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Abstract

In this paper, the existence of common quadruple fixed point results for integral type
contraction of two mappings in G-metric spaces is established. Some interesting
consequences of our results are achieved. Moreover, we give an illustration that presents the
applicability of the achieved results.
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1. Introduction

The fixed-point theory is an influential branch of nonlinear analysis. It demonstrated the
basic significance of studying various equations arising in physical, biological, social,
engineering, and other branches of science and technology. It is universally used to
investigate the conditions under which single-valued or multivalued mappings have
solutions.

In 2002, Branciari [1] investigated the idea of using Lebesgue integrals in metric
fixed point theory and proved the existence and uniqueness of fixed points for integrally
contractions whenever the metric space (X; d) is complete. After that, many authors
considered various versions of integral contractions and obtained fixed point results with
respect to these contractions in various metric spaces in [2-5] and references contained
therein.

In 2006, Mustafa and Sims [6] initiated the concept of G-metric spaces and gave
variant related fixed point results. Afterward, many authors have developed different
fixed-point results on the setting of G-metric spaces [7-13].
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Very recently, Karapinar [14] used quadruple fixed points and proved some
quadruple fixed results in partially ordered metric spaces. Subsequently, many
investigators [15-22] developed quadruple fixed theorems in various metric spaces.

This manuscript aims to provide some common quadruple fixed point results in G-
metric spaces by using integral type contraction. Also, we give examples of applications
to Homotopy theory and integral equations.

First, let’s review the important concepts of G-metric spaces.

Preliminaries from existing literature
A mapping G:P3 — [0, %) satisfying the following properties is called G-metric on P:

(1) G(Pl,pz:Ps) =0ifp, =p, =ps

(i) 0 < G(p1,p1,p2) = 0 forany py,p, € P with p; # p,

(iii) If G(py,p1,p2) = G(p1,p2 p3) forallpy,p,, ps € P with p, # ps

(iv) G(p1,p2,p3) = G(P[p1,p2,p3]), where Pis a permutation of

P1, P2, 3 (Symmetry)

(V) G(p1, P2, p3) < G(p1,x, %) + G(x,p2,p3) for — all  py,pp, 3, x € P (rectangle

inequality).
If G(p1, 1, P2) = G(py, p1, 1) forall p;, p, € P, then the G-metric is symmetric. If G is
a G-metric on P, then (P, G) is called G-metric space. Sequence {p,}in (P,G)is a G-
Cauchy sequence if for each € > 0 there is an integer n, € Z* such that for all n,m, [ >
g, G(Pn, Pm, 1) < € and it is G-convergent to a point p € P if, for each € > 0, there is
an integer no, € Z* such that for all n,m > ng, G (py, P, 0) < €. (P, G) is G-complete if
every G-Cauchy sequence in Pis G-convergent in P. Let F:P*—> P. A point
(1, P2, P3,Ps) is @ quadruple fixed point of F if F(pyp,, p3,ps) = P1, F(02, 03,04 1) =
P2 F(03, 04,01, 02) = p3 and F(pa, py, P2, 03) = Pa fOr 1,02, 03,04 €P. Let f:P > P
be a mapping. A point (pyp,,ps3 ps) is the quadruple coincident point of Fand f if
F(pl,Pz:P3:P4) = fp1, F(P2, 03,4, 1) = fD2, F(P3, P4, D1, P2) = D3 and
F(pa, P02, P3) = fPs. It is a quadruple common point of F and f if F(py, o, 3. pa) =
fp1 = P1FW2, 03,04, 01) = fD2 = P2, F(03, P4, P1,P2,) = f03 = and F(ps, p1, P2, p3) =
s = D4 A pair (F,f)is weakly compatible
if f(F(p1, 92,93, P2) = F(fp1, f02, fD3, f0s) fOr any quadruple coincident  point
(P1, P2, p3,p4) for all py, pa, 03,04 € P.

2. Main Results

Let ¢, Y: [0, 0) — [0, ) be two functions with the following properties:

(i) ¢is non increasing on [0,), Lebesgue integrable, continuous, and for any t >
0, f; d(s)ds > 0.

