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Abstract

This study investigates the properties of solutions to nonlinear nonlocal fractional difference
equations. By applying the Leray-Schauder alternative in combination with Bihari’s integral
inequality, we establish rigorous results con cerning boundedness and continuous dependence
of solutions on initial data. The theoretical findings are further illustrated with examples,
demonstrating the practical relevance and applicability of the proposed approach. These
results provide a comprehensive framework for analyzing nonlinear fractional discrete
systems with nonlocal conditions and offer a foundation for future research in this area.
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1. Introduction

Atici et al. [1] explored a key problem in discrete fractional calculus of variations, derive
the Euler-Lagrange relation, and solve a Gompertz fractional difference equation modeling
tumor growth. Existence and uniqueness results for fractional difference equations,
including two-point boundary value problems, are presented in literature [2-4]. Chen et al.
Chen et al. [5] established existence results for nonlinear fractional difference equations
using fixed-point techniques. Ibrahim and Jalab [6] investigated fractional difference
equations subject to two-point boundary value conditions and established existence results
using fixed-point methods. Deshpande ef al. [7] analyzed chaotic features, showing that tent
and Gauss fractional maps possess greater stability than their integer-order counterparts.
The connection between uncertain fractional forward difference solutions and their
trajectories is examined [8]. Positive solutions under nonlocal conditions were obtained in
[9] using Krasnosel’skii’s and Schauder’s fixed-point theorems. Discrete fractional
Dirichlet-type problems are studied [10]. Anh et al. [11] employed the Z-transform to derive
variation-of-constants formulas for fractional difference equations of Caputo and Riemann-
Liouville type. Jonnalagadda et al. [12] discussed existence, uniqueness, boundedness, and
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stability using resolvent kernels. Stability criteria for delayed systems and systems with
feedback are provided [13].

He et al. [14] investigated nonlinear equations with a Caputo-like operator, establishing
existence via topological degree theory. Nonlinear nonlocal boundary value problems at
resonance are addressed [15] through coincidence degree theory, coupled with a new
property of the Gamma function. Anastassiou [16] developed a Caputo-like fractional
difference operator, compares it with the Riemann-Liouville form, and studies discrete
inequalities. Abdeljawad [17] introduced left and right Caputo fractional sums and
differences, establishing their relationship with Riemann-Liouville operators and proposing
discrete Mittag-Leffler functions.

Applications of discrete fractional calculus to physical models such as mass-spring-
damper systems are found [18]. Mozyrska [19] analyzed several fractional difference types
using L-transform methods. Mohan and his coworkers [20] defined the nabla discrete
Sumudu transform and prove properties of Mittag-Leffler eigenfunctions. A unified
fractional difference-sum framework is provided in literature [21]. Terminologies are
defined elsewhere [4].

Sugiyama [22] investigated the problem of existence and uniqueness of solutions by
employing Tychonov’s fixed point theorem in conjunction with the successive
approximation technique and the comparison approach.

Mo®) = (0@ ol -1)0<{<) (1.1)
Governed by the condition

w(@ =1 =¢)(0=7<b) (1.2)

w(0) = w, (1.3)

where w & ® € X™. Stokes [23] studied above problem for nonlinear differential equations.
Sugiyama [24] investigated the difference-differential system (1.1)-(1.3) and established
results on the existence, stability, and boundedness of its solutions. The approach relied on
Tychonov’s fixed point theorem, applied together with an extra re striction imposed on ©.
Subsequent contributions from other researchers, employing di verse mathematical
frameworks, have examined the problems of existence, uniqueness, and various additional
characteristics of solutions to Eq. (1.1) and its specific forms [25-31]. Pachpatte [32]
investigated the existence and uniqueness of solutions for the problem Egs. (1.1)-(1.3) by
employing the Leray-Schauder alternative together with Bihari’s integral inequality. It is
worth noting that, while various authors have examined integrodifferential problems, the
specific case involving nonlocal conditions combined with an infinitesimal generator of
operators has received comparatively little attention.

