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SUMMARY

In mathematics a random walk (also known as drunkard’s walk) is a succession of random
steps. In 1905 Karl Pearson introduced the term “random walk”. A Bernoulli random walk
is the random walk on the integer number line Z which starts at 0 and at each step moves
+1 or —1 with equal probability. A Pearsonian random walk is a walk in the plane that
starts at the origin 0 and consists of length 1 taken in uniformly random direction. In this
paper several known and new results of Bernoulli and Pearsonian walks will be presented.

Keywords and phrases: Random Walk, Generating Function,Central Limit Theorem, Arc
Sine Distribution.

Note: This paper is dedicated to the memory of A. K. Md. Ehsanes Saleh.

1 One Dimensional Bernoulli Random Walk

1.1 Introduction

The one dimensional Bernoulli random walk can be considered as follows. At each step one random
walker moves one step to the right with probability p, 0 < p < 1, or one step to the left with
probability 1 — p. Consider the Bernoulli sequences of independent random variables X, Xo, ...,
taking the value 1 with probability p (0 < p < 1) and the value —1 with probability ¢ = 1 — p. The
events {X,, = 1} and {X,, = —1} are treated, respectively, as a success and a failure of the ¢-th
Bernoulli trial. Let S,, = ZZ":I X;. The walker can return to the starting point 0 in even number of
steps. If p > 1/2, then S,, — co asn — 00, S;, - —oco0 asn — oo if p < 1/2 and S,, oscillates
between —oo and +o0 if p = 1/2.

2 Main Results

2.1 Asymmetric random walks (p # q)

Example 2.1.

4!
P(S7=511)=PXs+Xo+ X100+ X1 =0)=P(S, =0) = ﬁ]ﬁqz = 6p*q?

* Corresponding author
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P(S7:—1,51323):P(X1+X2+"'—|-X7=—1,X8+X9+~-~+X13=4)
7!

= P(S7;=—1)P(Sg =4) = i’

6!
3q4§p5q — 210p%¢°

P(Sy=-2,510=2)=P(X1+Xo+ X3+ Xy = -2, X5+ X+ ... + X10=4)
4! 6! -
= P(Sy = —2)P(Ss = 4) = gpq‘q’gp"q = 24p°¢*
We have

E(X;) =2p—1and Var(X;) = 4p(1 — p), and
E(Sn) = n(2p — 1), Var(Sy,) = 4np(1 — p).

To return to the starting place 0, there must be even number of steps. Let /5, be the number of steps
of length 2n. We will have

2n (2n)! (2n — 2)!
B =1 = =2(2n — 1) —— " = 2(2n — Dlay—2.
lan, (n)’ lo =1, and nly, =n oy (2n )(n— il ) (2n — 1)lap_s

Let L(s) be the generating function of ls,,, then

> 1
L(s) = lnsz“’:i.
() 22 /1—482

Let P(s) be the probability generating function of the return to the origin 0, then

n=0

oo 1
P = l n o™ = —_——,
(s) n§:O 20" q T

Let t5,, be the number of steps to return to O for the first time, then

lop = Z torlon—ok-
k=0
Let T'(s) be the generating function of ¢,,, then we will have

L(s) = 1= LT(s), T(s) = 1= s = 1= VI= 4%, and ta, = g (3;)

and the probability of returning first time from 2n steps is t2,p"¢"™. Let T*(s) be the probability
generating function of first time return to the origin, then

T*(s) =1—+/1—4pgs?.

The probability of first time return to O is

T"(1)=1-+1—-4pg=1—[p—gql|
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Thus if p = g, then probability 1 that the walker will return to the origin. The probability p° of no
return to the origin is |p — ¢|. Let py be the probability that the walker will ever reach x = k (k > 0),
then by Markov property p* = (p1)*. Thus

p1=p+aqpa and pr = p+q(p1)*.

