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Abstract 
 

In this paper, five regular-axioms, eighteen -axioms and nine 0R -axioms for fuzzy 
topological spaces are recalled. A complete answer is given with regard to all 
possible ( )01 RR ⇒ -type implications for fuzzy topological spaces. It is also shown that, 
though the regular-axiom implies 1R -axiom in ‘general topological spaces’, this is not true 
for ‘fuzzy topological spaces’, in general.   
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1. Introduction 
 
In 1965,  Zadeh [1] defined fuzzy sets with a view to study and formulate mathematically 
those situations which are imprecise and vaguely defined. Since then, fuzzy set theory has 
been developed in many directions by many scholars. Chang [2] gave the concept of 
‘fuzzy topology’. He did the ‘fuzzification’ of topology by replacing ‘subsets’ in the 
definition of topology by ‘fuzzy sets’. In 1976, Lowen [3] gave a modified definition of 
‘fuzzy topology’. Hutton and Reilly [4] introduced the concept of fuzzy 0R and 

1R axioms. These studies were further carried out by many researchers [5-13]. In this 
paper we recall nine 0R -axioms from [9], eighteen 1R -axioms from [11] and five regular 
axioms from [7, 8] for fuzzy topological spaces (fts, in short). In analogy with the well 
known topological properties like ( )1Rregular ⇒  and ( )01 RR ⇒ , we study these types 
of properties for fts. We give a complete answer with regard to all possible ( )01 RR ⇒ -
type implications for fts. It is also shown that, the property ( )10 R|R ⇒  is also true for fts; 
however, the property ( )1Rregular ⇒  is not true for fts, in general.  
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1.1 Preliminaries  
 
In this section, we recall some definitions on fuzzy sets and fts which will be needed in 
the sequel.  
 
Definition-1.1.1. [1]: Let X be a non-empty set and I the unit closed interval [0, 1]. A 
fuzzy set is a function u: X → I, ∀ Xx ∈ ; u(x) denotes a degree or the grade of 
membership of x.  The set of all fuzzy sets in X is denoted by IX. Ordinary subsets of X 
(crisp sets) are also considered as the members of IX which take the values 0 and 1 only. A 
crisp set which always takes the value 0 is denoted by 0; similarly a crisp set which 
always takes the value 1 is denoted by 1.  
 
Definition-1.1.2. [10]: Let u: X → I. Then the set {x∈X: u(x) > 0} is called the support of 
u and is denoted by 0u or supp(u). Let A ⊆ X, then by 1A we denote the characteristic 
function A. The characteristic function of a singleton set {x} is denoted by x1 .  
 

Definition-1.1.3. [10]: Let u be a fuzzy set in X. Then by cu , we denote the complement 

of u which is defined as ( ) ( ) .1 Xxxuxuc ∈∀−=  
 
Definition-1.1.4. [1]: Let u and v be two fuzzy sets in X. We define 
 

(i) vu =  if and only if ( ) ( ) .Xxxvxu ∈∀=  
(ii) vu ⊆  if and only if ( ) ( ) .Xxxvxu ∈∀≤  
(iii) ( )( ) ( ) ( ){ } .,max Xxxvxuxvu ∈∀=∨  
(iv) ( )( ) ( ) ( ){ } .,min Xxxvxuxvu ∈∀=∧  

 
Definition-1.1.5. [1]: For a family of fuzzy sets { }Jiui ∈:  in X. We define 

(i) ( ) ( ){ } .sup Xxxuxu i
Ji

i ∈∀=
∈
  (ii) ( ) ( ){ } .inf Xxxuxu i

Ji
i ∈∀=

∈
  

 
Definition-1.1.6. [14]: A fuzzy point αx in X is a special type of fuzzy set in X with the 
membership function ( ) αα =xx  and ( ) 0=yxα if yx ≠ , where 0 < α < 1 and ., Xyx ∈  
The fuzzy point αx  is said to have support x and value α. We also write this as x1α . 
 
Definition-1.1.7. [14]: Let x1α be a fuzzy point in X and XIu ∈ . Then ux ∈1α  if and 
only if ( )xu≤α . 
 
