Available Online JOURNAL OF
SCIENTIFIC RESEARCH

Publications J. Sci. Res. 18 (2), 331-337 (2026)  www.banglajol.info/index.php/JSR

Affirmative Fixed Point Results for Four Weakly Compatible Self-maps in a
Complete Sy-metric Space

V. S. Rao'”", U. Dixit?, D. Venkatesh?

"Department of Mathematics, NRR Govt. Degree College (A), Mahabubabad, Telangana, India-
506101

2Department of Mathematics, Osmania University, Hyderabad, Telangana, India-500007
3Department of Mathematics, Govt. Degree College (A), Gajwel, Telangana, India-502278

Received 4 November 2025, accepted in final revised form 26 February 2026

Abstract

In this article, an attempt is made to establish certain fixed point theorems for four pairwise
self-maps that are weakly compatible in a complete Sp-metric space. Four self-maps in a
complete Sp-metric space are considered, and a contractive condition is applied together with
the weak compatibility of pairs of mappings. Some pre-existing results that hold in ordinary
metric spaces are examined and validated in the setting of a complete Sp-metric space. By
applying a contractive condition along with the weak compatibility of pairs of mappings, the
existence of a fixed point is established, and its uniqueness is subsequently proved. Two fixed
point theorems corresponding to two different contractive conditions are proved. In each case,
a corollary is obtained by restricting the results to two self-maps.
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1. Introduction

The fixed point theorem in an n-dimensional Euclidean space was first developed by
Brouwer. Subsequently, existence theorems in the theory of differential equations were
established in 1922 by Birkhoff and Kellogg using Brouwer’s fixed point theorem. Later,
Brouwer’s theorem was extended by Schauder to the case where E is a compact convex
subset of a normed space. The well-known fixed point theorem for contraction mappings
was subsequently established by Banach; its proof is relatively straightforward and does not
require extensive topological knowledge. Thereafter, fixed point results were extended by
several researchers to b-, S-, and Sp-metric spaces.

The concept of an Sy,-metric space was due to Souayah et al. [1] and Radenovié et al.
[2]. It was obtained by combining the notions of S-metric space [3] and b-metric space [4,5].
Following this development, various fixed point theorems in Sp,-metric spaces were
established by several authors [6—11].
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Inspired by the work done by several authors, in this paper, the existence of a fixed point
is established and its uniqueness is then demonstrated by using a contractive condition in
addition with the weak compatibility of pairs of mappings. We illustrate two fixed point
theorems that correspond to two different contractive conditions. Limiting the results to two
self-maps in each case yields a corollary. Our findings generalize and extend certain
previous findings in the literature.

The definition and certain topological properties of Sy-metric spaces are now presented.

Definition 1.1. [2] Let X be a non-empty set and b >1 be a real number. An Sy-metric on
Xis a function S: X* — [0, «0) that satisfy the following conditions, for each u,v,w,a € X,
Ssl)  S(w,v,w)=0ifandonlyifu=v=w,
(Sr2)  Su,v,w) <b[S(w,u,a)+ S, v,a)+Sw,w,a)l.
In this case, the pair (X, S) is called an Sp-metric space.
Since every S-metric is an Sp-metric withh =1, it is clear that Sp-metric spaces are the
generalisations of S-metric spaces.
Example 1.2. [2] Let X=R and let the function S,:X3 - [0,50) be defined as
Sy(u,v,w) = {lu — w| + |v — w|}? is an S,-metric on X with b = 4.
Definition 1.3. [2] Let (X, S) be an S,-metric space. A sequence {y }in X
a. is said to converge to some u € X, if to each € > Othere exists a number n, € Nsuch
that S (u,, u,, u) <€ whenever n > n,, that is, S(u,, u,,u) - 0 asn - .
Here, we write u,, = uas n = o or limu, = u.
b. is said to be a Cauchy sequenceﬁtQO to each e>( there exists a number 5, e N such
that S (uy,, u,, U;,) <€ whenever m,n > ny, that is, S(u,, Uy, Uy) = 0asm,n - .
The Sp-metric space X is said to be complete if every Cauchy sequence is convergent in X.
Lemma 1.4. [2] Let (X,S) is an S,-metric space. Then for every u, v,w € X,
() S(uw,u,v) <bS(v,v,u)
(2) S(u,u,v) < 2bS(u,u,w) + bS(v,v,w) < 2bS(u,u,w) + b2S(w,w, v).
Jungck [12] first proposed the idea of compatibility in 1986 as a generalisation of
commutative property. Later, the concept of weak compatibility of mappings was put
forward by Jungck and Rhoades [13]. Additionally, it was demonstrated that two mappings
that are compatible are always weakly compatible, but the converse does not hold.
Definition 1.5. Let (X, S) be an Sp,-metric space and F, G be two self-maps of X. Then the
pair (F, G) is
(i) said to be compatible [12] if limS(FGu,, FGu,, GFu,) = 0 for every sequence {u,} in
X such that limFu, = limGu, Ztex
(i1) said to b%ﬁ\;eakly cgr?loﬁatible [13]if FGu = GFu for every u € X such that Fu = Gu.
Definition 1.6. Let X' be a non-empty set and F, G be two self-maps of X. Then a point
u € X is said to be a coincidence point of F and G, if Fu = Gu. We denote C(F,G) =
{u € X: Fu = Gu}
Some fixed point theorems for four pairwise weakly compatible self-maps in a complete
Sp-metric space are established in this study.
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2. Main Results

