = Bt.
Again from (ii), we get
d(St,Tt) < ad(At,Bt) + B

la(e.so)lld(t,t) laesD)lld(E,D)|+]d(E,st)||d(t,0)]

|d(At,St)||d(Bu,Tw)|
|1+d(At,Bw)|

d(At,St)d(Bt,Tt) d(At,St)d(At,Tt)+d(Bt,St)d(Bt,Tt)
1+d(At,Bt) d(At,Tt)+d(Bt,St)
|d(At,St)[|d(Bt,TD)|
|d(t,Bt)| = |d(St, Tt)l < ald(At,Bt)l + BW
|d(At,St)||d(At,Tt)|+|d(Bt,St)||d (Bt,Tt)|
|d(At,Tt)+d (Bt,St)|
= |d(t,Bt)| < ald(t,Bt)| or (1 —a)|d(t,Bt)| <0 vyields Bt =t.
Hence At = Bt = St =Tt =t, i.e. t isthe common fixed point of A,B,SandT.

Case Il For the ‘or’ part let T is continuous. Then T?z,, = TTz,, - Tt.
Also by the compatiblility of T and B, from Lemma (2.20) BTz,, — Tt.
Using (3.1.2), we have
2
A(S 220, T7n) 3 A (Azn, BT 25y) + 0222220 L ten )
+y A(AZ20,5221)A(AZ2n, T?220)+d(BT 221,5220)d(BT 220, T2 227)
A(Azyn,T?2n)+d (BT Z20,5227)

Since d(Azyp, T?2yp) + d(BT 2y, Szpy,) = d(t,Tt) + d(t, Tt) # 0.
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|d(Azzn.S22n)||d (BT 220, T? 220)|

= |d(SZ2an2Z2n)| S ald(AZan BTZZn)l + ﬁ

|1+d(AZ2n,BTZZn)|
+y |d(Az2,SZ20)||d (AZ20,T? 22| +|d (BT 22,5220 ||d (BT 220, T2 220 |
) |d(Az2n,T2220)+d (BT 22n,522n) |
Letting n — oo, we have
|d(t,0)|ld(Tt,Tt)| |d(t,0)||d(t,TO)|+|d(Tt,t)||d(Tt,Tt)|
<
|d(t’ Tt)l < ald(t, TO)l + B |[1+d(t,Tt)| |d(t,Tt)+d(Tt,t)|

> (1 -a)|d(tTt)] <0 vyields Tt =t.
Now from (i) since T(X) < A(X), there exist a point v in X such that t = Tt = Av.
Then from (ii), we have

d(Sv,T?z,,) 3
d(Av,Sv)d(BTzn,T?22n)
ad(Av,BTz,,) + B Tt a(Av BT 2
d(Av,5v)d(Av,T?290)+d (BT 227,Sv)d (BT 220, T 22n)

d(Av,T?25)+d (BT z21,Sv)

Since d(Av, T?z,,) + d(BT zy,, Sv) = d(t,Tt) + d(Tt,Sv) = 0.
2
= 1d(Sv, T?2,)| < ald(Azyn, BT 23,)| + p 1LA4rSUIAET 220 220)]

|1+d(Av,BTz7)|
|d(Av,sv)||d(Av,T%22p)|+1d(BT 220, 5)||d (BT 220, T% 227 |
|d(Av,T2255)+d (BT z20,5v)|
Lettingn — oo, we have
|d(Sv, Tt)| <
|d(t,Sv)||d(Tt,Tt)| |d(t,Sv)||d(t,Tt)|+]|d(Tt,Sv)||d(Tt,Tt)|
ald(t, TO)| + 4 |[1+d(t,Tt)| |d(t,Tt)|+|d(Tt,Sv)|
ld(t,sv)lld(t.b)] [d(t,sv)lld(tt)|+]d(t,Sv)l|d(t.b)]
<
|d(5v’ t)l < ald(t, 0] + B [1+d(t,b)]| |d(t,t)|+|d(t,Sv)|