Definition-1.1.8. [10]: Let f: X → Y be a mapping and XIu ∈ . Then the image ( )uf  is a 
fuzzy set in Y which is defined as 
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( )( ) ( ) ( ){ } ( )
( )





∅=

∅≠=
=

−

−

yf

yfyxfxu
yuf

1

1

if0

if:sup
 

 
Definition-1.1.9. [10]: Let f: X → Y be a mapping and u be a fuzzy set in Y. Then the 

inverse image ( )uf 1−  is a fuzzy set in X which is defined by 

( )( ) ( )( ) .1 Xxxfuxuf ∈∀=−   
 
Definition-1.1.10. [2]: Chang [2] defined an fts as follows: 
 
Let X be a set. A class t of fuzzy sets in X is called a fuzzy topology on X if t satisfies the 
following conditions: 

(i) 0, 1 ∈ t,  
(ii) if u, v ∈ t then u ∧ v ∈ t and  
(iii) if { }Kiui ∈: is a family of fuzzy sets in t, then ( ) tui

Ki
∈∨

∈
.  

The pair (X, t) is then called an fts. The members of t are called   t-open sets (or open sets) 
and their complements are called t-closed set (or closed sets). 
 
Definition-1.1.11. [3]: Lowen [3] modified the definition of an fts defined by Chang [2] 
by adding another condition. In the sense of R. Lowen [3], the definition of an fts is as 
follows: 

Let X be a set and t a family of fuzzy sets in X. Then t is called a fuzzy topology of X 
if the following conditions hold: 

 

(i)   0, 1 ∈ t,  
(ii)  if u, v ∈ t then u ∧ v ∈ t, 
(iii) if { }Kiui ∈: is a family of fuzzy sets in t, then ( ) tui

Ki
∈∨

∈
 and  

(iv) t contains all constant fuzzy sets in X.  
 

The pair (X, t) is called an fts. Throughout this work, we use the concept of fts due to 
Lowen [3].  
 

Definition-1.1.12. [10]: Let u be a fuzzy set in an fts (X, t). Then the fuzzy closure u  and 

the fuzzy interior ou  of u are defined as follows: { }ctanduu ∈≤= λλλ :inf , 

{ }tanduuo ∈≤= λλλ :sup . 
 
Definition-1.1.13. [2]: Let ( ) ( )sYtXf ,,: →  be a mapping between fts. Then f is called  

(i) fuzzy continuous if and only if ( ) tuf ∈−1  for each .su ∈  
(ii) fuzzy open if and only if ( ) suf ∈  for each tu ∈ . 
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(iii) fuzzy closed if and only if ( ) csuf ∈  for each ctu ∈ . 
2.  Fuzzy R0 topological spaces  
 
In this section, we recall nine 0R -axioms of fts from [9].   
 
Definitions-2.1. [9]:  We define, for fts (X, t), R0-axioms as follows: 

:1
0R  For every pair ,,, yxXyx ≠∈  0)(10)(1 =⇒= yx xy  

:2
0R  For every pair 

,,, yxXyx ≠∈ ( )( ) ( )( )00 ,11, IxyI yx ∈∀=⇔=∈∀ βββααα   

:3
0R  ∀ λ ∈ t, ∀ x∈X and ∀α < λ(x), λα ≤x1  

:4
0R  ∀ λ ∈ t, ∀ x∈X and ∀α ≤ λ(x), λα ≤x1  

:5
0R  For every pair x, y ∈ X, x ≠ y,  1)(11)(1 =⇒= xy yx  

:6
0R  For every pair x, y ∈ X, x ≠ y, )(1)(1 xy yx =  

:7
0R  For every pair x, y ∈ X, x ≠ y, { }1,0)(1)(1 ∈= xy yx   

:8
0R  For every pair x, y ∈ X, x ≠ y and 0I∈∀α , αααα =⇒= )(1)(1 xy yx  

:9
0R  For every pair x, y ∈ X, x ≠ y and 0I∈∀α , )(1)(1 xy yx αα =  

 
Theorem-2.1 [9]: The accompanying diagram (Fig. 1) illustrates the interrelations among 
the 0R -properties mentioned in the section 2: 
 
 

                                                   
Fig. 1. Interrelations among the 0R -properties [9]. 

 
For proof see [9]. � 
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3. Fuzzy R1-topological spaces 
 
In this section, we recall eighteen definitions of fuzzy 1R -topological spaces from [11]. 
 