Theorem 2.1. Let (X,S) be a complete Sy-metric space. Suppose that the mappings
F.G,A,B : X — X satisfy the condition
S(Fu, Fu, Gv) < AS(Au, A, Bv), where 1 € (0,2;) is a constant. @2.1)
If F(X) € B(X)andG(X) € A(X),and A(X), B(X) are closed subspaces of X, then
C(A,F)and C(B, G) are nonempty. Moreover, if the pairs (F,4) and (G,B) are weakly
compatible, then F, G, 4 and B have a unique common fixed point.
Proof. Suppose that U, be an arbitrary point of X. Since F(X) € B(X), there exists u; €
X such that Fuy, = Bu,.
Since G(X) € A(X), there must be some u, € X such that Gu; = Au,.
Proceeding like this, a sequence {v,,} in X is obtained such that
Van = Fiton = By, }for alln=0,1,2,...
Van+1 = GUapsg = Alnya
From equation (2.1), It follows that
S(Vzn+1 Vant1 Van+2) = S(GUzns1, GUznyg, Flanyz)
< bS(Fuan+2, Fuaniz, GUznit)
< bAS(Auzpyz, Atzpyz, Bugnit)
= bAS(V2n+1, Van+1, Van)
< b2 AS(Van, Vo) Vans1)- (2.2)
Also, S(Van+2, Vant2, Van+3) = S(FUznia, FlUania, GUanys)
< AS(AUznyz, Alonia, Bugnys)
= AS(V2n+1, Van+1) Van+2)
< b2AS(Van+1, Vanst» Vanaz), Since b? >1 (2.3)
From (2.2) and (2.3),
S(Wns1, Vna1r Vnaz) < b2AS(Vp, Uy, Vpyq) forn = 0,1,2.....
Therefore, for everyn = 0,1,2. ..,
S(Un+1' VUn+1s Un+2) = bZAS(Un, Un, vn+1)
< b*A2S(Vp—1, Vne1, Vn)

< b2 (00, Vg, V1) e e e 2.4)
Now, form >n > 1,
S(Un' Un, Um) = st(vn: Un, vn+1) + bZS(Un+1, VUn+1s Um)
< ZbS(Un' Un, Un+1) + bz{ZbS(Un+1, Un+1s Un+2) + bZS(Un+2, Un+2, Um)}
= 2bS(Vn, Vn, Vns1) + 2D3S(Vni1, Vns1, Vnaz) + D*S(Vniz, Vnsz, V)
< ZbS(Un' Un» Un+1) + 2b35(”n+1' Un+1 Un+2) +
2b5S (V42 Vnszs Unaz)Feenen
..... +b2M DS (v Vg, V).
< 2bb?M ™S (vg, v, V1) + 2b3D2FVAFLS (10 v, 1) +
2b5h D AN2 G (0 vo, v ) Feeen +p2m=n=1) p2m=1)m=-1g(y 40 1.)
< 2b2"PIM1 4+ b A+ bBAR+. ... 1S (g, Vo, V1)
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__ 22"
1-b*A
Thus S(vy, Uy, V) = 0asn,m — .
This proves {v, } is a Cauchy sequence.
Since X is complete, there exists g € X such that v, — gq.
Therefore vy, = Buy,y1 = qand vy, = Alynys = q.
Since 4(X) and B(X) are closed.
q = Ar = Bs for some 1, s € X.
Now, It will be shown that g = Ar = Fr = Bs = Gs.
S(Ar, Ar,Fr) < 2bS(Ar, Ar, Auyy ) + bS(Fr, Fr, Auy, o)
= st(q' q, Au2n+2) + bS(FT', FT', Gu2n+1)
< 2b5(q,q,Auypniy) + bAS(Ar, Ar,Buy, 1)
= 2b5(q, q, Auzn2) + bAS(q,q, Bugnyq) - 0asn >
This implies Ar = Fr. (2.5)
S(Bs,Bs,Gs) < 2bS(Bs,Bs,Bu,,,1) + bS(Gs, Gs,Buyp.1)
< 2bS(q,q, Buzns1) + b2S(BUypyq, Bugnyy, GS)
= 2b5(q, q, Buyps1) + b2S(Fuyy, Fuyy,, GS)
< 2b5(q, q, Bugny1) + b2AS(Auyy, Atyy,, Bs)
= 2bS(q,q, Buyp41) + b2AS(Auy,, Aly,, q) > 0asn — o
Hence Bs = Gs. (2.6)
Then g = Ar = Fr = Bs = Gs from (2.5) and (2.6)
From the weak compatibility of the pairs (F,4) and (G,B), it follows that
FAr = AFr and GBs = BGs.
Then Fq = Aq and Gq = Bq 2.7
Now from (2.1), S(Fq,Fq,q) = S(Fq,Fq, Gs)
< AS(Aq,Aq, Bs)
= AS(Fq,Fq,q).
Since 1 < ;—4 < 1, there is a contradiction if Fq # q