We can write

) -2+ 2 =0
q q
The solution of the above equation is

1 P 1—+1—4pq 1 ifp > ¢,
S e -
q .
p/q ifp<q
E
We will have, if p < ¢, then p* = (%’) and p* = 1if p > q. Let ¢x(t) be the characteristic
function of X;; then
¢x(t) =cost+i(p— q)sint.
Let ¢ 5, (t) be the characteristic function of .S, (), then
¢s, (t) = (cost + i(p — ¢q) sint)™.

From the above expression, we obtain

d ,
= B(S) = 10 (65, ()] _y = tnlcost +ip— q)sint)"}(=sint +i(p — g)cos)|,_, = n(p— 1)

1 d?

Ho = B(S7) = =25 (65,(1)]

%2 [n(n —1)(cost +i(p — q) sint)"*(—sint — i(p — q) cost)?
+ n(cost +i(p — q)sint)" ' (—cost — i(p — q) sint)] ‘t:O =nn—1)p-9*+n
Var(S,) = n(n = 1)(p — q)* +n — (n(p — q))> = n — n(p — q) = 4npq
P(S, = k|So = a) = P(S, = k+b|So =n+k).Sytm — Sm has the same distribution as
Sn — So.

Lemma 2.1. Ifp # 1/2, then the random walk is transient.

Proof. Let J,, be the indicator variable that the walker returns to the starting point 0. The total
number of visits to the origin is given by V' = Zoo: Jj. Now

=>_E(J)) ZPS%—O Z( ),'p"q":(1—4pq>‘1/2. @
o !

For p # 1/2, (1 — 4pq)~'/? is finite. Thus the random walk for p # 1/2 is transient.
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2.1.1 The Gambler’s ruin problem.

Suppose g, be the probability of a gambler’s = stack reaches zero before it reaches M, given that
initial stack is k. We have the condition g, = 1 and ¢); = 0. Now

Tk = PQk+1 + qqk—1 and p(gr+1 — qx) = ¢(qk — Qk—1), (2.2)

i€, o1 — qp = 2(qk — qr—1)- Itis easy to see g1 — g = (2)*(q1 — o). Now

>tHn

M-1 M—-1 q M—1 7 (H)M _ 1
—l=qu—q = Z(Qk+1_Qk) = Z(*)k((h—%) = (91— ) (=) (q1—qo0) ?2) 1
k=0 k=0 P k=0 P P
Thus
(01— t0) = — B
1= 4o
@71
Now for any z,1 < z < M,
z—1 z—1 q\z q q4\z a\z
@ (9 -1 (H-1 (D -1 (-1
4=—qo0 :Z(Qk—&-l*QO (@1—40 Z I~ ) Y - Ty )
2 2.4, (O-1 @V -1(H-1 (¥ -1
We have . o\ .
=1 (1) -1 :(;) = (3)
z M _ oM _1
(O =1~ (D71
forp=q,q. = (M —2)/M.
Th Lo limy oo 220 N(0, 1
eorem imy,_, o nos) — N(0,1).
Proof.
Sn —n(p—q) 2kt (X =P +4) —~ (Xy —p+aq)
FElexpli—————=)) =F|exp |1 = F( exp (it e
(o0 (=25 ey ) = (o (=7 ) ) = B e (1325200 ) )
Xk—P+Q) ]
= E exp|
(eor (i 7))
= p{cos t—i—zsm } {cos_zpt—isin_Qp
2\/ npq \/ npq) (npq) 2/(npq
(29)° L g L =2p r
= |p(1— ql1l— + pit —qit +teén| ,
( 8npq ) ( 8npq) (npq) 24/ (npq)
where e, = 0(n?) - = (1 — 5—2 +en)". Now
12 2
dim (1= o +en)t =em 7.

Thus lim,,_, o 22—22=0 _ (0, 1) in distribution.

24/(npq)
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2.2 Symmetric random variable p = ¢

Table|[T] gives an indication of probabilities of one dimensional random walk.

Table 1: Probabilities of 4 symmetric random walk on integer line.

J -4 -3 -2 -1 0 1 2 3 4
P(So = j) 1

P(S1 = j) 3 3

P(S2 = j) 3 b 3

P(S3 = j) 3 3% 5 3
PSs=3) 5 31 3t 31 3T

Lemma 2.2 (Weak law of large numbers). Sn — 0asn — oo

Proof. Using the Chebyshev’s inequality, we have for a given e,

Sn L 1Sn 1
P(‘?|26)§?E(‘?’)2:@—»0, as n —» oo.

