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Abstract

The present paper deals with the reliability and fault analysis of a stochastic model for two
non-identical units, in which the first unit is kept as operative and the other sub-standard
one. The sub-standard unit may be repaired or may be replaced by another sub-standard unit
on its failure, depending on the cost of repairing/replacement. Failure and repair times are
considered correlated using bivariate point exponential distribution. Analysis of a system is
done to find various reliability measures, which gives the system's effectiveness. The
conclusion about these reliability measures is carried out by graphical studies. The main
emphasis is on the correlation between repair time and failure time.
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1. Introduction

Many researchers have contributed many folds in the area of Reliability modeling. Many
researchers have discussed many models under various assumptions, including the
assumption that if a unit fails, it has to be repaired/replaced [1,2]. Various concepts under
different situations have been analyzed. In the present investigation study, a stochastic
model of two dissimilar units is good quality, and the other is substandard. The
substandard unit may be repaired or replaced depending on if the replacement cost is
higher or less than repair [3]. It will work well if a unit becomes operative [4,5]. On the
failure of a unit, a repairman comes immediately to repair or replace it. This model works
with the assumption that failure and repair /replacement are correlated to each other, and
joint distribution of failure and repair/replacement vs. times is taken as bivariate
exponential. This model is analyzed by using the semi-Markov process and regenerating
point technique.
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Two-unit cold standby system: A two-unit cold standby system with two types of
repair facilities has been investigated by many researchers [6,7]. The two-unit cold
standby redundant system has been discussed subject to random checking and corrective
maintenance [8,9]. This system describes the profit analysis of a single unit with
programmable logic control [10]. This model involves a system's cost analysis where
repair of the main unit depends on the sub-unit [11]. A comparison of a redundant system
based on correlated lifetime can be carried out [12]. The two-unit complex system with
correlated failure and repair time can be estimated [13-17]. The aim of this paper is to
develop a more general and practically viable stochastic model of two dissimilar units,
one is of good quality, and the other is a sub-standard one that may be repaired or replaced
by the other sub-standard unit on its failure. Expressions for various system performance
measures such as Mean Time to System Failure (MTSF), availability, a busy period of the
repairman, etc., are derived for the model using the Markov process, regenerative point
technique, and bivariate exponential distribution. Various conclusions regarding the
reliability and profit of the system are drawn based on graphical studies.

Description of model and assumptions: The system consists of two dissimilar units.
Initially, one unit is operative, and the other is cold standby. Upon failure of an operative
unit, the cold standby unit became operative instantaneously, and failed unit went under
repair. If a unit is under repair, it does not work for the system. When both the unit fails,
the system becomes inoperable. The system is good as new, after each repair and
replacement. A single serviceman facility is provided to the system for inspection, repair,
and replacement of the components. Time distributions of various failures are exponential.
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Plate 1. State transition diagram.
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Notation:
A1/ Xy = constant failure rate of first and second unit

p = probability that unit 2 is repairable on failure

g = probability that unit 2 is not repairable on failure
G (Y/X), g1 (Y/X) = Conditional c. d. f and Conditional p. d .f of the repair time of unit 1
G, (Y/X), g, (Y/X) =Conditional c. d. f and Conditional p .d .f of the repair time of unit 2
Gs (Y/X), g3 (Y/X) = Conditional c. d .f and Conditional p. d .f of the replacement time of
unit 2

FI (X, y) = Al/‘{](l — Ti)e_lix_ljylo (2 ’Al/‘{] T'ixy>; X, Y, /1,: ,/‘lj > 0, 0< T

w Qidjrixy)!
Where 10(21 / Ai/ljrixy) = Z]':O (]JT
r=Corr (X,y)
9:(Y/X) = conditional pdf of Y; given X; = x is given by

.Bi e—/lix—/ljylo (2 /Ailjrix_}’)
G;(Y/X) = conditional cdf of Y; given X; = x is given by
= foo0 G(Y/X) dy = fooo y B e MY (2, /i Amixy )
Marginal pdf of X; = ;(1 —r)e 4 (1=Tp*
Marginal pdf of Y; = 4; (1 — r)e 4 A-Tyy

Symbols for the states of the system

Si = State numberi,i=1,2,3,4,5,6

Oy, Oy = Operating state of a first and second unit, respectively.

