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Abstract

In this paper, five regular-axioms, eighteen Rq-axioms and nine Rg -axioms for fuzzy
topological spaces are recalled. A complete answer is given with regard to all
possible (Rl = RO)-type implications for fuzzy topological spaces. It is also shown that,
though the regular-axiom implies Ry -axiom in ‘general topological spaces’, this is not true
for ‘fuzzy topological spaces’, in general.
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1. Introduction

In 1965, Zadeh [1] defined fuzzy sets with a view to study and formulate mathematically
those situations which are imprecise and vaguely defined. Since then, fuzzy set theory has
been developed in many directions by many scholars. Chang [2] gave the concept of
‘fuzzy topology’. He did the ‘fuzzification’ of topology by replacing ‘subsets’ in the
definition of topology by ‘fuzzy sets’. In 1976, Lowen [3] gave a modified definition of
‘fuzzy topology’. Hutton and Reilly [4] introduced the concept of fuzzy Rgand
Rpaxioms. These studies were further carried out by many researchers [5-13]. In this
paper we recall nine Rq -axioms from [9], eighteen Ry -axioms from [11] and five regular
axioms from [7, 8] for fuzzy topological spaces (fts, in short). In analogy with the well
known topological properties like (regular = Rl) and (Rl = RO), we study these types
of properties for fts. We give a complete answer with regard to all possible (Rl = RO)-
type implications for fts. It is also shown that, the property (R0 + Rl) is also true for fts;
however, the property (regular = Rl) is not true for fts, in general.
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1.1 Preliminaries

In this section, we recall some definitions on fuzzy sets and fts which will be needed in
the sequel.

Definition-1.1.1. [1]: Let X be a non-empty set and I the unit closed interval [0, 1]. A
fuzzy set is a function u: X — I, V xe X ; u(x) denotes a degree or the grade of
membership of x. The set of all fuzzy sets in X is denoted by I*. Ordinary subsets of X
(crisp sets) are also considered as the members of 1* which take the values 0 and 1 only. A
crisp set which always takes the value 0 is denoted by 0; similarly a crisp set which
always takes the value 1 is denoted by 1.

Definition-1.1.2. [10]: Let u: X — 1. Then the set {xeX: u(x) > 0} is called the support of
u and is denoted by ugor supp(u). Let A < X, then by 1, we denote the characteristic

function A. The characteristic function of a singleton set {x} is denoted by1, .

Definition-1.1.3. [10]: Let u be a fuzzy set in X. Then by u®, we denote the complement
of u which is defined as u®(x)=1-u(x) v x e X.

Definition-1.1.4. [1]: Let u and v be two fuzzy sets in X. We define

(i) u=v ifand only if u(x)=v(x) v x e X.
(i) ucv ifand only if u(x)<v(x) ¥ xe X.
(iii) (uv v)(x)=max{u(x), v(x)} V¥ xe X.
(iv) (uAv)x)=min{u(x), v(x)} ¥ xe X.

Definition-1.1.5. [1]: For a family of fuzzy sets {ui e J} in X. We define

() Jui(x)=supfui(x)} v xe X. (i) [uj(x)=inf{uj(x)} ¥ xe X.
ied ied
Definition-1.1.6. [14]: A fuzzy point X, in X is a special type of fuzzy set in X with the

membership function x, (x)= and x,(y)=0ifx=y,where0<a<land x ye X.
The fuzzy point x,, is said to have support x and value o. We also write this as a1y .

Definition-1.1.7. [14]: Let a1y be a fuzzy point in X andu € | X . Then aly eu if and
only if a <u(x).

Definition-1.1.8. [10]: Let f: X — Y be a mapping andu € | * . Then the image f(u) is a
fuzzy set in Y which is defined as
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flu)y)= supfu(x): F(x)=y} if £7H(y)=@
0if fy)=0

Definition-1.1.9. [10]: Let f: X — Y be a mapping and u be a fuzzy set in Y. Then the

inverse image fl(u) is a fuzzy set in X which is defined by
f_l(u)(x):u(f(x)) vV xeX.

Definition-1.1.10. [2]: Chang [2] defined an fts as follows:

Let X be a set. A class t of fuzzy sets in X is called a fuzzy topology on X if t satisfies the
following conditions:

(10,1et,

(i) ifu,v e tthenu Av e tand

(iii) if {uj : i e K}is afamily of fuzzy setsint, then v (uj)et.
ieK

The pair (X, t) is then called an fts. The members of t are called t-open sets (or open sets)
and their complements are called t-closed set (or closed sets).

