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Abstract 
 

Binding energies of positive and negative charged donor impurities in an InAs/AlAs 
cylindrical quantum wire are investigated. Numerical calculations are performed using the 
variational procedure within the single band effective mass approximation. We assume that 
the impurity is located at the axis of the wire. The interband optical transition with and 
without the exciton is computed as a function of wire radius. The valence-band anisotropy is 
included in our theoretical model by using different hole masses in different spatial 
directions. Neutral shallow donors comprise a positively charged donor and a single bound 
electron. It is observed that (i) negative trions have a higher binding energy than positive 
trions, (ii) the binding energy of the heavy-hole exciton is much larger than that of the light-
hole exciton due to different hole mass values (iii) the exciton binding energy and the 
interband emission energy are both increased when the radius of the cylindrical quantum 
wire is decreased and (iv) the effect of exciton influences the interband emission energy. 
Our results are in good agreement with the recent published results. 
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1. Introduction 

Nano-structures of reduced dimensionality are currently a topic of interest in low 
dimensional semiconductors.  Due to the recent techniques in fabricating low dimensional 
semiconductor systems, such as molecular beam epitaxy, chemical vapour deposition and 
electron lithography, the growth of low-dimensional quantum structures has attracted 
much attention recently. Production of self assembled monolayers of low dimensional 
semiconductors is particularly attractive due to its simplicity, versatility and low cost [1]. 
Self-assembled InAs quantum wires embedded in AlAs barriers are of interest because of 
their large confinement potential compared to InAs/AlAs quantum wells [2]. It has 
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attracted much attention due to their electronic, optical properties and potential for 
applications. 

The impurity plays an elementary role in some physical properties like optical, 
electrical and transport phenomena at low temperature. The main objective of addition of 
impurities in semiconductor heterostructures lies in altering the performance of quantum 
devices. In order to investigate quantum size effects on exciton states and optical 
properties of InAs/AlAs nanostructures, we have investigated the relationship between 
donor bound exciton states and the interband emission in an InAs/AlAs quantum wire by 
using a variational approach. InAs quantum wires in AlAs differ considerably from that in 
GaAs due to the larger Al-In bond strength, reducing In migration on the AlAs surface, 
leading to a larger density and smaller size of InAs/AlAs quantum wires [3].  
    Optical transitions in coupled InAs/InP self-assembled quantum wires have been 
studied within the single-band effective mass approximation including strain effects by 
Sidor et al., recently [4]. The photoluminescence (PL) spectra of InAs/GaAs quantum 
dots under the hydrostatic pressure were examined experimentally [5, 6]. Duque et al. [7] 
have studied the hydrostatic pressure effects theoretically on optical transitions in 
InAs/GaAs cylindrical quantum dots. These studies reveal the exact shape and dimensions 
of InAs/GaAs quantum dots clearly. The donor binding energy of a hydrogenic impurity 
in InAs/GaAs single quantum dot as functions of impurity position, size and hydrostatic 
pressure has been computed [8]. Bracker et al. [9] have compared binding energies for 
positive and negative trions in a series of narrow GaAs quantum wells and in “natural” 
quantum dots defined by quantum well thickness fluctuations recently and they have 
observed that negative trions have a higher binding energy than positive trions. The study 
of positive and negative trions with exact diagonalization in the influence of magnetic 
field has been also carried out recently [10]. 
    In this paper, we calculate the binding energies of positive and negative charged donor 
impurities as a function of radius of cylindrical quantum wire of InAs/AlAs. Numerical 
calculations have been performed using the single band effective mass approximation 
with the variational procedure assuming the impurity is located at the axis of wire. The 
interband optical transition of InAs/AlAs quantum wire is also computed as a function of 
wire radius. The valence-band anisotropy is included in our theoretical model by using 
different hole masses in different directions. This work is organized as follows. In Section 
2, we present the theoretical model to describe D0 (neutral donor), D+ (positive donor) and 
D- (negative donor) states confined in an InAs quantum wire. Results are discussed in 
Section 3 and at the end we discuss our findings. 
 