Theorem 2. % — N(0, 1) in distribution as n — oo.

Proof. Let v, (t) be the characteristic function of % We will have

Sn g it ¢ it X, N t n
pn(t) = E(eV"™) = B(eve == %) = [B(evr™)]" = [eos( )]
t2 4 n 2
:[1—%4'@"‘1‘”'} —» e 2 asn —» 0o

Thus j% — N(0,1) in distribution as n — oc.
Theorem 3. P(Sl #O,SQ #O,...,Sgn #0) :P(Sl Z O,Sg Z O,...,Sgn Z 0)

Proof. P(51%0,52%0,...,52717&0):213(51>0,SQ>0,...,SQTL>O)
Now

P(Sl > 0,5 >O7...,52n>0>=P(51 :1)P(SQ >O,...,Sgn>0|51 :1)
= P(8; = 1)P(Sy — 1 > 0,..., 8, — Sy >0)

1
=§P(S1 >0,58 >0,...,5,-1>0)

Since So,,_1 is odd, we must have So,,—1 > 1 and S5, > 0.
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Thus
P(51>0,5>0,...,5,-1>0)= %P(Sl >0,5,>0,...,5m-1 > 0,5, >0.
Hence
P(S5;>0,5>0,...,5,>0)= %P(Sl >0,5 >0,...,5p,-1>0,5, >0),and
P(S1 #0,52#0,...,5, #0) = P(S; >0,52 >0,...,52, >0).
Theorem 4. P(S; # 0,52 #0,...,S2, #0) = P(S2, =0).
Proof.

P(Sl750,52#0,.‘.,Szn7£0):2p(31>0,52>0,...,52n>0)

=23 P(S1>0,8 >0,...,5, =2r)

r=1

=) O

r=1

2n—1\ 1 2n\ 1
) ()i

Let N,,(a,b) be the number of path from a, b in n steps. N,}(a, b) be the number of path from a, b
in n steps without visiting 0.

Theorem 5. N, (0,k) = £N,(0,k).
Proof.
N, (0,k) = Nyp—1(1,k) = N1 (=1,k) = | (ngn) 1)~ @R
2 2

Let ((n + k)/2 = v, then

N (0. k) = (Z: i) - (n . 1) = f?)!_(;)i o u!(fln__vlz!n!

v n! n—uv n! B n! (v n—v)_ n! 20—mn
~ nol(n—v)! n vl(n—ov) oln—-v)'n n ' vln-v)! n
k n! k n! k

T nln—o)l o (mEy(nsky T —Na(0, k)

Theorem 6. Let E,, be the expected distance of walker in n steps, then

(2n — ! (2n+ 1!
(2n —2)!! @)t

where !l = 1(3)(5) - - - z, if x is odd and x!! = 2(4)(6) - - - x, if x is even.

|E2n| == and |E2n+1| =



53

On Some Inferences of Random Walks

Proof.
|Eap| = izkp(|52n| = 2k) zn: i
nJrk — k)l 22n—2
k=1 k=1
L (2n)! & 2k - (2n). n+1 ~ (2n—1)
2l k)ln—k)! 2T+ Dln—1)  (2n-2)
and
= = 2(2n + 1)! 2k +1
E =Y 2k+1)P =2k +1)=
| 2n+1| ;( k+ ) (|52n+1| k+ ) — (n+k+1)!(n—/€)! 922n+1
2n—|—1 z": 2k + 1 S @2n+1)! 1 (2n+)
n+k+Din—k)! 22 ()2 (2n)!

k:O

| Eay| and | E,, 1| are the coefficients respectively in the series (1 — 2)~3/2, where

2n-1 ., (2n+DH!!

