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Abstract

This paper presents a method for solving inhomogeneous linear sequential fractional
differential equations with constant coefficients (ILSFDE) involving Jumarie fractional
derivatives in terms of Mittag-Leffler functions. For this purpose, the fundamental
properties of the Jumarie derivative and Mittag-Leffler functions are given. After this, the
successive jumarie fractional derivatives of Mittag-Leffler functions, fractional cosine, and
sine functions are obtained. Further, we determined the particular integrals of these
functions and then found the complete solutions of ILSFDE. in terms of Mittag-Leffler
functions, fractional cosine, and sine functions. We have demonstrated this developed
method with a few examples of ILSFDE. This method is similar to the method for finding
the complete solutions of classical differential equations with constant coefficients.
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1. Introduction

Fractional differential equations (FDE) and their solutions have applications in applied
sciences, biology, and engineering. These equations have proved to be valuable tools in
modeling multiple physical and technical phenomena. The scope of fractional derivatives
for modeling phenomena in several fields is due to its nonlocal nature, an inherent

characteristic of many complex systems [1].
The concept of fractional calculus was first pioneered by Newton and Leibniz in
1695. It was in the seventeenth century when L. Hospital asked Leibniz the meaning of

n 1
ddx_" ) ifn= % to which Leibniz replied that it would be an apparent paradox, “dzx will

be equal to xvdx:x” [2]. It introduced "fractional calculus,” a new discipline of
mathematics. Later Lacroix further explained this concept of the fractional derivative
using the Gamma function [2]. Liouville and Riemann provided the first definition of the
fractional order derivative near the end of the nineteenth century. In 1967 Caputo further
modified it. Some definitions of fractional derivatives are given below:
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Definition 1.1. The Riemann-Liouville (R-L) left fractional derivative is defined as [3]

D) = s () Lo — ) du @

I'(m—a+1) &

where m < a < m+ 1, mis positive integer.
particularly when, 0< a < 1, then

d X -
aDEf(x) = (—1a+1) = [F(x—w)™*f(u) du )
The right R-L fractional derivative is defined as;
d m+1 b —
DH(x) = m (— d—) [ (u =)™ f(u) du 3)

Where m < a <m + 1, mis a positive integer.
The classical derivative for a constant always gives zero, but Riemann- Liouville (R-L)
definitions (left & right) give a non-zero value for the derivative of a constant.
Definition 1.2. To overcome the drawback of the R-L definition (non-zero value of
derivative of a constant) of fractional derivative, in 1967 Prof. Caputo modified it.
According to Caputo, a fractional derivative is as follows: [4];

DU = =[x =" (W) du ©)

I'(n—-a)

where n—1<a<n
According to this definition first, differentiate f(x), n times, and then integrate. The FDE
of Caputo’s type and classical differential equation have similar initial conditions while
the R-L type differential equation has initial conditions of fractional types i.e.,
lim,_,, aD¥"1f(x) = b. Caputo’s definition was also having a shortcoming in that the
function f(x) must be differentiable n times then the derivative of order a will exist, where
n — 1 < a < n. Thus, this method becomes inapplicable for non-differentiable functions.
For finding the Caputo fractional derivative of a function, the function must be
differentiable. Jumarie then modified the Riemann-Liouville definition of a fractional
derivative to deal with non-differentiable functions.
Definition 1.3. Jumarie modified the previous definition of derivative of fractional order
for the function f(x) in the interval [a,b] as follows [5-7];

o [x-wT W du, a<0
D3t = { & - W) — f@)] du, 0<a<1 (5)
[fm]™, m<a<m+1

If x < athen f(x) — f(a) = 0. The first line in “Eq. (5)” represents fractional integration;
the second expression is for RL derivative of order 0 < o < 1 of offset function i.e
f(x) — f(a). The third expression is used for o > 1. This definition exhibits all the
properties of fractional derivatives consistently. This type of fractional derivative of a
constant is zero, which was a notable drawback of the RL fractional derivative definition.
The classical differential equation with a non-integer order is just a specialization of
FDE. There is various integral transform (Laplace transform, Mahgoub transform, Sawi
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transformation, Jafari transformation, Shehu transform, etc.) to solve the classical
differential equation of integer order [8-12]. Some authors [13,14] have extensively
studied the solutions of the fractional differential equation via integral transform
(Fractional Fourier transform, Sumudu Transform, etc.). The differential transform
method [15], the exponential-function approach [16], the homotopy perturbation method
[17], the variation iteration method [18], and the fractional sub-equation method [19] are
also a few of the methods used to solve FDE. Thus, approaches to solving FDE and their
interpretations are emerging fields of applied mathematics.