Therefore, it must be that Fq = q (2.8)
Also S(q,q,Gq) = S(Fr,Fr,Gq)

< AS(Ar,Ar,Bq)

=15(q,9,Gq)
Since A < 1, this is a contradiction if Gg # g
Therefore Gq = q. (2.9)
From (2.7), (2.8) and (2.9), q = Fq = Aq = Gq = Bq.
To prove the uniqueness of ¢, let ¢* be another common fixed point of 4,8,F,G
Then q* = Fq* = Aq* = Gq" = Bq".
From (2.1),5(q,q,9") = S(Fq,Fq,Gq")

< AS(Aq,Aq,Bq")
=15(9,9,9")-

Since 4 < ;—4 < 1, this is a contradiction if ¢ # g".

S(vy,v9,17,) = 0asn — oo, since b21 < b*1 < 1.

Therefore g = q~.
Corollary 2.2. Let (X,S) be a complete S;, —metric space. Suppose that the mappings
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G,A: X — X satisfy the condition S(Gu, Gu, Gv) < AS(Au, Au, Av) where 1 € ( ) is a

constant. If G(X) € A(X), and A(X) is closed, then C(G,A) # ¢.

Moreover, if the pair (G,4) is weakly compatible, then the maps G and 4 have unique
common fixed point.

Proof. Proof is obtained by taking F = G and B = 4 in Theorem 2.1.

Theorem 2.3. Let (X,S) be a complete S,-metric space. Suppose that the mappings F, G, 4
and B: X —> X satisfy the condition

S(Fu, Fu, Gv) < A[S(Fu, Fu, Au) + S(Gv, Gv, Bv)], (2.10)
where 1 € (O,m
If F(X) € B(X) and G(X) € A(X), and A(X), B(X) are closed subspaces of X,

then C (4, F)and C(B, G) are nonempty.

Moreover, if the pairs (F,4) and (G,B) are weakly compatible, then F, G, 4 and B have a

unique common fixed point.
Proof. Suppose u, € X be an arbitrary point of X

Since F(X) € B(X), there exists u; € X such that Fuy, = Bu,

Since G(X) € A(X), there exists u, € X such that Gu; = Au,

Continuing this process, there exists a sequence {v,,} in X such that
Van = Flgn = Bugniq } n=012

) 1S a constant.

Von+1 = GUanyg = Alznyr
From equation (2.10), it follows that

S(Want1) Vans1r Vansz) = S(GUzni1, GUzny, Fligngz)
< bS(Fugpiz Fuznys GUznyt)
< bA[S(Fuzniz, FUgniz, Alsnyiz) + S(GUzpit, GUong1, Busnyq)]

= b/l[S(vzm_z, Von+2) Vons1) + 5(U2n+1: Vont1, Van)]
< b? /15(172n+1: Vant1r Vansz) + D2AS(Van, Vo, Vans1)

b2

SWan+1 Vans1 Vone2) < YY) — S(V2n) Vo, Vans1)- (2.11)
Also, S(Van+2, Van+2s 172n+3) = S(Fuan+2, Fuaniz, GUznes)

S AS(Fuznsz, Fuanio, Alpnys) + S(GUznys, Guopngs, Bugnys)]

= AS(Wan+2: Vant2: Vons1) + S(Wanss, Vantss Vane2)]

< Abs(vzﬁ)ﬂf Vont1r Vant2) + AbS(Vani2, Vant2s Vanss)
S(Wan+2: Vans2 Vones) < ms(vzmp Von+1r Van+2) (2.12)
From (2.11) and (2.12),
SWn+1, Vn+1, Vnsa) < US(Vy, Uy, Vpgs) fOI‘ n=012,.

bA b22 } b22
— <= <1smceO</1<—
1-bA’ 1-b22 1-b21 b2 - b2(b%2+1)