3 15
1) 32=-14+2 i O B Sl
(1-=) tyrt Tt gy an” el

Theorem 7. Let fo,, be the probability to return to O for the first time in 2n steps and us, be the
probability to return to 0 in 2n steps. We have

Uon = foUon + fouon—2 + -+ fonuo

Let F(s) and U(s) be the generating functions of fa, and uoy, respectively. Then U(s) =

U(s)F(s)+1land F(s) =1— U(S)

= (2n)! 5" 1/2

U(S)ZXU:WW = (1=,
Uay, IS the coefficient of s” from U(s) and it is (j&)!! 22%,
F(s)=1—(1-s)Y2

where fo, is the coefficient of s™ from F(s) and it is 2n1 T (j,nn),! -5z - For large n,

f 1 1

T on— 1
Let To be the first time that the walker returns to origin 0 in 2n steps. Then P(1g = 2n) = fo, =

L Thus,

2n— lx/ﬁ
/001\/>_3/2dm_ () 7
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Theorem 8.

f2n = U2n—2 — U2n

Proof. We have,

_one2y 1 my I (2n—2)! 1 (2n)! 1
Ugp—2 — Uzn = (27 )22n—2 - (5 )ﬁ - (n—1)!(n—1) 2272 o (n)'(n)ZT"
B (2n —2)! 1 1 (2n)(2n —1)
T (n—1D(n—1) gz~ )
o @2-2) 1 1 () 1 1 1 B
T D - D12 220~ e 1) Al 22~ 2p 12 =
We can write ug, = (2") 537 = (—1)”(77%); where
(—1)"(3) = (D)"(=3)(-5-D(3-2)(-5-3) (-3 —n+ 1)7 n—2.4.6,...

1 @201 1
n — = (-1 il 7’2L
F2 2n — 1 nln! 22n (=1) (3),

(71)n+1(;%) _ (1)n+1(%)(% - 1)(% _i)'(% — 3) s (% —n+ 1)

The following theorem gives an alternative proof of Theorem 3.

Theorem 9. P(S; #0,52 #0,...,S5, #0) = P(Sa, =0).

n=246,...

Proof.
1—(fao+fat - Ffon)=1—(1 —ug+ug —ug+ -+ Uop_2 — Uzp) = Uap.

Thus
P(S1#0,5#0,---,5, #0) = P(Ss, =0).

Theorem 10. Let W be the waiting time of first return to the origin 0, then

> = 2n (2n) & 1 =1
EW) = 2 = ~ > = 0.
(W) nz::l nfan nzz:l 2n — 1 nln! 112::2 NN nZ::Z ny/m >

Theorem 11. Let Ay, be the first visit from 0 to k (k > 0) in n steps, then P(Ay) = %((nT—Li-k)/Q)%'

Proof. 1t follows from Theorem 3 that

P(A) = SP(S, = k) = © !

= E((n’r—l&-k)/2)27n'

Note, n — k > 0 and n — k is even. Let
Oén:P(Sl SO,SQﬁO,...,Sn_l §0,5n>0)
Bn:P(Sl 20,52207...7571,1 ZO,Sn<O),'I’L:173,57...
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then
2n)! 1 1 C(n)

nin! 22nt+lp 41 220417

where C(n) is the catalan number. It can be shown easily that ) > 2027%)1 = 1 The catalan number

C'(n) is the number of steps of the simple random walk leading to the first epoch. The generating
A(s) functions of a, and of 3,,) is

Qoan41 = 52n+1 =

1-/(I-#2)

o0
A(S) _ Za2n+132n+1 _

n=0

Theorem 12. Suppose X,,,n = 1,2,... be a simple symmetric random walk on the one dimension
integer lattice 7 and (F},),>0 be natural filtration, then the followings are true:

(i) Y, = S% — n is a martingale.
(ii) Z, = S2 — 3nS,, is a martingale.
Proof. @)
E(Xn+1|Fn) = E(Xn + Xn+1|Fn> =Xn
E(YisrFa) = B(S241 — (n+ 1)|F) = B((S2 428, X1 + X20y —n—1)|F) =2 —n=1"
(1)
E(Zpi1|Fo) = E(Sp 11 — 3(n 4+ 1)Sni1|Fp) = E((Sn + Xn+1)® = 3(n+ 1)(Sn + Xnt1) | Fp)
= B(S2 4352 Xn41 + 35, X7 1 + X2 — 3(n+1)(Sp 4+ Xns1)|Fy)
= Sf; - 3nS,, = Z,.
2.3 The maximum and minimum of a symmetric random walk

Let
M"™ = max(0, 51,52, ...,5,) and m"™ = min(0, Sy, Sa, ..., Sn).