There is no standard approach to solving linear sequential fractional differential
equations (LSFDE) to date because the different forms of fractional derivatives give
different types of solutions. The current study presents an analytical approach for the
solutions of LSFDE with constant coefficients using jumarie fractional derivatives. This
approach involves obtaining complementary functions and particular integrals of LSFDE.

1.1. Mittag-Leffler function

The Swedish mathematician Gosta Mittag-Leffler introduced the Mittag-Leffler function
which is the generalization of the exponential function in 1903 [20]. The Mittag-Leffler
function in one parameter is defined as:

Bu(@) = S00res . 2€C  Re(a) >0 (6)
The Mittag-Leffler function in two parameters is defined as:

Bup(®) = Somes . ZBEC  Re(@ >0 @)
Jumarie [21] defined the complex Mittag-Leffler function in the following form

E.(iax®) = cos, ax® + isingax® (8)

E,(—iax*) = cos,(ax*) — isin, (ax*) 9

On behalf of “Eq. (8)” and “Eq. (9)”, it can be written as
Eq(iax®)+Eq(—iax®)
2
The series of these fractional functions can be expanded as follows

Eq(iax®)—Eq(—iax%®)

and sinj ax® = >
1

cosyx* =

aZXZa a4X4a a6x6a
- + - s AL LI
rl+2a) T(A+4a) T+ 6a)

cos, ax* =1

ax“ a3X30( aSXS(X
M= T T ) T 130 | T(L+5a)
aZrXZra
cosex* = XZo(-1)' —— (10)

r(1+2ra)

Si o o 1 ra2r+1 x@r+Da
ingax® = XrZo(—1) r(1+@r+1)a

(11)

Corollary 1.1. The following equalities hold, which are [22]
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r 1 —
(a). Da[XY] = ﬁxy «, Yy>0 (12)
n+0yy] = L+ _y-n-s
(b).D™*?[xY] = frino) X ,0<8 <1 (13)

2. Linear Fractional Differential Equation

A linear fractional differential equation is a generalized form of the classical linear
differential equation. If the orders of derivatives are in a sequence in a fractional
differential equation, then it is called a sequential fractional differential equation. The
differential equation of the form

dntxy d(n—l)ay d(n—z)ay day
A ma T A e T 2 g T e Fanci g T any = Q) (14)

is called a sequential linear fractional differential equation having constant coefficients

when ag a;, ag ........, a, are all constants and Q(x) is a function of x while a is a
non integer.
The part d—a of the fractional differential coefficient <Y may be regarded as Jumarie’s

dx™ dxha
fractional derivative, which is a modified Riemann—Liouville derivative. So, “Eq. (14)”
becomes

(a,D)* + alb((jn_l)“ + azbé“_z)“ o, +a,.,D% +a,)y = Qx) (15)
Where ay, a;, ag .........., a, are all constants and a is non integer.
D7 =D37.D7 . oo .. DY UPLO N-times.
Rewriting “Eq. (15)”

f(D%)y = Q%) (16)

where f(ng) is a linear fractional differential operator. The “Eq. (16)” is known as a
linear fractional differential equation (LFDE) with constant coefficients of order na [19].
If Q(x) =0, then “Eq. (16)” is called a linear homogeneous fractional differential
equation with constant coefficients and if Q(x) =0, then it is called a linear
inhomogeneous fractional differential equation with constant coefficients. For a=1, “Eq.
(16)” becomes nth order classical ordinary differential equation (ODE).