(ii) U is non decreasing on [0,00), Y(s) <s for all s> 0, additive function and
Y2021 Pit2(s) < oo forall s > 0.

Theorem 2.1. Let (P,G) be a G-metric space. Let T:P* > P and f:P — P be two
mappings satisfying
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¢(s)ds

f G(T(PLDZrps.m)zT(Ps,PezWrps).T(Dg,D1o.P11rp1z))
0

¥ (J‘G(fpbfps SP)+G(fD2.f D6,/ P10)+G(fD3.f P7 .fP11)+G (P4, fPs.f P12) $(s)ds) .1)

For all p, p2, P3, P4, Ps, D6 P7, Pss Po, P10, P11, P12 € P and

(@) TP < f(®P) and f(P) is compatible.

(b) (T, f)is weakly compatible. Then there exists a unique common quadruple fixed
point of T and f in P.

Proof. For any random p; p,, 3, ps € P construct the sequences
.} 2 1 APs b 00 {0} {2} {45, {as,} in® as T(pi,p2,05,.90,) =
fP1n+1 =41, T(Pzn’P3n :P4n,p1n) = sznH = G2,

T(p3n, p4n.p1n.pzn) = P34, = 43, and T(P4n’p1n ) Pzn'P3n) = [Panss = Qap
wheren =0,1,2 ...

Then from (2.1), we get that

d(s)

JG(T(pln'pZn’mn'p‘ln IT(P1y41P2n41 P3nsr Panss T (Pinss P2nss P3nsq Panss )
0

jG(qln ipgr Qinss)
0

d(s)ds

<

$(s)ds)

w G(fp1n:fp1n+1 'fp1n+1)+G(fp2n'fp2n+1'fp2n+1)+G(fp3n'fp3n+1:fp3n+1 )+G(fp4n:fp4n+1:fp4n+1)
Yo j
2 0

0
Similarly, it can be proved

< %(J‘G(qln—l’qln’qln)+G(qzn—1'qzn'qzn)+G(q3n—1'q3n'q3n)+G(q4n—1'q4n'q4n) q)(S)dS) (22)

G(qzn'q2n+1'q2n+1)
d(s)ds

S

IA

% (fG(qln 1917:910)+ G2 _1.9200.920) +G(A37- 1931937 ) + G(Gan— 1,94, 94n) cb(s)ds) 2.3)

d(s)ds

jG(q3n A3n41 Q3n+1)
<=

(J‘G(qln 1A170017)+G(d27 1,02 1.922) +G (A3 71937083 7,) +G(Aap_ 1. 94 027) cl)(s)ds) (2.4)

G(Gan Gan4+1.94n41)

d(s)ds

s

%(fOG(qln—l'qln'qln)+G(q2n—1'q2n'q2n)+G(q3n—1'q3n'q3n)+G(q4n—1'q4n'q4n) ¢(S)d$) (25)

IA

Foralln > 0.
Since ¢ is non increasing,
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J7 TP gs)ds < [T g()ds + [P p(s)ds + [ p(s)ds + [ p(s)ds (26)

forall p;,p,,p3,p4 = 0.
Since ¢ is non increasing,

Since v is linear and non-decreasing and from (2.2) -(2.6),

d(s)ds

fc(qln'Q1n+1'q1n+1)
0
IG(T(pln'pZn P3n Pan JT(Pini1 P2nis P3ng1Pans) T (Ping1P2ns1Panss Panss))

d(s)ds

(b(s)ds)

¢ < G(f D1y f Prpsrrf Pings )¥G(P2n S D2ps1 S P2ngs )¥FG(F 3y f P31 f P3pgq ) ¥ G Py of Py oS Pingr)
=37

fG(qln 1d17d17) (j)(s)ds) (fc(qzn 192n,927) q,’)(s)ds)

0

2

% (foG(%n_l.%n:%n) B(s)ds) + % (foG(%n_l;%n;%n) B(s)ds)