The following theorem was given by Gut (2008).
Theorem 13. (i) If the random walk drifts to 4+00, then

M"™ 225 400 and m"™ 225 m = min S, > —00, asn — 0o,

(ii) If the random walk drifts to —oo, then

M™ 225 M =sup S, < 0o a.s. and m™ =25 —00, asn — 00,
n>0
(iii) If the random walk is oscillating, then

a.s.

M™ 225 400 and m™ 225 —00, asn — 0o.
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Pélya (1921) gave the following excellent theorem.

Theorem 14. A simple (symmetric) random walk in dimension 7. is recurrent if d = 1 or 2 and
transient if d > 3.

Proof. Letd = 1, then

o @)1
P(San =00 =it g2
Using Stirling’s approximation to n!, we have
(2n)! 1 1
nln! 220 /mn’

Therefore

ZP(SQnZO):OO.

n=0
Thus the random walk is recurrent. Let d = 2. Let S3,, = 0 be the number of steps of the walker to
return to the starting point 0, then

n

s 1 2n)! 1 (2n)°
P(Szn_o)_ﬁ;k!k!(n—k)!_ﬁ n
=0

Using Stirling’s approximation, we have
1 /2n\® 1
420 \ n ™

Z P(S3, =0) = cc.
n=0

Thus

Hence the random walk is recurrent. Let d = 3, then

1 1 n! S n! ¢
P(S3 =0)=—(2n)! - " ) < —Oo)))— <
(520 = 0) = 55, (2n) ]z,; (3”j!k!(n—j—k')!) < 2 (21 3n(2)8 w32
where c is a constant. Thus

> P(S83, =0) < oo.
n=1

Hence the random walk is transient. Let d > 3. Suppose ug, be the probability of the walker to
return to the origin 0. It can be shown that u3¢ < u3, . Thus

o0 o0
} : 2d } : 3

Us, < Uy, < 00.
k=1 k=1

Thus the random walk for d > 3 dimensions is transient. O
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3 Travel Times

Let £7'F = F (the time taken to go from j to k). We have

Ep1=1

1 1 3 1
Eio=14+=-FEyo=1+=(E Eis)=-+-F
1,2 +2 0,2 +2( 0,1+ Er2) 2+2 1,2

E172:3andE0,2:4.
We have
Byg =1+ sBrg=1+ ~(Erg + Fas) = 0 + 2B
2,3 = 5 t13 = 51,2 23) = 5 T 523
So Ey 3 = 5. Thus for k = 1,2, 3, we have

By 1, =2k—1, FEoi=Fk

Suppose that relation holds for k < n,
2n—1
2

1 1
En,nJrl =1+ iEnfl,rH»l =1+ i(Enfl,n + En,nJrl) =1+ iEn,nJrl'

Thus
En,n+1 =2n+1

EO,n-&-l = EO,n + En,n+1 = ’H,Q +2n+4+1= (n + 1)2

4 Characteristic Function

Let Sff = X1+ X9 + ...+ X, be for a simple random walk in dimension 7Z%. We have the
characteristic function ¢ x (1) (¢) of X is

d d
1 ” 1
dx1)(0) = B(e™®) = =24 E e ) = P E cos ;.
i=1 i=1

The characteristic function ¢g(,,)(¢) of S is

E(e ZSd (dZCosﬂ)

Let S¢ be the position of the walker at the n-th step, then

Psi=0) = (5) [ e oo

n n d 2n
1 T 1 (1
P(Szdn =0)= <27T) [ Ps(ny(0)d0 = (%) [ <d Zcos 9i> do;

1 (7 2n)! 1
P(S3, =0) = %/ cos?" 0df = @n)t
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For d = 1, we obtain ¢y, (t) as
¢S(n) (t) = cos" ¢

Differentiating the above expression and putting § = 0, we obtain
pr =0, p2 =, g = 0, g = n(3n — 2), s = 0, g = n(15n* — 30n + 16),

pr =0, ug = n(105n> — 420n? + 5851 — 272), g = 0 and
1o = n(945n* — 630013 + 18960n — 238201 + 7936).