The complete solution y(x) of “Eq. (16)” consists of two parts one is the
complementary function (C.F.) y.r and second is the particular integral (P. I) y,,;.We have
y(X) = yer + Ypi-

The complementary function is the solution of a linear homogeneous fractional
differential equation with constant coefficients which is f(i)g)y = 0 and the particular
solution yy; is a function that satisfies the “Eq. (16)”.

The y for f(@f;‘)y =0 is expressed by having Mittag-Leffler functions and
fractional type of sine and cosine functions as follows
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(). 1fy1, y2, Y3 ..., yn are linearly independent solutions of f(D)y = 0, then the
linear combination y = C;y; + C,y, + C3y3 + -+ ... +C,y,is also its solution for the
arbitrary constants C; where i = 1,2,3, ... ... ,n.

(ii). fmy,my,mz . ,m, are n real and distinct roots of the auxiliary equation of
homogeneous LFDE with constant coefficients, then its solution is

Y(X) = ClEa(mlxa) + CzEa(mzxa) + S0t iin wee e s + CnEa(mnXa)

(iii). If the roots of the auxiliary equation of homogeneous LFDE with constant
coefficients have r repeated roots (m; = m, = m3 = ---... =m,) for 1 < r < n, then its
solution is

y(x) = CE,(m;x%) 4 x*C,E,(m;x%) + x2“C3E,(m;x%) ... + xU"DeCE, (m;x*)
(iv). If the roots of the auxiliary equation are complex a + ib,then its solution is
y(x) = Eq(ax®)[Acos, (bx®*) + Bsing (bx®)

3. Particular Integral

The particular integral for “Eq. (16)” is
1
y(x) = Een) Q(x) 17)

The particular integral depends on the nature of the function Q(x). The function Q(x)can

be in various forms. In this section, we will find the particular integral for different forms

of Q(x) which are the Mittag-Leffler function, fractional cosine, and sine functions.

Theorem 3.1. If Q(x) = E,(mx%), then ;a Q(x) = E.(mx®), provided that
f(DF) f(m)

f(m) = 0.
Proof. By the definition of the Mittag-Leffler function

o mx% mZXZ(X m3x30( L
E,(mx*) =1+ Tare + rarze T T ce e e (18)

Using the modified definition, of a fractional derivative of Jumarie type [22] we have
Dj(1) =0, 0<a<1

Using Jumarie’s equalities [10]

DI(x"Y) = %x(n'l)“ . (19)
mx® m?x?® m3x3¢
DY[E,(mx*®)] = D [1 + AT D + T2 + T30 + - ]
mx® m?x?® m3x3¢
Dj[Ea(mx] = m [1 TTa+o " Ta+20 " Ta+30 ]
DJ[Eq(mx*)] = mE, (mx“) (20)

D5 [Eq(mx*)] = Df'DJ'Eq(mx*)
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D3 [Eq(mx®)] = m?Ey (mx*)
DIY[Eq (Mx®)] = DIDEDIDEDS ... s s et DE B (mx)]
:D(rjm[Eot(mXa)] = m"Eq(mx?)

Let f(Dg)Eq(mx®) = (agDj* + alfD(n Day asz(n Doy an_1 DY + a,)Eq(mx®)

= agDIEe(mx®) + ;D) P Eg(mx®) + -+ .. +ap_ 1 DIE(MX®) + a,E o (mx%)
f(D$)E,(mx*) = [agm™ + a;m"™ + a,m"2 + - ... ... +a,_;m + a,]E,(mx®)

f(@g)Ea(mx“) = f(m)Ea(mX“)

Operating — f(D"‘) we get —— f(ba) f(DY)Eq(mx*) = f(D"‘) f(m)E, (mx%)
Eq(mx%) = f(m) —= f( a) Eq(mx?)
1 ay _ 1 o .

@9 E,(mx%) = f(m) E,(mx%), provided f(m) # 0 (21)
Theorem 3.2. If Q(x) = cos, ax%, then f@m) Q) = ) cos, ax®, provided that
f(—a?) = 0.