= |d(Sv,t)| <0, vyields Sv=t=Tt.
Since S and A are weakly compatible on X and Sv = Av and SAv = ASv = St =
At. Using (ii), we have

d(St, Tzyn41) S ad(At,Bzynyq) + B

¥ d(At,St)d(At,Tzan+1)+d(BZ2n+1,5t)d(BZ2n+1,TZ2n+1)
d(At,Tzan+1)+d(BZ2n+1,5t)

d(At,St)d(BZan+1.TZ2n+1)
1+d(At,BZan+1)

_l_

Since d(At, TZZn+1) + d(BZzn+1, St) = d(At, t) + d(t, St) * 0.

|d(At,St)||d(Bzan+1,TZ2n+1)]
= [d(St, Tzn41)| < ald(At, Bzypi1)| + B [1+d(ALBZans 1)l

+y |d(AL,SO)Id (AL, TZon+1)|+|d(BZan+1,S0)1d(BZan+1,TZ2n+1)]
|d(At,Tz2n+1)+d(BZ2n+1,5t)]

Letting — oo , we have
|d(At,AD)||d (t,0)] |d(At,AD)||d (AL,D)|+]d(t,S)||d (t,0)|
|d(St,O)] < ald(St,O)] + 8 |[1+d(At,b)]| ld(At,0)|+|d(t.St)]
= (1 —-a)|d(St,t)| <0, yields St =t = At =Tt = Sv.
Since S(X) € B(X), there existsapoint w in X such that t = St = Bw.
Now, from (ii), we have
d(t,Tw) = d(St,Tw) =
ad (At, BW) + B d(At,St)d(Bw,Tw) d(At,St)d(At,Tw)+d(Bw,St)d(Bw,Tw)
1+d(At,Bt) d(At,Tw)+d(Bw,St)
|d(At,t)||d(t,Tw)| |d(At,t)||d(AL,Tw)|+|d(t,0)]|d(E,Tw)|
ld(t, Tw)| < ald(t, O] + § [1+d(Atb)] |d(At,TW)|+]d(t,St)]
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lacet)lld(eTw)l lae0lld(eTw)|+|d(t,0)]|d(ETw)]|

ld(t, Tw)| < ald(t, )] + 5 [1+d(t,t)| ty |d (¢, Tw)|+|d(t,St)]|

= |d(t,Tw)| <0 , yields t = Tw.Hencet = St = Bw =Tw =Tt = At.
Since T and B are compatible on X and Tw = Bw = t then by proposition (18),
d(BTw,TBw) = 0.
This implies Bt = BTw = TBw = Tt. Hence St = Tt = At = Bt = t.
Therefore, t is a common fixed point of A4,B,SandT.
Now for the uniqueness of t, suppose that t* # t be another common fixed point of
A,B,SandT.
Then, from (ii), we have
d(t,t*) =d(St, Tt") =

% d(At,St)d(Bt*,Tt*) d(At,St)d(At, Tt*)+d(Bt*,St)d(Bt*,Tt*)
ad(At’Bt ) + '8 1+d(At,Bw) d(At,Tt*)+d(Bt*,St)
lao)lld"t")] laO)lldEt")|+|a™e)lld("t")]

ld(t,t)] < ald(6, e + B =0 i HaC D)l

= (1 —-a)|d(t,t*)| < 0 which is contradiction. Hence t = t*.
i.e. t isthe unique common fixed point of A,B,Sand T.
On setting A=B =1 and y =0 in the inequality (ii), we have the following
results (Theorem 20 of [10]) as a corollary.

Corollary 24. Let (X,d) be a complete complex valued b-metric space with the
coefficients > 1and S,T: X — X be mapping satisfying

d(Sz,Tw) 2 ad(z,w) + B %

for all z,w e X,where a, 8 are non negative real numbers with sa + 8 < 1. then
S, T have a unique common fixed point in X.