Therefore for n=0,1,2,.....
S(vn+1' Un+1s vn+2) = MS(Un' Un, vn+1)
=< MZS(Un_l, Un-1, Un)
= #3S(vn—2' Un—2, Un—l)

where u = max{

< "8 (vg, Vo, ). (2.13)
Now, form >n > 1,
S(Vn' Un, vm) < st(vn' VUn, vn+1) + bZS(Un_H, Un+1s vm)
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< ZbS(Unv Un, 17n+1) + bz{ZbS(vn+1: Un+1, Un+2) + sz(vn+2: Un+2, Vm)}
= ZbS(Unv Un, 17n+1) + 2b35(”n+1! Un+1s vn+2) + b45(vn+2: VUn+2, Um)}

< st(vn' Un, vn+1) + 2b35(vn+1' Un+1s vn+2) + 2b55(”n+2' Un+2 vn+3) +
— — — — 2Ny V1, Um)-
< 2bu™S (v, Vo, 1) + 2b3u™1S (vg, vo, V1) + 20U ES (v, Vo, V1) +
o _ +b2(m—n—1)#m—15(v0,v0‘ Ul)
< 2bu™{1 + b%u + b*u?+........ 1S (vg, Vo, V1)
= %S(vo,vo,vl) — 0asm,n — o, since be <1.
Hence {v,} is a Cauchy sequence in X.
Since X is complete, there exists some q € Xsuch that v, - g asn — .
Therefore v,,, = Buy,41 = q and vy, 1 = AUspis = q
Since A(X) and B(X) are closed ¢ = Ar = Bs forsame r,s € X (2.14)
It shall be shown that ¢ = Ar = Fr = Bs = Gs.
S(Ar,Ar,Fr) < 2bS(Ar, Ar, Auypny0) + bS(Fr, Fr, Auspn,z)
= 2bS(q,q, Auzns2) + bS(Fr, Fr,Guyp )
< 2b5(q, 9, Augny2) + DA[S(Fr, Fr, Ar) + S(GUapyi1, GUanir, Buznys)
= 2b5(q, 9, Van+1) + DAS(Fr, Fr, Ar) + bAS(V2n+1, Van+1, Van)
(1 — bA)S(Ar, Ar,Fr) < 2b5(q, q, Vans1) + DPAS(Woniq, Vans1, Van) = 0asn — o
Hence S(Ar, Ar, Fr) = 0, Since bA < 1.
This implies Ar = Fr. (2.15)
Similarly, It can be shown that Bs = Gs. (2.16)
From (2.14), (2.15) and (2.16), ¢ = Ar = Fr = Bs = Gs.
Since the pairs (F,4) and (G,B) are weakly compatible
AFr = FAr and BGs = GBs.
This implies Aq = Fq and Bq = Gq.
From (2.10),S(Fq,Fq,q) = S(Fq,Fq, Gs)
< A[S(Fq,Fq,Aq) + S(Gs, Gs, Bs)]
= gS(Fq, Fq,Aq) +25(q,9,.9)
Hence Fq = gq. 2.17)
From (2.10), S(q,q,Gq) = S(Fu, Fu,Gq)
< A[S(Ar, Ar,Fr) + S(Gq, Gq, Bq)]
=0,since Ar = Fr and Bq = Gq.
Hence Gq = q. (2.18)
From (2.17) and (2.18),
q = Fq = Aq = Bq = Gq showing that ¢ is a common fixed point of 4, B, F and G.
To prove unique of ¢, let ¢* be another common fixed point of 4, B, F and G.
Therefore ¢* = Fq* = Aq* = Bq* = Gq".
From (2.10), S(q,q9,9") = S(Fq,Fq,Gq")
< A[S(Fq,Fq,Aq) + S(Gq*,Gq",Bq")
=0, since Ag = Fqand Bq* = Gq".
This implies ¢ = q~.
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Corollory 2.4. Let (X,S) be a complete Sp-metric space. Suppose that the mappings G, 4. X
—> X satisfy the condition

S(Gu, Gu, Gv) < A[S(Gu, Gu, Au) + S(Gv, Gv, Av)],

where A € (0, m) is a constant. If G(X) € A(X) and A(X) is closed subspace of X,
then C(4,G) is nonempty.

Moreover, if the pair (G,4) is weakly compatible, then G and 4 have a unique common
fixed point.

Proof. Proof is obtained by taking F' = G and B = 4 in Theorem 2.3.

4. Conclusion

Common fixed point theorems for four weakly compatible self-maps in a complete Sp-
metric space under suitable contractive conditions are established in this investigation.
Without assuming continuity or commutativity of the mappings, the existence and
uniqueness of a common fixed point are demonstrated. Corresponding results are presented
together with corollaries where the result is limited to two self-maps, taking into account
two distinct contractive conditions. These results add to the on-going advancement of fixed
point theory in extended metric settings by extending a number of well-known fixed point
theorems from metric and related generalized metric spaces to the broader framework of
Sp-metric spaces.
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