Proof. We have
aZXZa a4x4a a6X60(

@—1— _
COSq ax FA+20) TA+40 TA+60)

aZXZa a4X40( aﬁxﬁa

a al = P — —
Djleosax ] =Dy |1~ 5320 * T 7200 Ta 160 T

Using Corollary 1.1.

a’l'(1+2a) x2%°@ a*T(1+4a) x**@ a®T(1+ 6a) xt% ¢

"TQa—a+DI(1+20)  T(1+30) F(1+4a) T(1+5a) I'(l+6aq)
+ coe

ax® a3x3a aSXSOL

fd+a T(A+30) TA+50)

Df[cosqax®] = —asin jax®
D5*[cosqax?] = —aDf[sin,ax*]
Dj%[cosax?] = (—a®)cos,ax®
D3*[cosqax?] = adsingax®
D5*[cosqax?] = a* cos,ax®

D((jza)z[cosaax“] = (—a?)? cos,ax®
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@éza)n[cosaax“] = (—a®)" cosg ax”
Hence f(fDZ“)cosa ax® = f(—a?) cos, ax“

Operating f@m)

f(D3)cos, ax® = ———f(—a?) cos, ax*

f(23%) ()

cosy ax® = f(—a?) cos, ax®

1
f(D5°)

COSy ax“ cos, ax®, provided f(—a?) # 0 (22)

1 1
f(iDz"‘) = f(-a2)

1

Theorem 3.3. If Q(x) = sin, ax*, then Qx) = ﬁ sin, ax®, provided that

f(D3%)
f(—a?) = 0.
« . a3x3«a aSx5a
Proof. we have Dj[ sin, ax“] = DY [l"(1+(x) rarsw T Tarsw v e e |
_I(1+a) ax® _ Ir(a+3a) adx3%~®  T(145q) aSx3%«

T r@@ r@+a) Tr(1+2e) [(1+3a) = T(1+4a) T(1+50)

aZXZa a4X4a

r1+20 TA+40)

=al|l-—

DJ[ sing ax“] = a cos, ax*
DFY[ sing ax®] = (— a*)sin, ax*
DFY[ sing ax¥] = a*cos, ax®
nga)z[ sing ax®] = (—a?)" siny ax®
Hence f(i);“)sina ax® = f(—a?) sin, ax®

Operating f(bm)

f(D3%)sin, ax* f(—a?) sin, ax“

1
f(23%) " (25

sin, ax* = f(—a?) sin, ax®

(05

1 . 1 . .
i) Sl ax* = ;- sing ax*, provided f(—a%) £ 0 23)

Theorem 3.4. If Q(x) =E (mx“) Y (x), then
f( ) Q(x) = E,(mx%) ( ) P(x)
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Proof Let V(x) is a function of variable x, then by differentiation
DI [Eq(mx®) V(x)] = Eq(mx®) D V(x) + V(x)Dj Eq(mx*)
= Eq(mx*) D3 V(x) + V(x) mE,(mx®)
= Ea(mx"‘)[ D7V (x) + V(x)m]
= Ea(mx"‘)(fbg + m)V(x)

D5 [Eq(mx®) V(x)] = DFDF[Eq(mx*) V (x)]
= D7 [Eq(mx*) DF V(x) + V(x)m E,(mx*)
= D5 [Ea(mx“) DY V(x)] +m D [V(x) E,(mx*)]

= E,(mx*)D3 D7 V(x) + {DF V(x)}DJ E((mx*)] + m[E,(mx*) DI V (x)
+ V(x)m E,(mx%)]

= Ea(mx“)bg"‘ V(x) + {D7 V(x)} m E,(mx®)] + mE,(mx®) D3 V(x)
+ V(x)m? Eo(mx®)]

= Eq(mx®)[D3* V(x) + mDf V(x) + m DG V(x) + m? V(x)]
= Eq(mx*)[D3* V(x) + 2mDg V(x) + m? V(x) |
= Eo(mx®)[DF* 4+ 2mD§ + m?|V (x)
D [Eq(mx®) V(x)] = Eq(mx®) (DF +m) 'V (x)
Similarly, D2%[Eq(mx®) V(x)] = Eq(mx®) (D + m)’V (x)
In general, DI[Eq(mx®) V(x)] = Eq(mx®) (DF +m)"V (x)
(DN [E(mx®) V(x)] = Eo(mx®) f(DF +m)V (x)
Operating @, we have @f(ibg‘)[Ea(mx“) V()] = @Ea(mxo‘) f(Df +
m)V(x)