2.  Theory and Model 
 

2.1.  Binding energy of neutral donor D0 

 
We consider a cylindrical quantum wire of radius R and length L, made of InAs 
surrounded by AlAs and the electron is confined by the potential Ve(ρj, zj) equals zero 
inside the quantum wire (InAs) and  in the barrier material. D0 is described by the 0

eV
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system of an electron attached to a positively charged donor impurity ion located on the 
wire axis. In the frame work of single band effective mass approximation, the 
Hamiltonian of a hydrogenic donor can be written as 
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where  is the effective mass of electron and *

em ε  is the static dielectric constant of the 
host material. 
     The electron (hole) confinement potential V(ρj, zj) due to the band offset in the 
InAs/AlAs quantum wire structure is given by 
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where the index j stands for electron and hole and V0 is the barrier height. We have taken  

 meV and  meV [11].  21750 =eV 6110 =hV
      In order to find the eigenvalue for Hamiltonian (Eq.(1)), we apply the variational 
method with the trial wave function 
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where m is the electron (hole) z-component angular momentum quantum number.  The 
radial wave function f(ρj) and the corresponding confinement energy equation of the 
electron (hole) can be obtained by using the m-order Bessel function Jm and the modified 
Bessel function Km. The z-axis wave function  h(zj) can be found using linear 
combinations of analytical functions sin(ξ) and cos(ξ) (inside the dot), or exp(ξ) (outside 
the dot), with the single parameter trial wave function chosen as 
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where α1 is the variational parameter. 
      The ground state energy of a single electron confined by the donor impurity ion 
located along the wire axis is obtained by the expectation value of the energy of the 
Hamiltonian as  
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The donor binding energy is obtained by  
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where E is the ground state energy of the electron. 

                    Table 1. Material parameters used in the calculations. 
                    (values from refs. [14] and [15]). 
 
 

Parameter InAs AlAs 

Eg (eV)      
me 
γ1 
γ2 
ε 

0.417 
0.023 

20 
8.5 

15.15 

2.15 
0.077 
3.76 
0.82 
10.06 

 

2.2.  Binding energy of positive donor D+ 
 
The Hamiltonian for a positive donor can be thought of as a neutral donor and an excess 
hole. Therefore, we can write  

CheD VHHH ++=+                                                                                        (7) 

 

where He refers the Hamiltonian of the  single electron part, Hh is the Hamiltonian of the  
single hole part with the electron and hole confinement given by the Eq.(2). The last term, 
VC, is the Coulomb interaction between the electron-hole, the positive ion-hole and the 
positive ion-electron interactions respectively, given by  
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The anisotropy and the corrections due to the conduction band non-parabolicity are 

important since the parallel mass determines the electron energy in the xy-plane and 
perpendicular mass determines the quantization energy of the electron in the z-direction. 
In the valence band of semiconductors, there are heavy hole and light hole bands which 
are degenerate at the top of the valence band. The valence-band anisotropy is described by 
assuming different hole masses in different directions. The heavy-hole and light-hole 
masses in terms of Luttinger parameters, 1γ and 2γ , (Table 1) are given by [12] 
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21
0 2γγ +=*
lhm

m
                                                                                                           (10) 

here m0 = is the free hole mass. The corresponding wave function for the positive donor 
impurity D+

 is given by 
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where χ is the trial wave function describing the internal motion between the electron and 
the hole in the system, given by 
  

)exp(),,,( 22
2 zzz hehe +−= ραρρχ                             (12) 

 
where α2 is the variational parameter. We calculate the ground state energy by finding out 
the expectation value of the energy of the Hamiltonian (Eq.(7)) as 
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The binding energy of the positive charged donor, Eb(D+), is given by 
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where Eh is the ground state energy of the free hole.                                                   
 

2.3. Binding energy of negative donor D- 
 
The Hamiltonian of negative donor can be thought of as a neutral donor and an excess 
electron  
 

CeeD
VHHH ++=− 21                                                                                             (15) 

Here the Coulomb interaction is between the electron-electron, the positive ion-hole and 
the positive ion-electron respectively. Vc can be expressed as  
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Thus the binding energy of the negative charged donor, Eb(D-) given by 
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where Ee is the ground state energy of the free electron. is calculated by 
minimizing using the similar trial wave function as given by Eq. (12) but with 
different the variational parameter .  