Note: It is assumed throughout this work that the set | = {(0_(0 +1,¢+2,...., b}.

In this work, we address this gap by establishing results on the existence and uniqueness of
solutions for a fractional difference equation of the following type:

M)+ Aw(Q) = © (z,w(o,%ﬁ)zf,;ﬁo G —n=DE Dk, m0m) ¢ ~ 1)) {ej(14

subject to the conditions
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w(l@—-1) =¢@) (1.5)

w(0) + p(w) = w, (1.6)
where A is an infinitesimal generator of a strongly continuous semigroup of bounded linear
operators P(t) in y, PECUXxyXx,x),p €C(CU,x),x) and ¢(t) is a function
continuous for { € J. We denote ¢p(1 — 0) = cy,whrere ¢ is constant.

We observed that the solutions of Eq. (1.4), for { € J, is a function w({ — 1) which is
unable to define as solution for { € J. Hence, we have to impose some condition, such as
the condition Eq. (1.5). We note that, if { € J. , the problem reduces to the fractional
difference equation

B Q)+ Aw() = (c 0@, 24 (c—n—1)<B‘1>k(<,n,w(n)),¢(z)> (1.7)

with the initial condition
w(0) + p(w) = wo (1.8)

Therefore to obtain the solutions of Egs. (1.4)-(1.6) for 0 < { < b, For the purposes of
the forthcoming discussion, let us take 1 < b. This study primarily focuses on establishing
the global existence of solutions for Eqgs. (1.4)-(1.6) through the use of Granas’ topological
transversality theorem [33], more widely recognized as the Leray-Schauder alternative.The
uniqueness of solutions to Egs. (1.4)—(1.6) is derived using Bihari’s integral inequality. The
obtained results extend and generalize those of Pachpatte [32] to a broader semigroup and
nonlocal fractional framework.

Definition [34]: let B> 0 The Bt fractional sum of f is defined by
APF@) = 520 € =1 = DEVF@.
Here f is defined for n = a mod (1) and A~ f is defined for { = ({, + B)mod(1)); in

particular A% map function defined on N¢, to function defined on N,z where N; =

{¢,{+1,0+2,...}
2. Preliminaries and Hypotheses

At first we shall discuss some preliminaries and set forth hypotheses that will be used in our
subsequent discussion.

Let y be the Banach space with norm [I-||. Let B = C(J, x) be the space of all continuous
functions from J into y endowed with the supremum norm

lwllg={sup ll w(Q) II:{ €]}

Lemma 2.1 Let A be the infinitesimal generator of a €, — semigroup P({),{ =0, on a
Banach space y. For 0 < { < b, define w € B given by

@) = PQOlwy = p@)] + s Z G =n=DEVPE 1)

n=4o

@
n-B
1
x & nom. g ), €=n=DEVk0,0,0), 90 | 1)
a={p
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and For 1 < { < b define w € B given by

w(§) =P(Owo — p(w)] + %B)Zf;;go C-n-D¥ VP -nao (n.w(n).%ﬁ) ZZ;?O (=

n=DE Y k(n,0,0()), ¢(n)) + 10 Tty €= = DUV PE -

n)® (n.w(n).%ﬁ)ZZ;?o G —n—=1D¥Vk(n,0,w(0)), ¢~ 1))- (22)

then w is the mild solution of the problem (1.4)-(1.6).
Proof: w({) = P(O)[wo — p(@)] + ——= X8 ({—n—1DF VP -

rp)
e (n, w0, 202t € =1 =D Vk@,0,00) ¢0m). O
M) = MPQwy — p@)] +8 317 € —n—DPIPE ~

P (n.w(n),%ﬁ)z’;;?o C-n- 1)(ﬁ‘1)k(n,G,w(a)),cb(n))}

Mw(Q) = —AP([w, — p(w)}] + {%;;)21{7;?0 ((—n—1)EVpE -
mare ("'“’(’ﬂ'%ﬁ)ZZQZ G =n=DVk(n, o,w(a)),qb(n))}