Definition-1.1.11. [3]: Lowen [3] modified the definition of an fts defined by Chang [2]
by adding another condition. In the sense of R. Lowen [3], the definition of an fts is as
follows:

Let X be a set and t a family of fuzzy sets in X. Then t is called a fuzzy topology of X
if the following conditions hold:

(i) 0,1et,

(i) ifu,vetthenuavet,

(iii) if {u; : i e K}is a family of fuzzy setsint, then v (uj)et and
ieK

(iv) t contains all constant fuzzy sets in X.

The pair (X, t) is called an fts. Throughout this work, we use the concept of fts due to
Lowen [3].

Definition-1.1.12. [10]: Let u be a fuzzy set in an fts (X, t). Then the fuzzy closure u and

the fuzzy interior u® of u are defined as follows: Gzinf{A:us;t and /Ietc},

u® =sup{A:A<u and Aet}.

Definition-1.1.13. [2]: Let f :(X, t)—> (Y, s) be a mapping between fts. Then f is called

(i) fuzzy continuous if and only if f~(u)et foreach U € s.
(ii) fuzzy open if and only if f(u)e s foreach Uet.
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(iii) fuzzy closed if and only if f(u)e s¢ for each U € t°.
2. Fuzzy R, topological spaces

In this section, we recall nine Rg -axioms of fts from [9].
Definitions-2.1. [9]: We define, for fts (X, t), Ro-axioms as follows:

Rcl) : For every pair x, ye X, x=#, 1_y(x) =0 :1_X(y) =0

Rg . For every pair

X, yeX, Xy, (Va elg, a_lx(y):a)<:> (ﬁ_ly(x)z/;’, Vp e IO)

RY: Vet VxeXand Va<A(x), aly <A

Rg: V Aet, VxeXand Va< A(x), a_lxg/l

Rg : Forevery pairx,y € X, X £V, l_x(y):1:>1_y(x) =1

Rg : For every pair x,y € X, Xx#Y, 1,(y) =1y (x)

R, : For every pair x,y € X, x#Y, Iy (y) =1y(x) € {0, 1}

Rg . Foreverypairx,y e X, x#yandvVa e lg, a_lx(y)za:a(x)za

R, : For every pairx,y € X, x £y and Va € lg, aly(y) = edy (X)

Theorem-2.1 [9]: The accompanying diagram (Fig. 1) illustrates the interrelations among
the Rq -properties mentioned in the section 2:

RI=> R}

171N

R§  RO=> R}

1 /1N

R = R{=> R
N
R}

Fig. 1. Interrelations among the R, -properties [9].

For proof see [9]. O
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3. Fuzzy R;-topological spaces

In this section, we recall eighteen definitions of fuzzy R;-topological spaces from [11].

Definitions-3.1 [11]: An fts (X, t) is said to have the property

1.
2.

© N o g &

PL,ifV x, ye X, x# y, 3 wetsuch that w(x)= w(y).

P2, ifvx,yeX,x=y, 3Jwetsuch that either w(x)=0<w(y) or
w(x)>0=w(y).

P3,ifV x,ye X,x=y,3 wet such that either w(x)=1, w(y)=0 or w(x)=0,
w(y)=1.

QL ifVx,yeX,x=y, Ju,vet suchthat 1, <u,1, <v and uAv=0.

Q2,if Vx,yeX,x#y, Ju,vet suchthatl_xsu,l_ygv and u<l-v.
Q3,ifV x,ye X,x=y, 3u,vet suchthat u(x)=1=v(y) and uav=0.
Q4,ifV x,ye X, x=y, 3u,vet suchthat u(x)=1=v(y) and u<i-v.

Q5, ifvyx yeX,x#y and Va, Belgq, Juvet such that u(x)>a and
v(y)> 8 and uav=0.

Q6,ifV x,ye X, x#y, 3u,vet suchthat u(x)>0, v(y)>0 and uav=0.

Definitions-3.2 [11]: An fts (X, t) is called an

© ©® N o g~ DN RE

[ o
o &~ b P o

FRy(i)-fts, if (X, t) hasP1=> (X, t) has QL.
FRy (i) -fts, if (X, t) has P1=> (X, t) has Q2.
FRy (iii)-fts, if (X, t) has P1=> (X, t) has Q3.
FRy (iv)-fts, if (X, t) has P1= (X, t) has Q4.
FRy(v)-fts, if (X, t) has P1=> (X, t) has Q5.
FRy (vi)-fts, if (X, t) has PL=> (X, t) has Q6.

Ry (vii)-fts, if (X, t) has P2=> (X, t) has QL.
Ry (viii)-fts, if (X, t) has P2=> (X, t) has Q2.
Ry(ix)-fts, if (X, t) has P2=> (X, t) has Q3.
Ry(x)-fts, if (X, t) has P2=> (X, t) has Q4.