Definitions-3.1 [11]:  An fts ( )tX ,  is said to have the property 

1. P1, if yxXyx ≠∈∀ ,, , tw∈∃ such that ( ) ( )ywxw ≠ . 
2. P2, if yxXyx ≠∈∀ ,, , tw ∈∃ such that either ( ) ( )ywxw <= 0  or 

( ) ( )ywxw => 0 . 
3. P3, if yxXyx ≠∈∀ ,, , tw ∈∃  such that either ( ) ( ) 0,1 == ywxw  or ( ) ,0=xw  

( ) .1=yw  

4. Q1, if yxXyx ≠∈∀ ,, , tvu ∈∃ ,  such that vu yx ≤≤ 1 ,1  and .0=∧ vu  

5. Q2, if yxXyx ≠∈∀ ,, , tvu ∈∃ ,  such that vu yx ≤≤ 1 ,1  and .1 vu −≤  

6. Q3, if yxXyx ≠∈∀ ,, , tvu ∈∃ ,  such that ( ) ( )yvxu == 1  and .0=∧ vu  
7. Q4, if yxXyx ≠∈∀ ,, , tvu ∈∃ ,  such that ( ) ( )yvxu == 1  and .1 vu −≤  
8. Q5, if yxXyx ≠∈∀ ,,  and 1,0, I∈∀ βα , tvu ∈∃ ,  such that ( ) α>xu  and 

( ) β>yv  and .0=∧ vu  
9. Q6, if yxXyx ≠∈∀ ,, , tvu ∈∃ ,  such that ( ) 0>xu , ( ) 0>yv  and .0=∧ vu  

 
Definitions-3.2 [11]:  An fts (X, t) is called an  
 

1. ( )iFR1 -fts, if ( )tX ,  has P1 ⇒ ( )tX ,  has Q1.  
2. ( )iiFR1 -fts, if ( )tX ,  has P1 ⇒ ( )tX ,  has Q2. 
3. ( )iiiFR1 -fts, if ( )tX ,  has P1 ⇒ ( )tX ,  has Q3. 
4. ( )ivFR1 -fts, if ( )tX ,  has P1 ⇒ ( )tX ,  has Q4. 
5. ( )vFR1 -fts, if ( )tX ,  has P1 ⇒ ( )tX ,  has Q5. 
6. ( )viFR1 -fts, if ( )tX ,  has P1 ⇒ ( )tX ,  has Q6. 
7. ( )viiFR1 -fts, if ( )tX ,  has P2 ⇒ ( )tX ,  has Q1. 
8. ( )viiiFR1 -fts, if ( )tX ,  has P2 ⇒ ( )tX ,  has Q2. 
9. ( )ixFR1 -fts, if ( )tX ,  has P2 ⇒ ( )tX ,  has Q3. 
10. ( )xFR1 -fts, if ( )tX ,  has P2 ⇒ ( )tX ,  has Q4. 
11. ( )xiFR1 -fts, if ( )tX ,  has P2 ⇒ ( )tX ,  has Q5. 
12. ( )xiiFR1 -fts, if ( )tX ,  has P2 ⇒ ( )tX ,  has Q6. 
13. ( )xiiiFR1 -fts, if ( )tX ,  has P3 ⇒ ( )tX ,  has Q1. 
14. ( )xivFR1 -fts, if ( )tX ,  has P3 ⇒ ( )tX ,  has Q2. 
15. ( )xvFR1 -fts, if ( )tX ,  has P3 ⇒ ( )tX ,  has Q3. 
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16. ( )xviFR1 -fts, if ( )tX ,  has P3 ⇒ ( )tX ,  has Q4. 
17. ( )xviiFR1 -fts, if ( )tX ,  has P3 ⇒ ( )tX ,  has Q5. 
18. ( )xviiiFR1 -fts, if ( )tX ,  has P3 ⇒ ( )tX ,  has Q6. 

 
Theorem-3.3 [11]: The accompanying diagram (Fig. 2) illustrates the interrelations 
among the FR1-propertits mentioned in Section 3: 
  

 
Fig. 2. Interrelations among the 1R -properties [11]. 

 
For proof see [11]. � 

 
 
4. Relations between fuzzy R0 and R1-axioms 
 
In this section, we give a complete answer with regard to all possible ( )01 RR ⇒ -type 
implications for fts.  
 
Theorem-4.1: The following relations hold between the fuzzy 0R -axioms and fuzzy 1R -
axioms: 
 

(a) ( ) 1
01 RxviFR ⇒ , and so ( ) 1

01 RkFR ⇒ , where { }xvixiiixviiivik −−−∈ ,, . 

(b) ( ) 5
01 | RxiiiFR ⇒ , and so ( ) mRkFR 01 |⇒ , where { }xviiixivxiiik ,....,,∈  and 

{ }9,....,6,5∈m . 

(c) ( ) 8
01 RvFR ⇒ , and so ( ) mRkFR 01 ⇒  where { }viiiik ,,∈  and { }852 ,,m ∈ . 