M) = ~APQ)wy — p(@)] ~ 1= T5 2, € —n = DEVPE ~

P (n.w(n),iZZ;?O C-n- 1)(ﬁ‘1)k(n,a,w(a)),¢(n)) +

r'(p)
® (n,w(n).%ﬁ)ﬂ;go ¢ =n-1D¥Vk(,0,0()), ¢(n)>- (In)
Multiplying (I) by A
Aw(§) = AP()wo ~ p(@)] + 52175 € —n— D DPE -
M (m, w5208 € =1 = DEVk(,0,0(0), $().
(111)
Adding (I1) & (11I) )
Mo + Ao @) = ~AP@lw, — plw)] = 1753575, € —n = DE VP -

n® (n.w(n),%ﬁ)z’;;ﬁo G —n— D Dk(n, a,w(a)),qb(n)) +

@ (n,w(n).%ﬁ)ZZ;?o € =n=D*Vk(n,0,0), ¢>(n)> + AP(D)[wo — p(a)] +

w5 oty € =1 = DEVPE — <n. O, 15 0=, € =1 =

1DEVk(n,0,w(0)), ¢(n)>.
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n-B
(@) +Aw@) = | n,wm) F(ﬁ)z € =1 =DEVk(n,0,0(@). 60 | €]

a=o
Put{ =0in (1)
w(0) = P(0)[wy — p(w)] + 0
w(0) = [wy — p(w)].

Thus the function w defined by Eqs. (2.1) and (2.2) satisfies the fractional equation Eq.
(1.4), the nonlocal condition Eq. (1.6), and the backward functional condition Eq. (1.5).
Hence it is the mild solution of the problem Egs. (1.4)-(1.6)

For investigating the completeness, we shall state the fixed point result given by Granas
[33], often referred to as the Leray-Schauder alternative.

Lemma 2.2 (Leray-Schauder Alternative). Let Q be a convex subset of a normed linear
space E and assume 0 € Q. Let ¥ € CC(Q, Q) be a completely continuous operator and let
UW) ={w € Q:w = WWw} forsome 0 < A < 1. Then either U(¥) is unbounded or ¥ has
a fixed point.

We shall also use the well known Bihari's inequality [13] that states as below.

Lemma 2.3 Let o({),u({) € C(R,,R,),R, =[0,0). Let w(p) be a continuous,
nondecreasing function defined on R, @w(0) > 0 for o > 0 and w(0) = 0. If

0()) < F(ﬁ)Zn v (=1 =1DEVp()m(em)
for( € R,,wherec > 0isa constant thenfor0 < { < (,
0@ =W W) + =228 (=0 - D Vum)| w@) € C(RLR,)
where,

W(r) = 1"(/3)277 —totr, =1 — 1)6- DT r>0,15>0

W™1is the i 1nverse function of W and {; € R, be chosen so that

W(e)+ 52028 (¢ =1 = D® V() € Dom (W)

for all { € R, lying in the interval 0 < { < {;.
Now we set forth following hypotheses:

(H,) A is the infinitesimal generator of a semigroup of bounded linear operators P({) in
X, which is compact for { > 0, and there exist constant M’ > 1 such that | P(Q) IS M, { =
0.

r®

(H,) The function @ in (1.4) satisfies the condition

I D, @,,2) I< p@LQ @ 1)+l y 1)+l z 1]
for every w,y,z € X, where u € C(J, R, )and Q: R, — (0, o) is continuous and increasing
function satisfying Q(a(Q) ll w ) < a(HQ(l w II), where « is defined as the function
U, a({) is scalar Quantity.

(H3) There exists a continuous function t:J = R, such that

1
[ 2t € =0 = DEDREn 0@ <T@ I
forevery( =2n = 0and w € x.
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(H,) There exist constant G > 0 such that || p(w) I< G for every w € B.