On setting A= B =1 and a = = 0 in the ineuality (ii), we have the following
results (Theorem 21 of [10]) as a corollary.

Corollary 25. Let (X,d) be a complete complex valued b-metric space with the
coefficient s > 1 and let S, T: X — X be mappings satisfying:
d(z,5z) d(z,Tw)+d(z,Sw) d(w,Tw)

d(SZ ’ TW) 2y d(z,Tw)+d(w,Sz)
for all z,w € X, where y non negative real number with sy € [0,1). Then S, T have
a unique common fixed point in X.
On setting A=B =1 and y =0 in the inequality (ii), we have the following
results (Theorem 4 of [7]) as a corollary.

Corollary 26. Let (X,d) be a complete complex valued b-metric space with the
coefficients = 1and S,T: X — X be mapping satisfying

d(Sz,Tw) 2 ad(z,w) + B %

for all z,w € X,where a, § are non negative real numbers with « + § < 1.then S, T
have a unique common fixed point in X.

Example 27. Let X=1[0,1] and d:XxX - C defined byd(z,w)=
ilz—w|? V z,weX.

Then (X,d) be a complete complex valued b-metric space with the coefficient
s = 2. Now, we define the self mappings 4,B,S,T: X = X by
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Sz==,Bz=2z and Tzzi , Az=23—z forall z,we X.
S(X) [0,%] c [0,1] = B(X), T(X) = [o,ﬂ c [o,ﬂ = A(X).

By the definition of self mappings we get condition (i) of the theorem 23. Now
consider

Il NN

d(Sz,Tw) = i|Sz—Tw|? = i g_%z
d(Az Bw) = ilaz—Bwl* = i[Z—w|
d(Az,57) = i|Az—Sz|? = i 23—2_22
d(Bw,Tw) = i|Bw—Tw|? =i W_%z
ZZ_KZ

d(Az,Tw) = i|Az—Tw|?> =i

3 4
2
d(Bw,Sz) = i|Bw —Sz|*> =i |W - §|
For the verification of inequality (ii), it is sufficient to show that
d(Sz,Tw) 3 ad(Az, Bw)
At z = 0 and w = 0 the result is obvious.

Atz=0and w=1,d(Sz Tw) = — = 0.0625 and d(Az, Bw) = 1.

16
Atz=1and w=0,d(Sz,Tw) = % =0.25 and d(Az, Bw) = 3: 0.44.

Atz=1and w=1,d(SzTw) = — = 0.0625 and d(Az Bw) = ;=0.1111,
Hence the inequality
d(Sz,Tw) < ad(Az, Bw) + B d(4z, Sz)d(Bw, Tw)
’ ’ 1+ d(Az, Bw)
d(Az,Sz)d(Az, Tw) + d(Bw,Sz)d(Bw,Tw)
d(Az,Tw) + d(Bw, Sz)
holds good for all z,w in X where a =i, B =% and y =%. ie. 2a+pB+2y<
1.
Since the commutativity of pairs (S, A) and (T, B) yields the compatibility of (S, A)
and weak compatibility of (T, B).

4. Urysohn Integral Equations

In this section, we studied [7,18] and some other papers and we apply our result
(Theorem 23) to the existence and uniqueness of a common solution of the system
of the Urysohn’s integral equations.