(

Ry (xii)-fts, if (X, t) has P2=> (X, t) has Q6.
Ry (xiii)-fts, if (X, t) hasP3=> (X, t) has Q1.
Ry
Ry

xiv)-fts, if (X, t) has P3=> (X, t) has Q2.
xv)-fts, if (X, t) has P3=> (X, t) has Q3.

F
F
F
F
. FRy(xi)-fts, if (X, t) has P2=> (X, t) has Q5.
F
F
F
F

(
(
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16. FRy(xvi)-fts, if (X, t) has P3= (X, t) has Q4.
17. FRy(xvii)-fts, if (X, t) has P3=> (X, t) has Q5.
18. FRy(xviii)-fts, if (X, t) has P3= (X, t) has Q6.

Theorem-3.3 [11]: The accompanying diagram (Fig. 2) illustrates the interrelations
among the FR,-propertits mentioned in Section 3:

FR,(iv)<=—= FR,(ii))<= FR,(i) <= FR,(iii) = FR,(v) == FR,(vi)

FR,(viii) —————= FR,(vii) == FR,(ix) == FR,(xi) == FR,(xii)

FR (x) FR,(xiii}) ==> FR,(xv) ==>FR(xvii) ==>FR  (xviii}
FR {(xiv)

FR {(xvi)
Fig. 2. Interrelations among the R, -properties [11].

For proof see [11]. [

4. Relations between fuzzy Ry and Rj-axioms

In this section, we give a complete answer with regard to all possible (Rl = Ro)—type
implications for fts.

Theorem-4.1: The following relations hold between the fuzzy Rg -axioms and fuzzy R -
axioms:
(a) FRy (xvi)= R3, and so FRy(k)=> Ry, where k < {i —iv, vii - , xiii - xvi}.

(b) FRy(xiii) 4> RS, and so FRy(k)#>RJ', where K e {xiii,xiv,.... xviii} and
me {5,6,....,9}.

(d) FRy(vi)= RZ, and so FRy(k)=> RS where k e {i,iii, v,vi}.
(e) FRy(vi) Rg ,and so FR;(k) 4> R{", where k e {vi,xii,xviii} andm e {8, 9} .

(f) FRy(vi) > RZ, and so FR;(k) 3> R{", where k < {vi,xii, xviii} and m e {3, 4}.



D. M. Ali and F. A. Azam, J. Sci. Res. 4 (2), 327-336 (2012) 333

(9) FRy(iv)= Ry, and so FRy(k)= R{" where k < {i—iv} and me {L,2,3,4}.

(h) RY" 4> FRy(k), where k € {i,ii,.....,xviii} and me {L, 2,....., 9}.

Proof (a): Let (X, t) be an FRy(xvi)-fts and x, y € X, x # y such that 1_y(x):0.

Therefore, 3 2 et® such that A(y)=1 and A(x)=0.Take w=1-1. Now wet such
that w(x)=1 and w(y)=0. Since, (X, t) is an FRy(xvi)-fts, 3 u,vet such that
u(x)=1=v(y) and u<i-v. Put, x=1-vet®. Now «(y)=0 and x(x)=1.
Consequently, 1,(y)=0.Hence (X, t) is R}. [

Proof (b):
Example-1: Consider a fuzzy topological space (X, t), where X ={x, y}, u(x) = 0.5, u(y) =

0 and t = < {u} U {constants} >. Clearly, (X, t) is FRy(xiii) but it is not Rg. For
1(y)=1 but 1,(x)<1.1]

Proof (c): Let (X, t) be an FRy(v)-fts. Let X,y € X, X #Y, a € lp such that ady(y)<a .
This implies that there exists m e t°such that m(x) = oo and m(y) < o.. Letw=1-m € t.
Then w(x) # w(y). Since (X, t) is an FRl(v)-fts, there exist u, v e t such that

u(x)>eq, v(y)>ap, and uAv=0 V oy, ap € g 1. Choose ag,a, in such a way that

a=ap and a1 >1-a. Now aly <v<1-u. Therefore, a_lysl—u:l—u and so
E(x)sl—u(x)d—al <a . Hence, (X, t) is Rg. [Note [9]:

(Vaelg, ad(y)=a=aly(X)=a)a(Va e ly, al(y)<a=aly(X)<a)]

Proof (d): Let (X, t) be an FRy(vi)-fts. Let x, y € X, x #y and w e t such that w(x) >
w(y). Then, by FRy(vi) there exist u, v € t such that u(x) > 0, v(y) > 0 and u A v = 0.