It is easy to see that £ coincides with the moments of N (0, 1).

P(s" = j) = - /ﬂ ¢ cos™ 96 — - (1 4+ (—1)mH)
E, K () ()
1 (2n)!
2n o
P(§™ =0) = 220 plp!l”

Var(|Sa, 1
= (|22|): 5 —0 asn — oo.
2nln“n In“n

P(S*" > V2nlnn)

Lemmad4.l. If X = (X1, Xs,...,Xq) isa Z4 valued random vector, then

— _ 1 —iz6 4 d
P(X = x) = W /(ﬂ_’ﬂ_)d & ¢X(9)d9

Proof. Since % (0) = E(e'™%) =37 ;0 P(X = y)e'?, we have

/( y e 0%l (0)dh = / e " P(X = y)e’do

— d
(=m,m) yezd

Interchanging the sum and integrals, we obtain

/( y e—1w9¢§(<9)d9 — Z P(X _ y)/( . e—i(y—ﬂc)ede

yeZa

and if z,y € Z4, then

Thus
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5 Brownian Motion

A stochastic (one dimensional) Wiener process (also called Brownian motion) is a stochastic process
(W;) indexed by non-negative numbers ¢ with the following properties:

i) Wy =0.
(i1) With probability 1, W, is continuous in .
(iii) The process (W;) has stationary independent increments.

(iv) The increment W, — W, has the normal N (0, ¢) distribution.
Consider the random walks independent variables, X;, 7 = 1, 2, ... with as follows

X; = V/6 with probability (1/2) and = —v/§ with probability (1/2)
E(X;) =0 and Var(X;) = 4.

We define the process W; as follows. Let Wy = 0and nd = ¢, W, = W,5 = 2?21 X;.
We have
E(Wy) =0 and Var(W;) = nd = t.

We can now take the continuous limit to see that the random walk W; converges to a continuous
stochastic process called Brownian motion. For any ¢ € (0,00), asn — 00, § — 0 and nd = t.
Thus by central limit theorem the distribution of W (¢) is N (0, t).
For t1 = n160 and to = nyd for 0 < t; < t9, we have
mn1 na
W(t) = W(nio) = > Xi, W(ts) = W(n2d) = > X;
i=1

i=1

W(tz) = W(t1) = 22: Xi.

i=ni+1

Therefore
E(W(tQ) — W(t1)) =0 and Var(W(tg) — W(t1)) = (’I”LQ — n1)5 = tQ — tl.

Thus W (t) has stationary independent increments and for any ¢ € (0,00) and s € (0,00), the
distribution of Wy, , — W is N (0, ¢) distribution. Hence W (¢) is a Brownian motion.

6 Pearsonian Random Walk

In 1905 Pearson proposed the following: ”A man starts from a point 0 and walks one step in a
straight line, then he turns any angle whatever and walks one step in a straight line. I require the
probability that after n steps he will be at a distance r and r + dr from the starting point 0”. Let
X (n) be the distance traveled in n steps.
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Kluyver (1908) gave the probability density (pdf) of X (n). The pdf p,,(z) of X (n) is given as
n
pn(x) = / xtJo(at)(Jo(t))"dt, 0<z<n, 6.1)
0

where Jy(¢) is the Bessel function of first kind and zero order.
The solution of (6.1)) for n = 2 is

2
po(z) = —(4— 372)_1/2, 0<z<2.
T

Forn = 3: 3 Lo )
2V3 =z 7,5 , 2%+ 3x
S 3 {3 3 0< <3}
pe(r) = == g 2B [P (), r=
For n = 4:
2 V16— 22 111 7116 —22)*
p4(96)—ﬁ 5 2[25272( T >}7 0<z<4,
6°6
where

a3, 0 N (@)k(a2)k - (ap)e 2t
qu (ﬁlaﬁ%"‘vﬁq(x))_z !