¢(s)ds)

6(Q1n—pQ1n—11n-1)+6(A2n_202n_1920-1)FG (@303 7—130—1)+C @ap_pTap_1947_1)
<y(

< anl)n+2 (J‘OG(‘ho"hl'qh)+G(‘h0v‘h1"721)+G(QS04731"131)+G(Q4O'Q41'Q41) ¢(S)d$) (27)

In a similar process,

G(qzn M2p192n41 )
f d(s)ds
0

< 2nyni2 (fOG(QZO.QZy%1)+G(43U'Q31.Q31)+G(‘Z4O'Q41,Q41)+G(Q10'Q11.411) ¢(S)d$) (2.8)

[ sntsnentsnin) g (5)ds

< 2n¢n+2 (IOG(%O,%1'431)+G(Q40:Q41'¢Z41)+G(Q10'Q111‘111)"‘5(‘120-‘121:‘121) P (s)ds) (2.9)

foc(q4n.q4n+1'q4n+1) d(s)ds

< anl)n+2 (J‘OG(QALUJMPQH)+G(‘hov‘hl"hl)+G(‘Y20"h1v‘h1)+G(4301431'Q31) ¢(S)d$) (210)

Now, let m,n € N such that m > n. Then

fOG(q1,,.Q1m.q1m) ¢(s)ds
G(@1,9194191741) 617419104291 42) G(Q1p-1 9101 1m)

Sf ¢(S)d5+f d(s)ds +......+f ¢(s)ds
0 0

From (2.7)

G(q1, 917 91m)
f ¢(s)ds
0
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m-—1

) G(q19911911)+6(A20921,921)+6(q30,03193,)+G (A4, Qa1,94,)
< D | P(5)ds)
— 0

3}

. G(‘hglhy‘h 1)+G(qzor‘b 1"721)‘*0(‘130"7311‘131)+G(Q40"Z41'Q41)
< 22 | B(5)ds)

Since Y2292 < oo for all s € [0,00) implies that limy,m-e G(G1,,q1,, G1,,) = 0and the
sequence {q, ,} is a Cauchy sequence in .
Similarly, sequences {q;, },{qs,}.{q4,} are Cauchy sequences in the G-metric space (P, G).
Sequences {q1, },{q2,,}. {43,,}. {94, } converges to q;,q,, g5 and g, respectively in (). When
f () is a complete subspace of (P, ).
This shows that there exist py, p,, p3, P4 € f(P) such that

rlli_{{}oﬂhn =q1 =fp1lrli_{1c}ofhn =q; = fp2

limy, 0 3, = 43 = fP3,1iMy 00 Gay, = qa = fDs (2.11)
From (2.1)
$(s)ds

J'G(T(pppz D3 D4 ).Q1n+1141n+1)
0

— fG(T(p1rp2'p3:p4)'T(p1n+1'p2n+1:773n+1'p4n+1)vT(p1n+1'pz n+1P3n+1P4 n+1)) ¢(S) ds
0

1’[} G(fp1fp1n+1'fp1n+1)+6(fpz rfp2n+1rfpzn+1)+a(fp3 'fp3n+1'fp3n+1)+6(fp4 SPap1fPapyy)
=3 #(5)ds)

< 1;1 (fG(fpl A1nA1n) +G(FP2020025) +G(fD3.43,,03,)+G (F Paslay Q) b(s)ds)

As n - o

G(T(P1,P2,P3,P4),q1,G41) =0 = T(P1,P2,P3.P1) = ¢4

Similarly, T (2,03, P4 P1) = 42, T (3, P4, P1,P2) = 43, T (P4, D1, P2, P3) = qa.
= T@uP2P3Ps) =0 = fq,T®2 030611 = 62 = 2
T(p3,04,P1,P2) = q3 = fq3, T(P4, P1, P2, P3) = G4 = fqa-

Since (T, f) is weakly compatible pair,
T(q1, 92,93, 94) = 91, T(42, 93,94 91) = fq2
T(q3, 9491, 92) = £ 493, T(qa, q1, 92, 94) = fqa- Since

