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Abstract

In this paper, authors propose a new integral transform “Rishi Transform” with application
to determine the exact (analytic) solution of first kind Volterra integral equation (V.1.E.). For
this purpose, authors first derived the Rishi transform of basic mathematical functions
(algebraic and transcendential) and then the fundamental properties of Rishi transform is
discussed, which can be used for solving ordinary differential equations (O.D.E), partial
differential equations (P.D.E.), delay differential equations (D.D.E.), fractional differential
equations (F.D.E.), difference equations (D.E.), integral equations (l.E.) and integro-
differential equations (1.D.E.). After this, authors determined the exact (analytic) solution of
general first kind V.1.E.. They have considered three numerical problems and solved them
completely step by step for explaining the utility of Rishi transform. Results depict that the
proposed new integral transform "Rishi Transform" provides the exact results for first kind
V.1.E. without doing complicated calculation work.
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1. Introduction

In the current scenario, researchers have first choice as integral transforms among other
mathematical methods for determining the solutions of the problems of science, social
science and engineering due to their three important characteristics; first one is simplicity,
second one is providing the exact results and last one is providing the results without
doing complicated calculation work. Researchers developed various new integral
transforms (Mahgoub transform [1]; Kamal [2]; Elzaki [3]; Aboodh [4]; Mohand [5];
Sumudu [6]; Shehu [7]; Sadik [8]; Sawi [9]; Upadhyay [10]; ZZ [11]; Natural [12]; Jafari
[13]) in recent years. Aggarwal and other researchers [14-23] used various integral
transforms (Laplace [14]; Kamal [15]; Mahgoub [16]; Mohand [17]; Aboodh [18]; Elzaki
[19]; Shehu [20]; Sadik [21]; Sawi [22]; Sumudu [23]) and studied the famous problems
of growth and decay. Higazy et al. [24] developed a new method by combination of two
mathematical methods (Sawi transform and Decomposition method) and determined the
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solution of Volterra integral equation. They named Sawi decomposition method to this
newly developed method. Aggarwal et al. [25] provided the duality relations of Kamal
transform with other established integral transforms. Higazy et al. [26] studied HIV-1
infections model with the help of Shehu transform. Higazy and Aggarwal [27] applied
Sawi transform for determining the exact solutions of the problem of chemical kinetics by
developing its model using ordinary differential equations. EI-Mesady et al. [28] used
Jafari transform and solved a problem of medical field.

The motive of the present paper is to develop a new integral transform “Rishi
Transform” with its fundamental properties and determine the solution of the first kind
V.I.E. with convolution type kernel using this transform. The proposed transform “Rishi
transform” is better than the other already established transforms because it provides the
exact results of the problems without doing tedious computational work and spending
little time. Rishi transform has a duality relation with famous and mostly used integral
transform “Laplace transform”. This duality relation is given in the section 2 with the
definition of this transform. This relation makes the Rishi transform valuable because all
the properties of Laplace transform are achieved using this relation. The first kind V.I.E.
has various applications in creep theory; electronic lithography; aero-elasticity; population
dynamics; visco-elasticity; coagulation and meteorology; radio physics; inductive electric
circuit; dynamics of the pendulum; biotechnology; radiation transfer; super fluidity;
electromagnetism; mining engineering and acoustic engineering [29]. Devi et al. [30]
used Elzaki transform and solved ordinary differential equations with variable
coefficients. Devi and Jakhar [31] suggested a computational algorithm for solving
fractional biological population model. Devi and Jakhar [32] applied Sumudu-Adomian
decomposition method on fractional order Telegraph equations and determined their
solutions. Kumar et al. [33] developed a new integral transform “Anuj transform” and
solved linear Volterra integral equations of first kind. Aggarwal et al. [34,35] solved
Volterra integral equations of first kind by applying Kamal and Aboodh transforms on
them.

2. Definition of Rishi Transform

The Rishi transform of exponential order piecewise continuous function, w(t) defined in
the interval [0,00) is given by

Rlo®) = (2) 7 0®e ) de = T(e,0), £> 0,0 >0 o)
Remark: Rishi transform has a duality relation with famous and mostly used integral

transform “Laplace transform”. If L{w(t)} = fomw(t)e_“dt = Q(g), where L is the
Laplace transform operator, then T (g, o) = (%) Q (—)

&
g
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3. Rishi Transform of Frequently used Functions

Case 1: Consider the function w(t), defined by w(t) = 1,t > 0 then by the definition of
Rishi transform,
(o

Rlo®)} = (2) f " we @t = (e, 0)