Theorem 28. Let X = C([a, b],R™) and d: X X X — C be defined by
d(z,w) = maxe[qpl12(t) — w(t)lloV1 + qZeitan~a
Consider the Urysohn’s integral equations
2(8) = $i(©) + [} Ki(t,5,2(5))ds ()
where i = 1,2,3,4,a,b € Rwitha < b,t € [a,b], z,¢; € C([a, b], R™).
Suppose K;: [a, b] X [a, b] X R™ - R™ is a given mapping for each i = 1,2,3,4.
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Throughout this section, for each i = 1,2,3,4 and K; in equation (4), we make use
the following symbols  §;(z(t)) = f: K;(t,s,z(s))ds.
Assume the following conditions hold for each ¢t € [a, b]:
(@) a+pB+y<1,when s =1.
(b) 612(t) + P1(t) + Pa(t) — 84[812(8) + P () +P4()] = 0 and
8,2(t) + 1P, () + 3 (t) — 63[6,2(t) + 1, (t) + 3 ()] = 0.
(€) 61(852(t) +3(8)) + P1(t) — [ 85(8:2(t) + ¥1(8)) + 3(¢)] = 0 and
8,(842(t) + Y4 () + P2 (1) — [ 84(822(8) + P2(0)) + Y4 (B)] = 0.
(d) Y1 () + 33 () + 8, (22(8) — P1(1)) + 2832(¢) + 85(22(t) — 632(¢) —
P3(t)) = 4z(t) and
P (8) + 39, (8) + 62[5(22)&) + P2 (0] + 26,2(6) + 64[22(8) — 8,2(¢) — P4 (D)]
=4z(t).
(€) 2z(t) — 63z(t) — P3(t) — S,w(t)—,(¢) # 0 and 2w(t) — S,w(t) — Pu(t) —
Siw(t)—y,(t) = 0.
Foreach z,w € X and t € [a, b], we have
sz(t) 1+ azeitan‘la Sa maxte[a,b] sz (t) + .B rnaxte[a,b] Mzw (t) +
Y maxte[a,b] Nzw (t) (5)
where,
Ko (®) = 116:2(8) + 11 (0) — 8w () — Yo (Dl VT + aZel a4
Ly () = 1122(t) — 632(¢) — 3(t) — 2w(t) +
8w (O +hs (Ol VT + aZeltan 4
Mzw(t) =
[1122(6)=832() =13 ()=812(6) =11 (O oo |1 2W(E)= 54w (D) =4 ()= 83w (D)=t (Dlleo]y/ T+ aZei tan ™ @ .
141122(6) = 832() =3 (D) -2w () + 84w () +1p4 () | oo/ 1+aZeitan™ 1 a ’

Nzw(t) =
[ [12z(t)=832(t) =3 (t)=812(t) 1 (O)lleo 122(t)=832(t)—3(t)=E2w(t) P2 ()0 ]meim"_la
12w () =84w ()= (£) =81 w(E) =1 ()| [|2W () = S4w () =4 () =W () =P (£) |0

[122(8)~832(8) =3 ()~ 82w () =12 (D)l o +[12W(£) = 84w ()~ P4 ()81 w(E)—P1 (Dl oW 1 +aZeitan™ @

fhen the system of integral equations (4) have a unique common solution.

Proof. Define mappings 4,B,S,and T : X — X by

Sz(t) = 8,2(t) + 1, (6) = J Ky (t,5,2(s))ds + 1y (£);

Tz(t) = 8,2(t) + Y, (t) = [} K;(t,5,2(s))ds + 1, (£)

Az(t) = 2z(t) — 83z(t) —P5(t) = 2z(t) — f: K; (t, s, z(s))ds +Ps(t);

Bz(t) = 2z(t) — 8,2(t) — Y, (t) = 2z(t) — ff K4(t, s,z(s))ds + P, (t);

Let z,w € X, then we get

d(Az,Bw) =

maXee(qp[122(8) — 832(t) — P3(t) — 2w (t) + S,w(O)+ s (Ol VT + aZeitan '@
d(Az,Sz) =

maxee(q,p)l122(t) = 832(8) = P3(8) = 8,2() =1 (D)l VT + aZe’ 2 @

d(Az, Tw) =

maXepq,p]l122(t) — 852(t) — P3(t) — S,w() =, (Ol V1 + aZeitan™'a
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d(Bw,Sz) =
MaxX;eqqp) 12w () — S,w(t) — Pu(t) — S;w () =1 ()|l ooV + aZeit@ ™ @

d(Bw,Tw) =

max;e(q 51112 (8) = 8,w(t) = Pu(t) = S;w(E) = (D) |l VT + aZel ™" @ (6
By the above equation (5) we get