(d) ( ) 2
01 RviFR ⇒ , and so ( ) 2

01 RkFR ⇒  where { }viviiiik ,,,∈ .  

(e) ( ) 8
01 | RviFR ⇒ , and so ( ) mR|kFR 01 ⇒ , where { }xviii,xii,vik ∈  and { }9,8∈m .  

(f) ( ) 3
01 | RviFR ⇒ , and so ( ) mR|kFR 01 ⇒ , where { }xviii,xii,vik ∈  and { }4,3∈m . 
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(g) ( ) 4
01 RivFR ⇒ , and so ( ) mRkFR 01 ⇒  where { }ivik −∈  and { }4321 ,,,m ∈ . 

(h) ( )kFRRm
10 |⇒ , where { }xviiiiiik ,.....,,∈  and { }9,.....,2,1∈m . 

 
Proof (a): Let (X, t) be an ( )xviFR1 -fts and x, y ∈ X, x ≠ y such that ( ) 01 =xy . 

Therefore, ct∈∃ λ  such that ( ) ( ) 0and1 == xy λλ . Take .1 λ−=w  Now tw∈  such 
that ( ) ( ) 0and1 == ywxw .  Since, (X, t) is an ( )xviFR1 -fts, ∃ tvu ∈,  such that 

( ) ( )yvxu == 1  and vu −≤ 1 . Put, ctv ∈−= 1κ . Now ( ) 0=yκ  and ( ) 1=xκ . 

Consequently, ( ) 01 =yx .Hence (X, t) is .R1
0  � 

 
Proof (b):  
Example-1: Consider a fuzzy topological space (X, t), where X ={x, y}, u(x) = 0.5, u(y) = 

0 and t = < {u} ∪ {constants} >. Clearly, (X, t) is ( )xiiiFR1  but it is not 5
0R . For 

( ) 11 =yx  but ( ) 11 <xy . � 

  
Proof (c): Let (X, t) be an ( )vFR1 -fts. Let x, y ∈ X, x ≠ y, α ∈ I0 such that ( ) αα <yx1 . 
This implies that there exists m ∈ tc

 such that m(x) = α and m(y) < α. Let w = 1 – m ∈ t. 
Then w(x) ≠ w(y). Since (X, t) is an ( )vFR1 -fts, there exist u, v ∈ t such that 

( ) ,1α>xu ( ) ,2α>yv  and 0=∧ vu  ∀ 1,021, I∈αα . Choose 21,αα  in such a way that 

2αα =  and αα −> 11 . Now uvy −≤< 11α . Therefore, uuy −=−≤ 111α  and so 

( ) ( ) ααα <−<−≤ 1111 xuxy . Hence, (X, t) is 8
0R . [Note [9]: 

( 0I∈∀α , αααα =⇒= )(1)(1 xy yx )⇔( 0I∈∀α , αααα <⇒< )(1)(1 xy yx )] � 

 
Proof (d): Let (X, t) be an ( )viFR1 -fts. Let x, y ∈ X, x ≠ y and w ∈ t such that w(x) > 
w(y). Then, by ( )viFR1  there exist  u, v ∈ t such that u(x) > 0, v(y) > 0 and u ∧ v = 0. 

Clearly, v(y) > v(x). Hence, (X, t) is 2
0R . [Note [9]: {An fts ( )tX ,  is 2

0R } ⇔ { ∀ x, y∈ 

X, x ≠ y, if ∃ a t-open set λ such that λ(y) < λ(x) then ∃ a t-open set µ such that µ(x) < 
µ(y).} � 
 
Proof (e):  
Example-2: Consider an fts (X, t) where X = {x, y}, { } { }constants4321 ∪>=< u,u,u,ut , 

( ) ( ) ( ) 60211 .xuyuxu === , ( ) ,7.02 =yu ( ) ( ) ,043 == yuxu ( ) 8.03 =yu and ( ) 4.04 =xu . 
It can be checked that (X, t) is ( )viFR1 . Let kk um −= 1 , .4,3,2,1=k  Now 

( ) ( )xmxm 21 4.0 == , ( ) ( ) ,6.0,1 43 == xmxm ( ) ( ) ,3.0,4.0 21 == ymym  ( ) 2.03 =ym  
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and ( ) 14 =ym . Take α = 0.4. Then ( ) αα <= 2.01 yx . But ( ) αα == 4.01 xy .  Therefore,    

(X, t) is not 8
0R . � 

 
Proof (f):  
Example-3: Consider an fts (X, t) where X = {x, y}, u(x) = 0.6,  u(y) = 0 = v(x) and v(y) = 
0.4. Clearly, (X, t) is ( )viFR1 . Let α = 0.5. Now α < u(x). It can be checked that 

( ) ( )yuyx >= αα1 .  Therefore, ( ) uyx |1 ≤α . Hence, (X, t) is not 3
0R . � 

 
Proof (g): Let (X, t) be an ( )ivFR1 -fts. Let x∈X, λ∈t and α∈I1 such that α ≤ λ(x). 