&

= R{w(t)} = R{1} = (g) fe—(é)f 1dt = (g) fwe—(é)f dt

0
£ o0
o e_(E)t o2
0/ 1
0‘ 2
= R{1} = (;)
Case 2: Consider the function w(t), defined by w(t) = e, t > 0 then by the definition
of Rishi transform,

R{w (D)} = (g) f " wme Gdr = T(e,0)
0
© (& *© (g -G )
= R{w(t)} = R{e!t} = (g)J; e () eltdt = (g)fo e (E-1)e dt = (%) [6(50]0
0-2
= R{w(t)} = m
= Re"} = s(ea—zla)

Case 3: Consider the function w(t), defined by w(t) = t,t > 0 then by the definition of
Rishi transform,

Riw®} = (2) j " e Orde = T(e, 0)
0

&

o0

= rtoo) = 1 = (2) [ 6 a = () P&

= R{w()} =0+ (g)zfo

0' 3
= R{t} = (;) .
Case 4: Consider the function w(t), defined by w(t) = t2,t > 0 then by the definition of
Rishi transform,

Rlo®) = () f " e Orde = T(e, 0)
0

&
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o[ - o _ e_ﬁ)t o\ [ e zgr)t
= fteo) = w0 = () <= -(_J @), g
> ro@)=0+2(2) [ te@rae=2(2) { E(‘;) [ _5)) ‘
- o= e Qa2 [T 2]

=2(3)
=>R{t2}_2( )

Case 5: Consider the function w(t), defined by w(t) = tP,t > 0,p € N, then by using
the principle of mathematical induction, we have

o p+2
R{tP} = p! (E) .
Case 6: Consider the function w(t), defined by w(t) = t*,t > 0,p > —1, then by the
definition of Rishi transform, R{w(t)} = (%) foww(t)e_(E)tdt =T(g,0)

= R{w(t)} = R{t"} = (g) fwe_(g)t LtPdt
0

e_(g)t]m o © e_(g)t
— (= tPl o dt
O

o
=(—=)|tP.———
0 o5
= R{lw(@®)}=0+p (z)zf e_(g)ttp_ldt

r +2 +2
= Rlw®) =p(9) [ (ﬁ‘)’i‘ = e =) 1o+
o
= R{tP} = (g)p” F(p+1)
Case 7: Consider the function w(t), defined by w(t) = sinlt,t > 0 then by the definition
of Rishi transform, R{w(t)} = (%) foww(t)e’(g)tdt =T(g,0)

= R{w(t)} = A{sinit} = (g) fwe_(g)t.sinltdt
0

At} {— (2) sinlt — lcoslt}]

= R{o®) = (3)

lo3

1
= R{w(t)} = (%) 0 —{(gT_HZ}(O - l)‘ YD)
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lo3

e(e? + 0212)
Case 8: Consider the function w(t), defined by w(t) = coslt,t > 0 then by the definition

of Rishi transform, R{w(t)} = (3) foww(t)e_(g)tdt =T(g,0)

&

= R{sinlt} =

= R{w(t)} = A{coslt} = (g) fme_(g)t .cosltdt
0

5+

1
N R{w(t)}=(§) o—ﬁ{— (§)+0} =ﬁ

N—

= R{w(D)} = (%) {

—2}{— (2) coslt + lsinlt}

2

o
= R{COSlt} = m

Case 9: Consider the function w(t), defined by w(t) = sinhlt,t > 0then by the
definition of Rishi transform,

R{w()} = (g) Jwa)(t)e_(g)tdt =T(g, o)
0
= R{w(t)} = Alsinhit} = (2) fo ) [#] W

&
£

1 0 o0 e
= R{w(t)} = E(g) U e~ G Dt gp — f e~ Gtht dt]
0 0

1.0 e—(g—z)t e—(§+z)t ”
= R{w(t)} = E(g) _(E s - _(E D
o 0 4 0

=R

= R®) =5(2)

&
- R ¢ _l(g) 1 _ 1 _ lo3
I (GINCEDI NG
] lo3
= R{sinhlt} = m

Case 10: Consider the function w(t), defined by w(t) = coshlt,t > 0 then by the
definition of Rishi transform, R{w(t)} = (%) f;ow(t)e_(t?)tdt =T(g,0)

= R{w(t)} = R{coshlt} = (g) f we-(g)t.[#] N

0
1,0 * e © e
= R{w(t)}=§(g) U e‘(E")fdt+f e_(EH)tdt]
0 0
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00

1,0 e‘(é‘l)f N e_(§+l)t
. _2(C
= R{w(t)} 2(8) _(g—l) . ’ —(§+l) 0
= R{w(t)} = %(f) {0 + g;} + {0 + %}
. E-) G+1)