6(fa1.91p4191041)
[ p(s)ds
0

_ fG(T(q1.qz.qg.q4),qln+1.q1n+1) b (s)ds

¢(s)ds

J‘ G(T(ql'qZ'q3’q4)'T(p1n+1'p2n+1'p3n+1'p4n+1)'T(p1n+1'p2n+1'p3n+1’p4n+1))
0

¢(s)ds)

1[1 G(fqlrfp1n+1rfp1n+1)+G(qu'fper.lvfp2n+1)+G(fq3rfp3n+1rfp3n+1)+G(fq4'fp4n+1vfp4n+1)
_
2 0
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b(s)ds)

1/) G(fQ1.Q1n+1'Q1n+1)+G(qu.Q2n+1:an+1)+G(fQ3.Q3n+1rq3n+1)+G(fQ4,q4n+1.CI4n+1)
=X
2 0

Therefore

¢(s)ds

fG(fth,q1n+1,q1n+1)+G(fqz.qzn+1.qZn+1)+G(fq3. Q314 193041) 6 (FAa.0an 41040 41)
0

G(fa1.9174191741) 6 (fa2.827 419204 1)+6(F 43, Q3141931 41) 6 aQar 1940 1)

< 2( f $(s)ds)

As n - 0, G(fq1,q1,q1) = 0,6(fq2,92,q2) = 0,G6(fq3,q3,93) = 0,G(fq4,q94,94) =0
=fq1 = q1,fq2 = 42, fq3 = qz and fq, = q,.

Therefore

T(q1,92,93.94) = f01 = 41, T(42, 43,94 41) = fq2 = @2

T(q3,94 91, 92) = fq3 = 95, T(q4, 91,92, 94) = fqs = qa

Thus (g1,92,93,94)is a quadruple fixed point of Tand f. Suppose that
(91", 92", 95", q4") is another quadruple fixed point of T, f. Then

d(s)ds = ¢(s)ds

fG(T(th’.tIz "3 ’,q4’),T(p1n+1,p2n+1,p3n+1,p4n+1),T(p1n+1,p2n+1,p3n+1,p4n+1))
0

fG(qll'q1n+1'Q1n+1) fG(T(q1'.qz’.q3’.q4’).q1n+1.q1n+1)
0 0

¢(s)ds

P G(f a1 P11 P1pg )+ G(f A2 D20y 1 [ D20y1)+G(F U5 D311 D30y ) F G Qs f Py S Pigyr)
<% f
2,

¢(s)ds)

Y G(fa1" a1 91)+6(f 02" 0210.92,)+G (F 3" 43703 7,) +G (F 44" Qappqay)
<% j
0

(s)ds)
Therefore

¢ (s)ds

fG(fql',q1n+1.q1n+1)+G(fq2',qzn+1.q2n+1)+G(fq3'.q3n+1.q3n+1)+G(fq4’.q4n+1,q4n+1)
0

G(91".91917) +6 (42" 92 1927) 6 (43" 03,93 7) +G (44" ap.Qar)
<2u(| $(s)ds)
0
Taking the limit as n — o in the above inequality and which possibility holds only
G(q1',q1,91) =0, G(q2',92,92) =0,G(q3',q3,93) =0 and G(q4’,q4,94) = 0 implies

that q." = q1, @' = G2, G3' = 43, 94" = q4. Therefore (q1,q2,q3,q4) is a unique
quadruple common fixed point of T and f.