(Hs) For each ¢ € ], the function ®({,-,-,-):J X ¥ X x X y = x is continuous and for
each (w,y,z) € y X y X x, the function f(,w,y,2z):J]XxyX Xy — x is strongly
measurable.

(Hg) For each ,n € J, the function k({,n,"):J X | X y = x is continuous and for each
w € y, the function k(-,-, w):J X J X y = x is strongly measurable.

(H,) For every positive integer m there exists a,, € L*(J) such that

sup | 2({,w,y,2) I< ap,(¢) for{ €] ae.

(Hg) The function @ in (1.4) satisfies the condition

| 2, w,y,2) —?(&,72) ISAQRIlwo—a ) +QUy -5 1)+l z—2 )]

for every w,y,2,®,V,Z € x, where i € C(R,,R,)and Q(p) is a continuous and increasing
function for ¢ > 0,Q(0) = 0.

(Hy) The function k in (1.4) satisfies the condition

I Zomt, € =1 = DEDVKEm0) — k@@ IS No =@

for every w, ® € y, where T € C(R,, R,).
(H,,) There exist constant G > 0 such that
lp(@)—p(@)ISGllw—all

for every w, @ € B and MG < 1.

3. Existence and Uniqueness Results

Result for global existence of the solution of Eqs. (1.4)-(1.6) is proved in the following
theorem.

Theorem 3.1 If (H1)-(H7) hold, then the problem Egs. (1.4)-(1.6) has a solution w({)
defined on J provided b satisfies

b-p
—_ 1B-1)
r'(B) nZO G—-n—-1 M) (1 + 1)) + u@n + 1)
< Zree €= =DED o
Where
¢ =Mlllwy + GII] + MF(B) Zﬂ =6 (—n- 1)(!3 1):“(77)0(” O 32)

4. Boundedness of Solutions

Now we shall obtain estimates on the solutions of equations Egs. (1.4)-(1.6) under suitable
assumptions on the involved functions. Following theorem deals with the boundedness of
the solution of the equation Eq. (1.4).

Theorem 4.1 Let hypotheses (H1),(H3), (H6) hold and

d, = sup = @ —1=D¥ V0,000 < o

r(B) n (o
Ifw((), (€ IR+, is a solution of problem (1.4) - (1.6), then



Y. H. Shirole et al., J. Sci. Res. 18 (2), 265-276 (2026) 271

0@ 1Y [Y(dy) + 55 58, € =0 = DEVacae (1 + ()] (4.1)
for0 < { <band
0@ IS Y [Y(dy) + 5208 € =n=DE DM (AL +7m) +aG + D)) @2)
for 1 £ { < oo, where
dy = MLyl + Gl + My + =578 (¢ —n = DEDMAMAN $@) )
Moreover, if sup;cp+ @Zn;zo € —n—1D%V[Em) + @(n + 1)] is bounded on

R,, then every solution of the problem Egs. (1.4) - (1.6) is bounded on R, .

Proof. Let us suppose that w({) is a solution of the problem Egs. (1.4)-(1.6). We shall
consider following two cases.

Case I: Let 0 < ¢ < b. Then as the solution of the problem Eqgs. (1.4)-(1.6) is w({) and by
the hypotheses, we have
¢-B

1 @) =1 Py = p(@)] + z G =n=DEVPE—n)

T(B)

X @ (n,w(n).%ﬁ) Z";B @ —n—-1DEV k(n, o,w(o)),d)(n)) I
< Mllwoll + 61+ M |50 78 € =0~ DD (s, 00,0
+ 5 Tt (0 (¢ =n=DEVMEmdl ¢(m) 1)
+TB)Z’7 e, € =n=DEDaAm A + TN w @) 1)
< Mllwoll + 6]+ Mdy + = 517¢ € —n = DD MamA ¢@) |
+ i Tt (0 € =n=DE Va1 +7m)Ad w@) 1)