Cq1, Cs)) = Cold standby state of a first and second unit, respectively.

Fu, Fii = Repair state of a first and second unit, respectively.

Fri, Frn = repair is continuing from the previous state of the first and second unit,
respectively.

F wn, Fwm = waiting for the repair of a first and second unit, respectively.

Frepn = replacement of the second unit

Frepit = replacement of the second unit from the previous state model.

Transition probabilities
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Conditional transitional probability
P = tlljg q;;(t)
SO that PO,]. = 1

— ol p,-T1A 1—g’ X

PL/ gie 1( 1)
P =1 1 —r1A1(1-g5)x
1,2/x — gie ! 1( 1)

_ 1 ,—ToA(1—g5)x

P3’ / gse " 2( .92)

Pysyx = 1= gre 2172

— o o131 (1-g5)x
Pyo/x = gze 3h1(1-95)

Prex =1— gieTsh(-g3)x

PZ,,, =p [l — gj e fra(1-91)%]
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Unconditional transition probabilities with correlated coefficients are
PO,]. = 1

Py = fomp Lo/x 91(0)dx = %

Py = fo o gr(0dr=1- %
Pi3 = fomplz.z/x 1(x)dx =p[1 - (1:—;1)21]
PZ, = mePle/x g1(x)dx = q[1 - (1:—21)21]
Py = jowp 3.0/ 2 (X)dx = %

o (1-72)93
P35,1 = fo P35‘1/xgz(x)dx =12

1—g£r2
. (1 —13)g5
Py= P, dx = —————
4,0 -fo 4,0/x gs(x)dx 1-girs
® (1-13)93
P? =f pg dx=1——7"—
4,1 \ 4,1/x gs(x)dx 1—girs
Now
Py =1
PI,O + P1’2 = 1

Pio+Pls+ Py =1
P3'0+P35’1:1
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P4_’0 + P4_6'1 = 1
Also u;, the mean sojourn times in the state S; are
1
S RVNCETS)
_ 1-gi410—1)
S WS
_ 1-g:4(1—-1m)
BETa-w
_1-gih(1-13)
Sy

Thus, the unconditional mean times in state S; are

Mo, = Ko

My + M=ty

myo +miz+mi, = ki(say)

mso +m3; = ky(say)

My +mgy = kz(say)
MTSF (mean time to system failure)
To determine the MTSF of the system, the failed state of the system is regarded as an
absorbing state by probabilistic argument.

$o(t) = Qo1(t) ©d4(2)

1 () = Q10(t) ©do(t) + Q12(D)
Taking Laplace Stieltjes Transforms (L.S.T.) of these relations and solving for ¢g*(s),
following was obtained:

O =50

Where N(s) = Q571(5)Q12(5)

D(s) =1 — Qg1 (s)Q10(s)
In the steady-state

1—-05(s
T, = lim—O()
5-0 S
This led to, Ty = =

Where N= po+u, D =1 —pqg

Availability analysis
Let A; (t) be the probability that the system is in upstate at instant t given that the system
entered regenerative state i at t=0. Using the arguments of the theory of a regenerative
process, the pointwise availability A; (t) is seen to satisfy the following recursive relations:
Ap(t) = My(t) + qo1 ()©A (1)
A1 (8) = My (8) + g10() @A () + g3 ()OA3(t) + ai4 (1) ©A, (L)
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A3(t) = M3(t) + q30()©A, (1) + g3, () ©A, (1)
Ay(8) = My(8) + qao(DOAG () + 41 (1) ©A; (1)
Where
Mo(t) = e=10T08 My (1) = =207t G, (¢ /x)
M;(t) = e LG, (t/x)
M, (t) = e~ 77t Go(t/x)
Now taking Laplace Transform of these equations and solving for A (s), which lead to

* Ni(s)
Ap(s) = Di(s)

The steady-state availability is A, = lim,_o[s43(s)] = 2*
1

Where Ny = pto[1 — pf3p3; — plapsi] + s + pspis + 1apis

Dy = po[p1o + Pisp30 + Piabaol + Ky + Kopfs + K3pis
Busy period analysis of the repairman
Let B;(t) be the probability that the repairman is busy at instant t, given that the system
entered in regenerative state i at t=0. By probabilistic arguments, the following recursive
relations for B;(t) was obtained.