Suppose λα |1 ≤x . This implies that there exist y∈X, x ≠ y such that ( ) ( )yyx λα >1 . Thus 
λ(x) ≠ λ(y). Hence there exist p, q ∈ t such that p(x) = 1 = q(y) and p ≤ 1 – q. Put m = 1 – 
p and n = 1 – q. Now m, n ∈ tc such that m(x)  = 0 = n(y) and m(y) = 1 = n(x). Therefore, 

( ) ( ) ( ) 011 =≤≤ ynyy xxα , which is a contradiction. Therefore, λα ≤x1 . Hence (X, t) is 
4
0R . � 

 
Proof (h):  

Example-4 [13]: Let X be an infinite set. For x, y ∈X, we define X
xy IU ∈ as follows: 

( ) { }
{ }




∉
∈

=
yxz
yxz

zU xy ,if1
,if0

 

Let t be the fuzzy topology on X generated by { }XyxU xy ∈,: . It can be checked that 

if x ≠ y, ( ) 01 =yx . Therefore, (X, t) is 4
0R , 7

0R  and 9
0R . But (X, t) is neither ( )xviFR1  

nor ( )xviiiFR1  as there exist no u, v ∈ t such that u ≤ 1 – v. Therefore, (X, t) is not 
( )kFR1 , { }xviiiiiik .......,,,∈ � 

 
5. Fuzzy regular axioms  
 
In this section, we recall five definitions of fuzzy regular axioms from [7, 8], and we show 
that, the well known topological property ( )1Rregular ⇒  is not true, in general, for fts.  
 

Definition-5.1: An fts (X, t) is called  
 

(a) FR(i) if and only if α ∈ I0, λ ∈ tc, x∈X and α ≤ 1 – λ(x) imply that there exist  u, 
v ∈ t such that α ≤ u(x), λ ≤ v and u ≤ 1 – v. 

(b) FR(ii) if and only if α ∈ I0, λ ∈ tc, x ∈ X and ( )xλα −<1~  imply that there exist  

u, v ∈ t  such that ( )xu~<α , λ ≤ v and u ≤ 1 – v.  
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(c) FR(iii) if and only if each u ∈t is a supremum of Jju j ∈, , where ∀ j, tu j ∈  

and uu j ≤ .   

(d) FR(iv) if and only if λ ∈ tc, x∈X and λ(x) = 0 imply that there exist tvu ∈,  such 
that ( ) vxu ≤= λ,1  and u ≤ 1 – v.  

(e) FR(v) if and only if λ ∈ tc, x∈X  and 1 – λ(x) > 0 imply that there exist tvu ∈,  
such that u(x) > 0, λ ≤ v and u ≤ 1 – v.  

 
Note-1 [7, 8]: Let x ∈X and λ be a fuzzy set in X. Then for α ∈I0, “ ( )xλα ~< ” means 

( )xλα <  if 1≠α  and λ(x) = 1 if α = 1. 
 

Note-2 [7, 8]: The following implications exist among FR(i), FR(ii), …., FR(v): 
 

( ) ( ) ( ) ( )

( )ivFR

vFRiiiFRiiFRiFR
⇓

⇒⇒⇒

 

 
For proof see [7, 8, 10]. � 
 

Example-5 : Let X = {x, y, z}. For every pair Xyx ∈,  we define X
xy IU ∈ as follows: 

( ) ( ) ( ) 5.0and0,1 === zUyUxU xyxyxy . Let t be the fuzzy topology on X generated 

by XyxIU X
xy ∈∈ ,: . Now it can be easily verified that ( )tX ,  is ( )iFR . But (X, t) 

is neither FR1(xvi) nor FR1(xviii), since there exist no tvu ∈,  such that 0=∧ vu . 
Therefore, ( ) ( )mFRkFR 1|⇒ , { }viiik ,.....,,∈  and { }xviiiiiim ,.....,,∈ . Thus we see that 
the property ( )1Rregular ⇒  is not true, in general, for fts. � 
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