=d, + =258 @ =1 = DEOME (1 + T )N 0G) 1D (43)

Applying Lemma 2.3 to the equation Eq. (4.3) we obtain required Eq. (4.1).
Case II: Let 1 < { < co. Then as the solution of the problem Egs. (1.4)-(1.6) is w({) and
by the hypotheses, we have

Il () I=Il P(Z)[wo p(w)]
F(B)Zn 0 C=n—=DFVPE—n)

x ¢<n.w(n) G G =0 =D k(n,0,0(), ¢(n)>
i St €= = 1)<ﬁ-1>P(< —m

X <D<n.w(n) 5 S € =1 = DED k(n,0,0(0)), $ 1 - 1)>

< Mllwoll + G1+I — F(B) n=to (=n=DEDPE -7
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@ (n, 05 Y10 @ =0 =D k(n,0,0(0)), ¢(n)) — ®(1,0,0,0)
+d(n,0,0,0)] I
+r Zimen € =1 = DEDPE ~ @M 0@, w(n — 1)~ (1,0,0,0) +
®(n,00,0)]|
< Mllwoll + 61+ M |25 25 78 € =1 = DEDa(,00,0)|
+30 ;0 MamQdl ¢ )
+ 1 2=t € =1 =DV MAmA + TN w(r) )
+ 1 Db € =1 = DEVMAM A + TN w(r) )
+ 1 Enmaer € =0 = DEVMEMAN w(r = 1) 1)
< Mlllwoll + 61+ Mdy + 5 %i-g, € —n = DEDMAA ¢ (1) 1)
+ 105 Tty € =1 = DEIMAM A + T)A (1) 1)
rﬁ)zf 541 (€ =1 = DEDMEAMAU p(n — 1) )

F(mzn 2o € =1 =DEPMam(1+ )l 0 1D + 1 (44)

whete I, =235 (¢ =1 = DEOMAMAN 01— 1) ).
By the change varlable we observe that
<t T € =1 =D IMAm +DAN 0 ) (45)

Now, by using (4.5) in Eq. (4.4), we get

{-B

1 _

Il w(@ < d; + ® Z @ —n—=DEVMam (1 + () + pm + D) @) 1) (4.6)

n=4o

Applying Lemma 2.3 to Eq. (4.6), we obtain required Eq. (4.2).

Further, if TB)ZU % (s 1)(/3‘1)11(77)(1 +T(m) +uln + 1)) is bounded on R,,

then from Egs. (4.1) and (4.2) we conclude that every solution of the problem Egs. (1.4)-
(1.6) is bounded on R,..

5. Continuous Dependence

In the following theorem we have investigated the continuous dependence of solutions of
Eq. (1.4) satisfying the given initial data.

Theorem 5.1 Let hypotheses (H1), (H8) — (H10) hold and w4 ({), w,({) be the solutions
of Eq. (1.4) with the initial conditions
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w (=1 =¢;() (0=<7<b), w(0)+plw)=w,

(5.1)
06~ = $Q) 0<T<D), wy(0) +p(wy) = @y (>2)
respectively, where w,, @, are elements of y, then
[ ¢-B
_ 1 _y Mam) (1 + 7))
- - —n—1)B-1
oG = @2l < Y7 [¥(ds) + F(ﬁ)n; € —n—- D¢ = (5:3)

for0 < { <band

1 M(ﬁ(n)(1+f(n))+ﬁ(n+1))

leos () = w2 (I < Y7 |Y(ds) + = Ta 6,y € —n— DED — (5.4)
for 1 < { < oo, where -

Mlllwo—doll 1 -1) Ma(m) 5
dy = =0+ s Bneg, (C— 1= DED TEEAIG: (1) — ¢z (D (5.5)

Proof. Let us suppose that 9({) = llw () — w,(m)Il for { € R,. We shall consider
following two cases.