= R{w()} = l(ﬂ) | g

(5 (§—l) (g_'_l) (€2 — 0212)
= Ricoshlt} = 313

4. Some Salient Properties of Rishi Transform
This section contains some salient properties of Rishi transform.

4.1. Linearity property of Rishi transform

If R{w;(t)} =Ti(e,0) then R{XL,a;w;(t)}=a; ¥, R{w;()} = a; XL Ti(e, 0),
where ¢; are arbitrary constants.
Proof: Using (1), we obtain

Rw®) = () f wt)e @ae

€

=R Zn: a; wi(t) = (g) foo [zn: a; wi(t)l e_(g)tdt
i=1 0 1=

=R Z a; wi(t); = aiz [(g) foowi(t)e_(g)tdt]
i=1 i=1 0

= R]Y qoldf=a Y Rlw (0}

i=1 i=
= R, a; 0; ()} = a; X, T;(g,0), where a; are arbitrary constants.

4.2. Scaling property of Rishi transform

If R{w (D)} = T(e,0) then R{w(kt)} = =T (3,0).

Proof: Using (1), we obtain
Rlw(®} = (2) f w®)e @rar
0
> Rlw(kn)} = (2) f w(k)e @) at
0

Put kt = p = kdt = dp in above equation, we have

Rl =1 (9) | " w@e@®ap
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= R{w(kt)} = — ( /k) f " @B wmpyap
> R{w(kt)} = % (EU)

4.3. Translation property of Rishi transform

e—ko

If R{w(t)} = T(¢, o) then R{e* w(t)} = (
Proof: Using (1), we obtain

R{w(t)} = (g) f * o@eGrar
0
> R{eMw(t)} = (g) f et a(t)e (&)t

0

) T(e — ko, 0).

= R{e*w(t)} = (g) j ww(t)e‘(g—k)tdt
0

= R{eMw(t)} = (S _gk0> (g —Uka) fww(t)e_(%)tdt = (E —gko*) T(e — ko, o)

4.4. Faltung (Convolution) property of Rishi transform

If R{w,(t)} = T,(g,0) and R{w,(t)} = T,(g, o) then

R{w,(t) * w,(£)} = (;) R{w,()}R{w,(t)} = (;) T,(¢, o) T,(&, o), where faltung
of w4 (t) and w, (t) is denoted by w, (t) * w,(t) and it is defined by w, (t) * w,(t) =
fot w,(t —u) w,(u)du = fot w; () w,(t — uw)du.

Proof: Using (1), we obtain

R{w(t)} = (g) jo " we G
= Rioy @ * 0,0} = (3) f " (0,0 + oy
= Rlwy(0) * 0,0} = (2) 7 e & [} 01t —w) 0, (w)du] dt

After reversing the order of integration, we get

[oe] [oe] e

R{w,(t) * w,(t)} = (%)f w, (1) U w,(t — u)e_(E)t dt] du
0 u

Substituting t — u = v so that dt = dv in the above equation, we obtain

R{wy(®) = @, (0} = (2) f w03 (1) [ f w0, (e (&) dv] du

= R{w, () * w,(t)} = (Z)J- wy(ue” OF [fomw1(17)3 () dv] du

= R{w, () * (D)) = @ [( )| w0e é)u] [(g) [ ouwre @ a
G

= R{w (8) * (0} = (5) Tule,0) To(e,0).

du
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5. Rishi Transform of Derivatives

If R{w(8)} = T(e, o) then
8 R} =(9)T0) - (5) w0
b) R{"(®)} = (£) T(e,0) - w(®) - (£) ')

0 R ®) = (2) T0) - (2 0® -0 © - (£) w'©)
Proof (a): Using (0%), we get
R{w(D)} = (3) f wye Grdr

0

= R{w' (1)} = ( fa)(t)e (5)eq

2)
:
= Rw'©) = (3)[o@e @] —(Z) f (- ()} owe ha
= Rl ®)} = () lim [0e @] - (2) w(o) + fo w(t)e @) ae
=0 (3) 0@ +(5) Ale®)
> k' @) = ()10 - (5) v
Proof (b): We have, R{w' (1)} = (£) T(e,0) ~ (2) w(©) = (%) Rlw(®)} ~ (%) w(0)
= RE"(0) = (2) Rl @) - (2) ©'(0)
= (;‘i) () re® - (5) 0] - () ©
= k') = (2) Rw®)} - 0(©) - (2)w'0)
= R @) = () 10 -0 - (5) 0
Proof (¢): We have, R{" (0} = (£) T(e,) —0(®) - (£) &)
= Rl @) = () REw@) -0 - (5) 0 ©
= k") = (5) R ©) - 00 - (5) w'©)
() rtw®) - (D w©] -0 - (5) w'©
Rw®} - (D)0 -0 © - () 'O
1e0)~ (5 0@ -0 - (5) 0'©

N

N

= R{w"' ()} =

w

= R{w"' ()} =

w

= R{w"' ()} =

S1odiodiadiad
vvvvv{v

N N N N
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6. The Inverse Rishi Transform

If R{w(t)} =T(g,0) then w(t) is called the inverse Rishi transform of T(g,0) and is
written as
w(t) = R™YT (g, 0)}, where R~ is called the inverse Rishi transform operator.