−D
E

+D
H

3α
       
2.4. Interband emission energy, Eph 

 
The Hamiltonian of an exciton consisting of a single electron part (He), the single hole 
part (Hh) and Coulomb attraction term between electron-hole pair  is given by,  
 

r
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where he rrr −= denotes the relative distance between the electron and the hole and ε 
is the dielectric constant of  material inside the quantum wire. 

The ground state energy of the exciton in the InAs/AlAs quantum wire is calculated by 
using the following equation 
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The donor exciton binding energy Eb and the interband emission energy Eph associated 

with the exciton is calculated using the following equations 
 
       exheb EEEE −+=                                                                                             (20) 
 

        
                                                                                     (21) exgheph EEEEE −++=

where Ee and Eh are  the confinement energies of the electron and hole, respectively. Eg is 
the band gap energy of InAs. 
 
3. Results and Discussion 
 
We show the variation of binding energy of negative and positive donor impurity as a 
function of wire radius in Fig. 1. In both the cases, the binding energy increases with a 
decrease of wire radius, reaching a maximum value and then decreases when the wire 
radius still decreases. As the wire radius approaches zero the confinement becomes 
negligibly small, and in the finite barrier problem the tunnelling becomes huge. The 
increase of negative charged impurity binding energy with the wire radius is due to the 
Coulomb attraction between the electron and hole and interaction between each one of 
them and the impurity ion. The increase of negative donor binding energy with the 
decrease of wire radius is in good agreement with the other investigators [13].  The values 
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of positive donor binding energy Eb(D+) drop faster than the negative donor binding 
energy. This is due to the repulsion between two electrons which is larger than the 
attraction of each electron with the impurity ion. Moreover, we have observed that 
negative trions are found to have a higher binding energy than positive trions, which is in 
good agreement with other studies [9,10].  Also it is observed from the figures that D-

 compound is less stable than the D+
 compound. 

 
 

 

Fig. 1. Variation of binding energy of negative and positive donor impurities as a  
function of wire radius. 

 
 

Fig. 2 shows the variation of the binding energy of positive donor impurity for both 
heavy and light holes as a function of wire radius. In both the cases, we notice that the 
positive donor binding energy increases as the wire radius decreases and then reaches the 
maximum value and starts decreasing when the radius of wire still decreases, it is due to 
tunnelling effect. The binding energy of the heavy-hole exciton is much larger than that of 
the light-hole exciton due to its larger effective mass.  
      We display the variation of interband emission energy as a function of wire radius in 
Fig. 3. This representation clearly brings out the quantum size effect. It is noted that the 
interband emission energy decreases monotonically as the wire radius increases. This is 
due to the confinement of electron-hole with respect to z-axis when the wire radius 
increases. The Coulomb interaction is thus reduced implementing the exciton binding 
energy which is an indication of the electron-hole Coulomb interaction. Moreover it is 
clearly shown that the effect of exciton has influence on the interband emission energy. 
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Fig. 2.  Variation of binding energy of positive donor impurity for both heavy and light hole 
as a function of wire radius. 

 
 

 

Fig. 3. Variation of interband emission energy, Eph, as a function of wire radius.                                                    
The curve (2) shows the effect without the exciton. 
 

In conclusion, we have studied the positive and negative binding energies of donor 
impurities in the InAs/AlAs quantum wire. The calculations have been carried out within 
the framework of effective mass approximation using the variational approach. We have 
obtained the binding energies for D+

 and D- as a function of wire radius taking into 
account of the valence-band anisotropy through energy dependent effective mass in 
different spatial directions. Numerical results show that the positive donor binding energy 



A. Arunachalam and A. J. Peter, J. Sci. Res. 2 (3), 433-441 (2010) 441 
 

 

 

increases when the wire radius decreases and the exciton binding energy and the interband 
emission energy both increase when the radius of cylindrical quantum wire is decreased. 
The heavy hole compound is more bound than the light hole compound. The effect of 
exciton has influence on the interband emission energy. Negative trions are found to have 
a higher binding energy than positive trions. We hope that our investigations would play 
an important role in designing opto-electronic devices based on InAs/AlAs quantum wire 
structures. 
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