Case I: Let 0 < { < b, then from the hypotheses, we obtain

0(9) < Mlllwy — @oll + Go(9)]

_ _ B .
tip T, €1 =DE VM@ (n,wl(n),ﬁﬁ)zg% N C-n-
DD k(n,0, wl(a)).¢<n)>

1 B -
- (7), > (n)’TB)Z:’:{ Zf,:?o (( —-n- 1)(3_1) k()’], 0, W, (O-))! ¢(77)> ”
< M(llwy — @ ll + Go()]

+ %028 Mam)[Qem) + ATmem) + Qg () — 2D
< M[llwy — @oll + Go ()]

Fr 288 (=0 = DEDMEAS: () - B2
+ 105 2ty € =1 = DEOMAM A + () (5.6)

Mlllwo=doll 1 - —1) M@ S
= o(n) < TR+ BT (-0 = DED EERAxIG () — do ()

1B 4y(B=1) MEMA+EM) &
F I8 (€ = — D HEECEI 6 o))

1 5B o 1\(B-D) MEMO+EM) 5
e Zn=s+1 E—1n =1 e em) (5.7)

Applying Lemma 2.3 (with ¢ = d3 ) to the Eq. (5.7), we obtain Eq. (5.3).
Case II: Let 1 < { < oo. Then from the hypotheses and following similar arguments as in
Case II of the proof of Theorem 3.3, it follows that

e < Mlllwy — @oll + Go(4)]

+ 1055 2ty € =1 = DEIMAMAps () — 2D

=d3+
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+T,;)Zn b G =n—=DEIMam A +TmA(em) + I (5.8)
w5 St € =1 = DEDMa) et ~ 1))
by change of varlable we observe that
= F(ﬁ) Zn 2 € =n=DEDMamlem) (5.9)

Now, using this inequality (5.9) in (5.8), we obtain
() < M[||a)0 — @yl + Go(D)]

— 30 ¢e @ == DEIMEMQUP: () — (D
+ 105 Tty €= 1= DEDMEAMA +TM) + A0 + 1))

=mKMmo%H@©] 7
¥, == DEVZED (g, (o) — p()I)

where I, =

F(B)

F(ﬁ)
M[a(m) (A+T(M)+A(M+1))]
+Tﬁ)zfl o C—n— 1)(B-1 MIE@ 1r;Gun adie(mi)
M[am)(A+T(M)+a(n+1))]
ds + 1 Sty € = — DE-D TEDETREIE Aol (5.10)

Applying Lemma 2.3 (with = d5 ) to the equation Eq. (5.10), we obtain Eq. (5.4).
Hence from the inequalities Egs. (5.3) and (5.4), it follows that the solutions of equation
Eq. (1.4) depends on the given initial data.

Example: Consider the fractional difference equation of order f = §

850@) = 20() =T+ 0@ + WZ Gmn-DE(EEnra@) +el -1 for e

subject to the conditions w(—1) =1, w(O) + Ew(l) =3.
Solution: Let P({) = e~*° be the Cy-semigroup generated by A = —2.

3 n-B

0@ = ¢ oy ~p@ + 1 a )Z ¢ —n-DEe2¢- %(n D55 2. ((—n—1)(’3‘”k(n.0.w(a)).¢(n)>
2) =% a=Co

Therefore, all the conditions of Theorems 4.1 & 4.2 are satisfied. the problem has a mild

solution.

6. Conclusion

This study provides a detailed analysis of nonlinear nonlocal fractional difference
equations, establishing existence, uniqueness, and key qualitative properties of their
solutions. By utilizing the Leray-Schauder alternative alongside Bihari’s integral inequality,
we en sure that the solutions are bounded and depend continuously on the initial data. The
illustrative examples confirm the practical applicability of the theoretical results, high
lighting their relevance for discrete fractional systems with nonlocal conditions. Overall,
the findings offer a solid foundation for further exploration of more complex nonlinear and
nonlocal fractional difference models.
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