By(t) = qo1(t) ©By(¢)

By1(t) = W1(t) + q10(t)OB,(t) + qi3(t)©B5(¢t) + qi4(t)OB,(t)

B3(t) = W3(t) + q30()©B, () + g3, () OB (t)

By (t) = qao(t)OB,(t) + g3, (t) OB (t)
Where

wi(t) =

e M=t G (t/x) + p[1 — e AT G (¢/x) + q[1 — e 21O G, (t/x) =

Gy (/%)

W5(t) = e MU=t G, (t/x) + [1 — e MO G, (t/x) = Go(t/x)
Taking Laplace Transform of the equations of busy period analysis and solving them for
B;(s), the following statement is obtained:

* — NZ(S)

By(s) = 7
where N, (s) = Wy (s)q51(s) + W5 (s)q01(5)qi3(s)
In steady-state

N.

By = limy_o[sB;(s)] = D—i

Where N, = K, + K,p?; + K3p2,

D, is already specified.

Expected numbers of visits by the repairman

By probabilistic arguments, the following recursive relation for V;(t) will be obtained
Vo(t) = Qo1 (£)O[1 + V1 (8)]
V1(t) = Q1o(1)OV, () + QF5(£)OV5(t) + QF4(£)OV,(t)
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V3(t) = Q30()OV(8) + Q5:()OV; (1)

Va () = Quo(DOV, (1) + Q2 (HOV, (1)
Taking Laplace stieltjes Transform of these equations of the expected number of visits
and solving them for V™ (s), the following item is obtained:

. . N
Vo = limg_,[sV5(s)] = D—i

Where N3(s) = q1o(s)[ 1 — q73(5)q31(s) — 47:()q51 (s)
And D, is already specified.
In steady-state

N3

Vo = limg_[sV5 (s)] = Dy

Where N; = p1o(1 — pf3p31 — pianss)
And D, is already specified.
Expected number of replacements in the system
Let R;(t) be the expected number of replacements in (0,t), given that the system started
from the regenerative state i at t=0. By probabilistic arguments, the following recursive
statement is concluded:

Ro(t) = Qo1 (H)OR, (1)

Ri(8) = Q10()OR,(t) + QF3(DOR5 () + Q7,(DO[1 + R, ()]

R3(t) = Q30(t)OR,(t) + Q31 ()OR, (t)

R4(8) = Quo(D)OR,(8) + Q41 ()OR, (1)
Taking Laplace stieltjes Transform of these equations and solving them forR;*(s), which
resulted as

ok Ny (s)
Ry*(s) = _Dj(s)

Where N, (s) = ¢Z:(s)qs,(s)
D, is already specified.
In steady-state

. * N
RO = llms—)O[SRO(S)] = D_:

Where N, = p?, and D, is already specified.

Cost-Benefit analysis

The expected total profit incurred to the system in a steady state is given by
P, = CyAy — C1By — C,V, — 3R,

C, = Revenue per unit uptime of the system.

C; = cost per unit for which the repairman is busy.

C, = cost per visit of the repairman.

C; = cost per replacement in the system.

Graphical analysis

Let gi(t) = ae™, g,(t) = Be™P, g5(t) = ye ",

a=0.1, p=0.1, y=0.1
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Fig. 1. MTSF vs. failure rate.
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Fig. 2. Profit vs. failure rate.
2. Conclusion

This study reveals that MTSF decreases with an increase in the failure rate value and
increases for higher correlation coefficient values (Fig. 1). Profit decreases with an
increase in the failure rate value and increases for a higher correlation coefficient value
(Fig. 2). It can also be concluded that a higher correlation between failure and repair of the
system yields better system performance.
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