Clearly, v(y) > v(x). Hence, (X, t) is Rg. [Note [9]: {An fts (X, t) is Rg Yo {Vxye

X, X #vY, if 3 a t-open set A such that A(y) < A(X) then 3 a t-open set x such that z(x) <
u(y)-3 o

Proof (e):

Example-2: Consider an fts (X, t) where X = {x, y}, t =< {u;,u,,us,u, } > Uiconstants},
uy(x)= uy(y)=uz(x)=0.6,uz(y)=0.7, u3(x)=us(y)=0, ug(y)=08and ug(x)=04.
It can be checked that (X, t) is FRy(vi). Let my =1-uy, k=1234. Now

m(x)=04=my(x), m3(x)=1 my(x)=0.6, m(y)=0.4, my(y)=0.3, m3(y)=0.2
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and my(y)=1. Take &= 0.4. Then aly(y)=02<a.But aly(x)=04=c. Therefore,

(X, t) is not Rg. 0

Proof (f):
Example-3: Consider an fts (X, t) where X = {Xx, y}, u(x) = 0.6, u(y) =0 =v(x) and v(y) =
0.4. Clearly, (X, t) is FRl(vi). Let ¢ = 0.5. Now «a < u(x). It can be checked that

aly(y)=a >u(y). Therefore, ad,(y)£ u. Hence, (X, t) isnot R3.

Proof (g): Let (X, t) be an FRy(iv)-fts. Let xeX, Aet and ael; such that a < A(X).

Suppose aly & A . This implies that there exist yeX, x #y such that a1, (y)> A(y). Thus

AX) # A(y). Hence there exist p, q e tsuchthatp(x) =1=q(y)andp<1-qg.Putm=1-
pand n=1-g. Nowm, n e t°such that m(x) =0 = n(y) and m(y) = 1 = n(x). Therefore,
aly(y)<1(y)<n(y)=0, which is a contradiction. Therefore, aly <A . Hence (X, t) is

4
Ry - U

Proof (h):
Example-4 [13]: Let X be an infinite set. For x, y €X, we define U xy €1 X as follows:

0 if ze{xy}
UXV(Z):{l if ze{x,;’}

Let t be the fuzzy topology on X generated by {J xy (X yeX } It can be checked that

if x £y, 1,(y)=0. Therefore, (X, t) is Rg, Rg and Rg. But (X, t) is neither FRy(xvi)
nor FRy(xviii) as there exist no u, v € t such that u < 1 — v. Therefore, (X, t) is not
FRy(k), k & {i,ii, ..., xviii } [

5. Fuzzy regular axioms

In this section, we recall five definitions of fuzzy regular axioms from [7, 8], and we show
that, the well known topological property (regular = Rl) is not true, in general, for fts.

Definition-5.1: An fts (X, t) is called

(@) FR(i)ifand only if a € Iy, 1 € t° xeX and a< 1 — A(x) imply that there exist u,
v e tsuchthat a<u(x), A<vandu<1l-v.
(b) FR(ii) if and only if @ € lp, 4 € t, x € X and a <1—A(x) imply that there exist

u,v et suchthat e<u(x), A<vandu<l-v.
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(c) FR(iii) if and only if each u et is a supremum of uj,jeJ, where V j, uj et
and ﬂ <u.

(d) FR(iv) if and only if 4 € t° xeX and A(x) = 0 imply that there exist u, vet such
that u(x)=2, A<v andu<1-v.

(e) FR(v)if and only if A € t°, xeX and 1 — A(x) > 0 imply that there exist u, vet
suchthatu(x) >0, A<vandu<1-v.

Note-1 [7, 8]: Let x eX and A be a fuzzy set in X. Then for « l,, “ag/’t(x)” means

a<Ax)if a=land Ax)=1if a=1.
Note-2 [7, 8]: The following implications exist among FR(i), FR(ii), ...., FR(v):

FR(i)= FR(ii)= FR(iii)= FR(v)
U
FR(iv)

For proof see [7, 8, 10]. [

Example-5 : Let X = {X, y, z}. For every pair x, y € X we define Uy €l X as follows:

Uyy(X)=1 Uyy(y)=0 and U,y(z)=05. Let the the fuzzy topology on X generated
by <U xy €| Xix ye X>. Now it can be easily verified that (X, t) is FR(i). But (X, t)

is neither FRy(xvi) nor FRi(xviii), since there exist no u,vet such that unv=0.
Therefore, FR(k)=p FRy(m), k & {i,ii,....,v} and m & {i,ii,....., xviii}. Thus we see that
the property (regular = Ry) is not true, in general, for fts. [
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