G ) )
Now fo (@1n4+19104192741) ¢(s)ds
:fG(T(p1n+1,pzn+1,p3n+1,p4n+1),T(p1n+1,p2n+1,p3n+1,p4n+1),T(p2n+1,p3n+1,p4n+1,p1n+1)) P(s)ds
0

Y G(fP1ns1fPrip1 S P2ns) Y6 (FP2n41 /D201 /P304 1) Y G (FP3 141 f P3040 f Py ) G Pty 1 f Py 1 f P11 1)
<
<2 fo

$(s)ds)
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¢ (s)ds)

P G(q17p019927) 6 (A2 02783 7) +G (A3 793 7047,) 6 (ap Qappd1y)
<% j
2 0

Therefore

¢(s)ds

fG(q1n+1"71n+1"hn+1)+G(q2n+1"72n+1'q3n+1)+G(‘73n+1'Q3n+1'q4n+1)+G(Q4n+1'q4n+1"hn+1)
0

G(q1p910920) ¥ 6(d21p927937) +6 (437,937, 947) G (A7 Q4791 7)
<2y f
0

¢(s)ds).

Taking the limit as n — oo in the above inequality, we get. Hence, we get q; = q, = g3 =
q4, Which means that T and f have a unique common fixed point.

Corollary 2.2. Let (P,G) be a G-metric space. Suppose that T: P* - P be a mapping
satisfying

¢(s)ds

f G(T(p1,P2,p3.p4),T(P5,p6,P7,ps).T(Pg,Pm.pn,pu))
0

=2

For all  py p2, D3, P4, Vs Pes P7, Dss Po. P10, P11, P12 € P. Then there is a unique quadruple
fixed point of T in P.

Example 2.3. Define a G-mapping on a complete G-metric space (P, G) as
G(P1,p2,p3) = Ipy — P2l + Ipy = P3| + |p2 — psl, where P = [0,1].
Define T(p,p2, P3,P4) = W and £ (x) = 8x, also ¢(t) =£ for all t € [0, ).

Then T(P*) € f(P) and the pair (T, f) is weakly compatible.

fomaX{G(Pl, 5,09 ).G(P2, P6,P10),6(P3,07,011).6 (P4, P8.P12) b (S) ds) (2.12)

Infect, fOG (T(m,Pz.Ps.P4)rT(Ps,Psrp7.P8)zT(P9,P10.P11.P12)) ¢ (S) ds

¢(s)ds

f |T(pl,p2'p31p4)_7'(p5,p6:p7'ps)|+ |T(pl,p2'p3rp4)_T(p9,plo:p11:p1z)|+ |T(p5,p6-p7'173)_T(p9,p10'1711-p1z)|
0

|P1tP2+P3+Ps_Ps+t Pet P7+ Pg| |[P1t P2t D3t Pa_Pot Prot P1a+P12|, Pst Pet P7+Pg_ Pot Piot P1at D1z
| 16 16 171 16 16 [ 16 16 !
= $(s)ds

0

1 G(fP1.fP5.fP9)+G(fD2,fP6,fP10)+GC(fD3.fD7.fP11)+G(fPa.fP8.fP12)
<5 $(s)ds)
327,

< % (foc(fmrfps.fpta )+G(fP2,fP6,fP10)+G(fD3.fP7.fP11)+C(fP4.f D8, f P12) B(s)ds).

In this case, (0,0,0,0) is the unique quadruple fixed point satiating all the environments of
theorem 2.1.

Theorem 2.4. LetT:1 x R* > R and Tig T2¢ T3¢ Tao € R. Consider the initial value
problem defined as 7'(t) = T(t, (ry, 72,13, 7)(©)), t € I = [0,1], (1,73, 73,73)(0) =
(r19 T2 T39s Tag)- 1HEN there exists a unique solution in C (1, R).
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Proof. The integral equation corresponding to the initial value problem r'(t) =

T(t, (rlirZJ T3,T4)(t)), tel= [011]1 (rll r21r31r4—)(0) = (rloi rZo: r30! r4—0) IS r,(t) =
t

g +4 [, T(s, (11,72, 73,73)(s)) ds.