d(Sz, Tw) 3
d(Az,Sz)d(Bw,Tw) d(Az,Sz)d(Az,Tw)+d(Bw,Sz)d(Bw,Tw)
ad(Az,Bw) + b 1+d(Az,Bw) d(Az,Tw)+d(Bw,5z)
Now we shall show that S(X) € B(X). For this
B(Sz(t) + ¥4()) = 2[Sz(t) + ¥4 (t)] — 84[S2() + 4 ()] — 4 (t)
=5z(t) + Sz(t) + 4 (t) — 8,4[S2(t) + 4 (0)]
=Sz(t) + 61z(t) + Y1 () + Pa(t) — 84[612(2) + Y1 () + Yu(t)]
Using the given condition of Theorem (28) we get B(Sz(t) + 14(t)) = Sz(t)
which shows that
S(X) € B(X). Similarly we show that T(X) € A(X).
Now, we shall prove that the pair (S, A4) and (T, B) are compatible.
Let {z,} be a sequence such that lim,,_,. Sz, (t) =lim,_. Az, (t) =z (t) for some
z(t) € X.
Then we have,
1542, (8) = ASzu (Ol = [|S (22, (1) = 852, (£) — Y3 (1)) — A(12, (1) + Y1 ()|
= (|61 (220 (8) = 832, (£) — P3(8)) + ¥1(8) — 2(812, (1) + P2 (1)) —
53(51Zn(t) + l/)1(t)) - 1/)3(t)||
= ||51(22(t) —852(t) — 1/)3(t)) + (1) — 2(612(t) + l/)1(t)) -
83(8:12(8) + P, () — s (D))
1S4z, () — ASz, (O] = || =6,(832(2) +¥3()) — Y1 () — [ 5(8,12(2) +
h1(®) + s @]]| -
From condition (c) we get [|ISAz,(t) — ASz,(t)|| =0 whenever
lim,, e Sz, (t) =lim,,_,, Az, (t) = z(t)
for some z(t) € X. Hence the pair (S, A) is compatible. Similarly we can show that
(T, B) is compatible.
Next we shall prove that the pair (S, 4) and (T, B) are weakly compatible. For each
t € [a, b].we get
14S52(t) — SAz(D = ||A(8:2(2) + (1)) — S(22(t) — 832(t) — 3 ()|
= ”2(51Z(f) + 1/’1(0) - 53(51Z(t) + 1/)1(t)) —Ps(t) — 51(22(t) -

03z(t) — ws(t)) + 1/)1(1:)|| (7)

If Sz = Az for some z € X, then we have  §;z(t) + . (t) = 2z(t) —
63z(t) — 5 (t) for t € [a, b].
Therefore from the equation (7), we get
14Sz(t) — SAz()|l = ||42(t) — 2852(t) — 33(t) — 65(22(t) — 832(t) —
Y3(®) — 8.(2z(t) — ¥1()) — Y, (t)|| for allt € [a,b]. From condition (d)
|ASz(t) — SAz(t)|| = 0, that is ASz(t) = SAz(t) for all
t € [a, b]. Therefore ASz = SAz whenever Sz = Az.
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Hence the pair (S, A) is weakly compatible. Similarly we can show that (T, B) is
weakly compatible. Thus all the conditions of Theorem (23) are satisfied. Therefore
there exists a unique common fixed point of A4, B,S and T in X and consequently
there exist a uniqgue common solution of the system of integral equations (4).

5. Conclusion

In this article, we extended the study of fixed point theory by using the notions of
compatibility and weakly compatibility of self mappings satisfying the new
generalized rational type contractive conditions for four self mappings in the
complete complex valued b-metric spaces. Our results generalized some earlier
results exists in the literature. An illustrative example is also given to substantiate
our newly proved results. Moreover we demonstrated an application in support of
our main result. This idea is expected to bring wider applications of fixed point
theorems which will be helpful for researchers to work in the development of fixed
point theory.
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