Ea(mx®) V() = 5 [Ea(mx®) £(5 +m)V (0] (24)

Now let £ (D + m)V (1) = (@), i, V() = a5 ()
From “Eq. (24)”

5y [Eamx®) ()] = B (mx®)

f(D§+m)

P(x) (25)

4, Results and Discussion

The analytical and graphical solutions of some ILSFDE are provided below and compared
with graphs of solutions of the differential equations of integer order.
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Example 4.1. Consider

(D5 +4Df +3)y(0) = Eo(x) (26)
be an inhomogeneous linear fractional differential equation and D is jumarie fractional
derivative. Let @ = 0.5,then “Eq. (26)” is

(D3 + 4 D% +3)y(x) = Eo5(x>%)
The auxiliary equation of this fractional differential equation is
m?+4m+3=0 androotsarem = —1,—3
The complementary function is Y.y, (x) = C;Eqs(—x%%) + C,E, 5(—3x%5)

1
Eo.s(XO'S)

Th rticular integral i = —
e particular integral is y,; (mg)2+4z>g+3

Using “Theorem 3.1”
_ 1
T D244 +3

The complete solution of “Eq. (26)” is

1
Eo.s(Xo's) = 3 Eo.s(XO'S)

1
y(x) = C Eg5(—x%%) + C,E(5(—3x%%) + 3 Eo5(x%%)

a =05

y(x)

Fig. 1. The solution for “Eq. (26)” for a = 0.5.

If a=0.7,then “Eq. (26)” is (D3* + 4 D + 3)y(x) = Eg,(x*7). The complementary
fUﬂCtiOﬂ iS ycom(X) = C1E0_7(_X0'7) + C2E0_7(_3X0'7).

1
Eo.7(X0'7)

The particular integral is y,,; = ————
P 9 Ypi (503‘)2+4 DF+3

Using “Theorem 3.1”

Vpi = E (X0'7) 21 E (X0'7)
PLT ()2 +4(1)+3 %7 8 7

The complete solution of “Eq. (26)” for & = 0.7 is
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1
y(x) = C1Eq7(—x%7) + C,E(7(—=3x°7) + 3 Eo,(x%7)

y(x)

Fig. 2. The solution for “Eq. (26)” for a = 0.7.

If a« = 1¢then “Eq. (26)” is (D? + 4 D + 3)y(x) = e*. The complementary function is
Yeom(X) = Cie™* + Cze_Sx-

The particular integral is y,; = D2+:D+3 *
Using “Theorem 3.1”
1 X — X

WM ra+3° " 8°
The complete solution of “Eq. (26)” for & = 1 is

1
y(x) = Cie™ + Cre™3* + 3 e*

y(x)

Fig. 3. The solution for “Eq. (26)” for a = 1.
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Figs. 1, 2 and 3 show that as the value of a approaches 1 then the graphs of fractional
differential equations (D2 + 4 DY + 3)y(x) = Egs(x*®) and
(35(0'7) +4 D)7 +3)y(x) = Eo,(x*7) coincide with the graph of the solution of a
classical differential equation (D2 + 4 D + 3)y(x) = e*
Example 4.2. Consider

(D3 +D§ — 2)y(x) = E,(x%) 27)
be a fractional differential equation. Let @ = 0.5, then “Eq. (27)” can be written as

(D3 +D§ — 2)y(0) = Eqs(x*%)
The auxiliary equationis m? + m—2 =0and rootsarem = 1, —2
The CF iS ycom(X) = ClEos(XO 5) + C EO 5( ZXO 5)

. 1
TheP.I.lsypi=W OS(X ) mEOS(X )

Using “Theorem 3.1”

— 1 0.5} — 0.5 1
- (:Dg _ 1)(3) EO.S(X ) - EO.S(X )(Dg)(?))
1 fD 1
Eo s(x*%) = (DO 5) =3 Eos(x™ = §Eo.5 (XO'S)Q‘%’S(X)

2
Vpi = 3 \[; Eo.s(XO's)

The complete solution of “Eq. (27)” is

1 2 [x
y(x) = CiEqs <X2> + Con.s(—ZXO'S) + g \/; Eo.s(XO'S)

y(x)

Fig. 4. The solution for “Eq. (27)” for a = 0.5.