Let ? =C(,R) and G(pl,p2:p3) = |p; — 2| + |p1 — P3| + Ip; — p3l| for all pyp,,ps3 €
Pand y(t) = ¢ for all te [0, ). Define R: P* - P hy

R(ry,15,73,1) = %’ + f;T(s, (1,12, 73,13)(8)) ds (2.13)
Now

f G(R(11,m2,73,74)(6),R(15,76,77,78) (£),R(T9,710,711,712) (1))

P(s)ds

0
[R(1r1,72,73,7) () =R (75,76,77,78) (D) |+ IR (r1,72,73,74) () —R(T9,T10,711,712) (D |+|R (75,76,77,78) (£) =R (79,710,711,712) ()|
Jo ¢(s)ds

™ t s t
2+ [0 T(s.(r1r2r3ra) () ds——8+ [ T(s,(r5,m6.17.78) (5))ds+

1 t ) t
22+ o T(s.(r1r2,r3,r4) () ds——32+ [ T(s.(ro.r10.711.712)(5))ds+

s t 9 t
=f =2+ [o T(s,(r5,m6,77.78)(S)ds——32+ g T(s,(ror10,711,712)(8))ds
0

¢(s)ds
:folﬁ(t)—rs(f)|+|r1(f)—T9(t)|+|r5(f)—T9(f)| b (s)ds

1 G(ry7s,79)
<[P g (s)ds

< % (fomax{G(TLTs.Tg),G(Tz'Te.T10),G(T3'T7.T11),G(T4'T8.T12)} B(s)ds).

It implies that R has a unique fixed point in P [from corollary 2.2]. It is one of the
applications to integral equations.

Theorem 2.5 is an application to Homotopy theory.

Theorem 2.5. For an open and closed subset U and U of 2 such that U € U, assume that
H:U* x [0,1] - Psatisfying the conditions

(7o) Uy # H(ug, Uy, Us, Uy, k), Uy = H(Uy, Us, Uy, Uq, k), us = H(Us, Uy, Uq, Uy, k) and
U, # H(uy, uq, uy,us, k) for

each u,u,,us,u, € 0U and k € [0,1].

¢(s)ds

G(H(uguzuz,ugk)H(uy uz,uz,ugk)H(us,ueus ugk))
@ |
0

$(s)ds)

P G (u1,uq,us),G(Uz,Uz,Ue),G(U3,U3,U7),G (Ug,UsUg)
<Y f
2 0

(1) There exists M > 0 such that
fOG(H(ul,uz,u3,u4,k),H(u1,u2,u3,u4,k)H(u5,u6,u7,ug,M))¢(s)ds < (f:llk—ul b (s)ds)

for all uy, uy, us, Uy, Us, Ug, Uy, ug € U and k, » € [0,1].

Then H(., 0) has a quadruple fixed point & H(.,1) has a quadruple fixed point.

Proof. Let

X—{ k € [0,1]:H(u1,u2,u3,u4,k) =u1,H(u2,u3,u4,u1,k) = Uy, }
T H(ug, g, ug, Uy, k) = ug, H(ug, uq, Uy, us, k) = uy for some ug, up, us, uy € UJ°

Since (0,0,0,0) € X* and H(., 0) has a quadruple fixed point in U* implies that X # @.
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Let H({k,}m=1) € Xwith k, - kasn — o. Since k, € X with n =0,1,2 ... there exist
sequences {us, ) {uz, 3 {us,}, {us,} such that

Utpr = H(uln’uzn’u3n’u4n' kn)' Une1 = H(uln’ Uzp Uz Uay kn)’
u3n+1 = H(uln, uzn, u3n, u4n, kn) and u4n+1 = H(uln, uzn, u3n, u4n, kn)

Consider
jG(u1n+1'u1n+1’u1n+2)
0

¢(s)ds

¢(s)ds)

j‘ G (H (U120 U3 Uaglen ). H (Ut gy 2 3 Uagden ). H (Ut g U214 U3 4 Mag g Kn))
0

G(H(uln'u2n1u3nru4nlk‘n)IH(uln'uZn’u3nru4nlk‘n)'H(u1n+1'u2n+1tu3n+1ru4n+1'kn))+

< f[G(H(ulnﬂ'uzn+1'1‘-3n+1'u4n+1rkn)'H(uln+1'u2n+1'u3n+1'u4n+1'kn)'H(u1n+1'u2n+1'u3n+1'u4n+1'k"+1))} ¢(s) ds
0