7. Linearity Property of Inverse Rishi Transform

If RYT;(e,0)} = w;(t) then R7I{E™, a;Ti(e,0)} = X, a; R™H{T;(¢,0)}, where q; are
arbitrary constants.

8. Solution of First Kind V.1.E. by Rishi Transform

The first kind V.1.E. with convolution type kernel is given by [29]
8(t) = [, K(t —w) w(Wdu )
where
w(t) = unknown function
0(t) = known function
K(t —u) = convolution type kernel
Operating Rishi transform on equation (2), we get

R{B()} = R{f, K(t - w) w(@)du}
= R{6(1)} = R{K(t) * w(t)} ®)

The use of Faltung (Convolution) theorem of Rishi transform in equation (3) gives

R6()} = (2) RIKOIR(()
Rlo@) = (%) () @

After operating inverse Rishi transform on equation (4), the required solution of equation
(2) obtain and it is given by

_(s0n (REO®)}
w(t) =R 1{(;) (R{K(t)}>}

9. Numerical Problems

This section contains three numerical problems for explaining the utility of Rishi
transform for determining the exact (analytic) solution of first kind V.LE. with
convolution type kernel.

Problem: 1 Consider the following first kind V.I.E. with convolution type kernel given by
[34] as

t= fot et w(u)du (5)
Operating Rishi transform on equation (5), we get

R{t} =R {fte(t‘”) a)(u)du}
= (;) = R{e' * w(t)} (6)

Using convolution theorem of Rishi transform in equation (6), we have
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() = () reerRI0)

= (@) = Q)rg=a| e
- rioo) - (2)'[£57) - (9 - ¢ 0

o2 € €
After operating inverse Rishi transform on equation (7), the required solution of equation

(5) obtain and it is given by
2

— p-1 g a3 — p-1 a2 -1 a3 —
0@ =r{(7) - () f=r{C) J-r{() =1~
Remark: The same exact solution obtained using Rishi transform as given in [34] but
without any tedious computational work.
Problem: 2 Consider the following first kind V.I.E. with convolution type kernel given by
[33] as
t+t*= fot cos(t —u) w(w)du (8)
Operating Rishi transform on equation (8), we get

R{t +t*}=R {jtcos(t —u) a)(u)du}
0

= R{t} + R{t?} = R{cost * w(t)} 9
Using convolution theorem of Rishi transform in equation (9), we have

(gf +2 (g)4 = (E) R{cost}R{w(t)}
S (%)3 +z(g [(8 MZ)] R{w(t)}

01| 2O 2+ @ 2 o

After operating inverse Rishi transform on equation (10), the required solution of equation
(8) obtain and it is given by
4

wo=r () 2 () 2] 5
R G CHR CHE G

t t
Swt)=1+2t+—+—
w(t) + +2+3

Remark: The same exact solution obtained using Rishi transform as given in [33] but
spending a little time.

Problem: 3 Consider the following first kind V.I.E. with convolution type kernel given by
[35] as

sint —f =0 »(uw)du (11)
Operating Rishi transform on equation (11), we get

R{sint} =R {fte(t_”) w(u)du}

0
= R{sint} = R{e! * w(t)} (12)
Using convolution theorem of Rishi transform in equation (12), we have
a3 €
- (= t
o = ()RR}
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a3 5
s 0] ree R0
= R{w(®)} = [(gz+02) m] o

After operating inverse Rishi transform on equation (13), the required solution of equation
(11) obtain and it is given by
2

w(t):R_l{ 20' __ 0'3 }
(e24+02) e(e?2+0?)

N o2 B o3
= o) =R {(82 + 02)} —R {s(sz + 02)}

= w(t) = cost — sint
Remark: The same exact solution obtained using Rishi transform as given in [35] but
spending a little time and without large computational work.

10. Conclusion

In the present paper, authors successfully introduced a new integral transform “Rishi
Transform” and obtained the exact solution of first kind V.LLE. with convolution type
kernel. Authors also presented the fundamental properties (linearity; scaling; translation;
convolution) of the proposed transform with its inverse transform. The findings of this
paper suggest that the proposed transform (Rishi Transform) provides the exact results
without doing complicated calculation work. In future, Rishi transform can be considered
to solve various complex problems of science, medicine and engineering by developing
their mathematical models.
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