If @ = 0.7, then “Eq. (27)” can be written as
(50(2706 +Dj - Z)Y(X) = Eo,(x*7)
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The C.F. iS _’ycom(X) = C1E0_7(X0'7) + CzEl(_2X07)

The P.l. is Vpi = m 07(X ) m E0.7(X0'7)

Using “Theorem 3.1”
= 1 0.7y — 0.7 1 =1 07y_1

YPL - (35—1)(3) E0.7(X ) E0.7(X )(:03.7)(3) 3 E0.7(X )(502.7)

1 D53 1

Ypi ——Eo7(X07)W =3

D53 1
’ Eor(x*7) 75~ 1 = 3E0s(x*7) D5° (x)

Using Corollary 1.1.(a)
1 I'(1.3) 07
X E 0.7
ypl 3 F(l 7) 0.7(X )
The complete solution of “Eq. (27)” for a = 0.7 is

r(1.3)

Y() = Caflos () + CoE1(=2x%7) +3 paox

07 E07( 07)

a=0.7

y(x)

Fig. 5. The solution for “Eq. (27)” for a = 0.7.

If @« = 1, then “Eq. (27)” can be written as
@*+D-2)yx) =

The C.F.is yom (%) = Cie* + C,e™2*

. 1 1 x
TheP.lisy,, = —=———e* =x e¥ == e*
Ypi D24D-2 2D+1 3

The complete solution of “Eq. (27)” for a =11is

x
y(x) = Cie* + Cre™* +§ e
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v(x)

Fig. 6. The solution for “Eq. (27)” for a = 1.

Figs. 4, 5 and 6 demonstrate that as the value of a becomes closer to 1, then the graphs of
fractional ~ differential  equations (D3 + D5 — 2)y(x) = Eo5(x*%)  and
(D27 + Y7 - 2)y(x) = E,,(x*7) coincide with the graph of the solution of a
classical differential equation (D% + D — 2)y(x) = e”*.

Example 4.3. We consider an inhomogeneous fractional differential equation
(@j" + 1)y(x) = cos,(x%) (28)
If @ = 0.5, then “Eq. (28)” can be written as ( DJ° + 1)y(x) = cosy5(x*°)
The AEE. is m+1=0androotsarem = —1.
The complementary function is y, o, (x) = C;Eq5(—x%%)

The particular integral is y,,; = cosg 5 (x%5)

1
DY +1
(25°-1)

_ (295-1)
(D55+1)(D5°-1)

1
Dj-1

COSo.s(XO'S) = COSo.s(XO'S)

Using “Theorem 3.2”

DO.S -1 1
Ypi = _% COSO.S(XO'S) — E(COSO.S(XO'S) + sino_s(xo's))
The complete solution of “Eq. (28)” is

1
y(x) = C1E0.5(_X0'5) + 2 [COSO.S(XO'S) + Sino.s(xo's)]



458  Solution of Inhomogeneous Linear Fractional Differential Equations

y(x)

Fig. 7. The solutions for “Eq. (28)” for @ = 0.5.

If @ = 0.7, then “Eq. (28)” can be written as ( D7 + 1)y(x) = cos;(x*7)

The complementary function is y,,m (X) = C,Eq,(—x%7)
1

93.7_'_1 C050.7(X0'7)

The particular integral is y,; =

__ (=y7-)
(D§7+1)(957-1)

(957-1)

= 0.7)
2(0.7
Dy -1

cosy,(x%7) = cosg ,(x

Using “Theorem 3.2”

(o=

1 .
Ypi = 2 cosg,(x%7) = 5 [cosg7 (x*7) +sing;(x%7))

The complete solution of “Eq. (28)” for & = 0.7 is

1
y(x) = C;Eq,(—x%7) + 3 [cosy,(x%7) 4+ sing;(x°7))

a= 0.7

v(x)

Fig. 8. The solutions for “Eq. (28)” for & = 0.7.