< P(s)ds)

f G (H (U1 Uz iz ptiagkn ) H (U1 o s e kn ) H (W1 4 1 U2 n+1ru3n+1vu4n+1rkn))
0

Mlkn—kn+1l
+ fo ¢ (s)ds)

Now asn — oo,
6(Wipgrtn 41 Winss)

lim P (s)ds

n—-oo

G (H (1 Uz U3 Ua gy Kn ) H (U U U3 g k) H (Wt 4 U211 U3 11 Mg 1K)

< lim ¢(s)ds
n-oo

< lim %(fOG(uln’uln’u1n+1)+G(uZn’uZn’uZn+1)+G(u3n'u3n’u3n+1)+G(u4n'u4n'u4n+1) P(s)ds)
n—-oo

G(uln—l'uln—l'uln)+G(u2n—1'uzn—l'uzn)+G(u3n—1‘u3n—l'u3n)+G(u4n—1'u4n—1'u4n)
< lim ?( ¢(s)ds)
n-oo 0
G(ulo,ul0,u11)+G(u20,u20,u21)+G(u30,u30,u31)+G(u40,u40,u41)

< lim 2myn+2( b (s)ds)

n—-oo 0

< Zoo 0 2n.¢n+2 (J-G(um,um.ull)+6(u20,u20,u21)+G(u30.u30,u31)+G(u40,u40,u41) (l)(S)dS) (2 14)
< ln= 0 .
Since Y2, 2™p™+2(s) < oo for all s € [0, o) :imG(u1n+1,u1n+1, U,,,) =0

Let m,n € N withm > n. Then

G(uln'ulm'ulm)
j ¢(s)ds
0

G(ulm—l'ulm'ulm)

¢(s)ds + - +f P (s)ds

0

G(u1n+1'u1n+2'u1n+2)
<

'foc(uln‘u1n+1'u1n+1)¢(S)ds N J;

It follows from (2.1) that
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G(uln'ulm'ulm)

¢(s)ds

s

Gyt gu11)+G(Uz gtz Uz )+G(Uz U, Uz, ) +G(Uagllag Uay)

ZWHq $(5)ds)

IA
MS

~
1l
g

o G(uggurqu)+6(Uzgting Uy ) +G(Uz g3 ,Us, ) +G(Usgllag Uay)
ZZWHJ P(s)ds)

Since %72, 2"P™*2(s) < oo for all s € [0, ) and %%G(u1n+1,u1n+1.u1n+2) =0

This shows that sequence {u; } is a Cauchy sequence in .

Similarly, {u,,}, {us, }, {u4,,} are Cauchy sequences in the G-metric space (%, G).
By the completeness of (P, G), there exist p;, py, ps, P4 € P with

1111&10”1,1“ P1 ii_{gouzn+1 = pz:%i_{lgo%n“ = p3:111_{130u4n+1 = DPs

By using (2.1) and property of i, ¢ we have

{ G (H(P1,02,03,04,k),H(D1,02,03,04,K),p1)+G(H(D2,03,04,k,p1),H([D2,03,04,K).02)) + }
< f G(H(D3,04.k,01,02).H(®3.04.k01,02).03))+G(HD4.k,01,02,03).H(Da.k.01,02.03).04)

¢(s)ds

(G(H(m D2.03.04K),H(P1,02.03.04.K)H (U1 11Uz 4 1 Usp g Uan g k)
J G(H(p2,03.04.k01)H(D2,03.04.K01)H(Uz 4 1 U3y 1 Wy Wingys k))+
[G H(p3,04.k01,02),H(03,04,K01,02),H(Uz 1 Uap g ¥ ngU2ngr k)

\_WJ

G(H(pa,k,p1,02,03),H(D4,k,01,02,03),H(Uap 4 1,81 14 1 %2141 %3141 o (s)ds
{'3(PlrP1:“1n+1)+G(P2'P2'u2n+1)+}
. G ,b3,U +G DU
S llm 21!} (p3 P3 3n+1) (Papa 4n+1) ¢(S)d$ — 0
n—-oo

0

It follows that H(p;, p2, D3, Pa, k) = p1, H(D2, 3, Par k. P1) = P2, H(p3, Par k. D1, D2) = D3
and H(p4, k, p1, 02, 03) = ps-Thus k € X. Hence X is closed in [0,1].

Let ko € X. Then there exist uy j, 15, Uz, Ugy € U With uy j = H(uy g, Usg, Usy, Uags ko)
uzo = H(uzo, U30,u40, ulo, ko),u30 = H(u30, U40,u10,u20, ko) and

u4_0 = H(U4_0, ulo! u201u30! kO)

Since U is open, then there exist = > 0 such that B (u; 5, U1, 7) S U.

Choose k € (ko — €, ko + €) such that |k — ky| < # <=,

X
Thenfor x € BG(ulo,ulo,r) ={xe g = <r+ G(ulo,ulo,ulo)}

G(H(uq,up,usug,k)H(uq,uzuz,ug,k
Also .fo( (u1,u2,uz,ug,k),H(ug,uz,us,uy )u“’)(p(s)ds

¢(s)ds

f G(H(uq,uz,uz,14,K),H(Up Uz, U3,U8K),H (U Uz U30,U40K0)
0
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{ G(H(uq,uz,uz,ug k) H(ug,uz Uz, ug,k),Hug,uz,us,tta.ko))+ }
<f G(H(ug,uz,uz,us,ko),H Uy Uz Uz,us,K0),H (U Uz0,U30Us0K0))
0

¢(s)ds

¢(s)ds

M|k—kol G(H (ug,uz,uz,ug ko), H (g Uz Uz, ko) H (g gz U3 0 tagKo))
< f ¢(s)ds + f
0 0

<

= ¢(s)ds

Letting n — oo,

1 1 G(H(uq,uz,uzug ko), H(ug Uz Uz, tg ko), H (g g Uz g U3, tagKo0))
f P(s)ds + f
0 0

f G(H (u1,u2,u3,u4,k).1‘1(u1ruzrusru4,k).u10)
0

¢(s)ds

G(H(ul,uz,u3,u4,k0),H(u1,u2,u3,u4,k0),H(u10,u20,u30,u40,k0))
< f
0

¢(s)ds

< % ¢(s)ds)

G(ulrulrulo) 6(”2;”2;”20) G(u3,u3,u30) G(u4,u4,u4o)
(.I
0

Therefore
G(H(up,uz,uz,uek),H(Uq,Uz,U3,UsK) U1 )+
{ G(H(up,uz,ugug,k),H(Uz,Uz,UgUp,K) Uz )+
lG (H(u3,u4,u1,uz,k),H(u3,u4,u1,u2,k),u30)+J
G(H(uaug uz,uz,k),H(UglUq,UzUz.K) Usg) ¢o(s)ds
0

G(ugugug o) +G (up iz s ) +G(uz,uzuz o) +6 (Uattaag)

<2u(| $(s)ds)
0

41+G (U1 U1 g1 ) +G (Uz gz Uz g) +G (Uz Uz 0, U3 )+ G (Uaglagilag)

<2u(| $(s)ds)
Thus for eac(i: fixed k € (ko — €, ko + €), H(., kK): B (uy U1, 7) = Bg(wr g us 1),
H(,k): BG(uZO, uZO,r) - BG(uzo,uzo,r),
H(.,k): BG(u30, u30,r) - BG(u30,u30,r),H(.,k): BG(u40, u40,r) - BG(u40, u40,r).

All the conditions of the theorem 2.5 are satisfied, therefore H(., k) has a quadruple fixed
point in U*.

But this must be in U*. Since (z,) iholds, k € X forany k € (ko — €, ko + €).

=(ko — €,ky +€) € X and X is open in [0,1].

The other part can follow the same argument.

3. Conclusion

We ensured the existence and uniqueness of a common fixed point for two mappings in
the class of G-metric spaces via Integral type contraction. Two illustrated applications
have been provided.
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