If @ = 1, then “Eq. (28)” can be writtenas (D + 1)y(x) = cosx
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The complementary function is y,,, (x) = Cie™*
1

The particular integral is y,; = op1 COSX
_ (-1 _(D-1) _1
pi = (proyy COSX =, cosx —z[cosx + cosx |

The complete solution of “Eq. (28)” fora = 1 is

1
y(x) = Cie™ + E[cosx + cosx ]

Y(x)

Fig. 9. The solutions for “Eq. (28)” for a = 1.

Figs. 7, 8 and 9 demonstrate that as the value of o becomes closer to 1, then the graphs of
fractional differential equations (DJ° + 1)y(x) = cosg5(x*%)
and (92-7 + 1)y(x) = c0sq,(x%7) coincide with the graph of the solution of a classical
differential equation (D + 1)y(x) = cosx .
Example 4.4. We consider an inhomogeneous fractional differential equation

(CD;“ +295 + 1)y(x) = E,(—x%)cos, (x%) (29)
Let @ = 0.5, thenthe A.E.is m? + 2m+ 1 =0and rootsare m = —1, —1.
The complementary function is Yo, (X) = C;Eq5(—x%%) + x%°C,E s (—x%%)

The particular integral is

1 1
;= ——————E;s(—x%%) cosy 5 (x*%) = ———— E(5(—x%%) cosg 5(x°5
Ypi :Déa n 22035 1 0.5( ) 0.5(x") (ng N 1)2 0.5( ) 0.5(x")
Using “Theorem 3.4”
1
Vpi = Eo.s(—XO'S) —®2a COSO.S(XO'S) = - Eo.s(—XO'S)COSO.s(XO'S)
J

The complete solution of “Eq. (29)” is
y(x) = C1Egs(=x*%) +x°°C,Eq5(=x*%)— Eg 5(=x*%)cos, 5(x°%)
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a=05

y(x)

Fig. 10. The solutions for “Eq. (29)” for « = 0.5.

If a = 0.7,then the C.F. |S ywm(X) = C1E0_7(_X0'7) + X0'7C2E0_7(_X0'7)
The particular integral is

1 1
== E,,(—x%7) cosy ,(x%7) = ——E; - (—x%7) cos, « (x°7
Vpi ,DLzya n Z'Dg ) 0.7( ) 07(x"7) (@g A 1)2 0.7( ) 0.5(x"7)
Using “Theorem 3.4”
1
Ypi = Eo.7(_X0'7) _®§u C050.7(X0'7) = _Eo.7(_X0'7) C050.7(X0'7) 4

The complete solution of “Eq. (29)” is
y(x) = C1Eg7(=x%7) +x%7C3Eq;(=x*7) — Eg7(=x"7) cos, , (x*7)

v(x)

Fig. 11. The solutions for “Eq. (29)” for a = 0.7.

If a = 1thenthe C.F.is y,om(x) = Cie ¥ +xe™*

L e ¥ cosx = —
D2+2D+1 T (D+1)2

e *cosx

The particular integral is y,; =
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Using “Theorem 3.4”
1
Vpi = e‘xﬁ cosx = —e ¥cosx
The complete solution of “Eq. (29)” is

y(x) = Cie*+xCe™™ —e¥cosx

v(x)

Fig. 12. The solutions for “Eq. (29)” for a« = 1.

Figs. 10 to 12 demonstrate that as the value of o becomes closer to 1, then the graphs of
fractional differential equations (DI + 229 +1)yK) =

Eo 5 (—x%%)cos 5(x%%) and (203(0‘7) +2 D57 + 1)y(x) Eg;(—x°7)cos,,(x*7) coincide
with the graph of the solution of a classical differential equation (D? + 2D + 1y (x) =
e*cosx.

5. Conclusion

In this research paper, an analytical method to solve linear inhomogeneous fractional
differential equations with constant coefficients is developed using jumarie fractional
derivative. This method is based on finding complementary functions and particular
integrals of fractional differential equations and gives an association with the method to
solve ordinary classical differential equations of integer order. This method is easier and
more accurate.
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