with (@), = a(a+1)...(a +k—1).
Rayleigh (1905a, 1905b) showed that for n > 5, p,, () is close to f,,(z), where

Let p!. be the r-th moment of X (2), then

2 ) 1 9
ui~=/ x“(4—a:2)*1/2dx=/ Zomw™ (1 — w?) "V 2dw
0 0

™ 7T
= %F <;r + ;) ra)/r <;r + 1)
For r = 2m ) o2m ) (2m)!
e = TF <m + 2) /Tlm+1) = m!m!
Table 2: Moments of 5.
r 1 2 3 4 5 6 7 8 9 10

wy 031831 2 33953 6 10.865 20 37.251 70 13245 252

We can also write )
2
,u’zz/ 29w (1 — w?) ™Y 2dw
0 T
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Let u = cos /2, then
1 1
[y = / 2" cos” 76 /2df = / (4 — 4sin® 760/2)"/2d6
0 0

! 1
= / (24 2cos 2779)r/2d6 _ / 1+ 62”9]”/2d0
0 0

Borwein et al. (2010) showed that for any n > 2,

i L

n—1

1+ Z 2‘Mkml‘| dﬂ?ldl‘g dl‘n 1

Now

n—1
’1 + Z 627Tik£ri
k=1

= {(1 + o8 2Ly + o8 2Ty + - - - + €08 2mxy,_1)>

1/2
+ (sin 2wxq + sin 27w + - - - + sin 27r1:n_1)2}

= [n + 2 E €08 2Tx; COS 27T
1<i<j<n—1

n—1 1/2
+2 Z sin 27x; sin 27w + 2 Z cos Qﬂxj]

1<i<j<n—1 j=1

_ n—1 1/2
=|n+2 Z cos2m(z; — x;) +22cos27rxj}

) 1<i<j<n—1 j=1

- n—1 1/2
=[ntr2 3 (1fQSiHQW(xi—:z:j))JrQZ(lf?Sin%rxj)}

) 1<i<j<n-1 j=1

- 1/2
=|n?>—-4 Z sin? m( —4 Z sin wxj} .

) 1<i<j<n-—1

Thus

r/2
sin? m(x; — ;) —4 Z sin mcj} dry...dr,_1. (6.2)

i [ f e

For n = 3, we have the 7-th moment p5 as

1<z<]<n 1

1
iz = / / [14 ke 4 eQ”i””Q]T/Q dz1dry
o Jo

= / / [9 — 4(sin® ) + sin® Ty + sin® (2 — wg))]r/z dxidzs.
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For even moments m > 1,0 < my,mg, m3 < m,

2
|
om m:
Hs Z <m1'm2'm3')

mi+mat+ms=m

05 1

PDF
04T
-
34 N\
03 N
\
’ \
02 / N\
/) A\
y/
ut,
0.0 i =
0 1 2 3 4 5
X
Figure 1: PDF ps(z) (solid) and f5(z) (dash)
Table 3: Moments 15
T 1 2 3 4 5 6 7 8 9 10

py  1.5732 3 53417 15 36.7052 93 2415440 639 1714.62 4653

For even moments m > 1,

2
|
5 m)!
pi = E <|l|> , where 0 < mq,mag,...,m, <m.
_ my1:mol---My.:
mi+ma+--+mp=m

On simplification we obtain
[ =n,
pt =2n? —n
pl =6n —9n? +4n
ud = 24n* — 7203 + 9602 — 33n
ph0 = 12005 — 600n* + 125013 — 122512 + 456n.

Straub (2010) gave the following alternative for r-th moment of PWR(n):
r/2

1,1 1
I / / e / n?—4 Z sin? m(z; — x;) dridzy . ..dz, (6.3)
o Jo 0

i<j<n
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The integrals given in and will give the same result.

cpF T
09 +
08 T
07 T
06 T Y/,
05 T Y
04 T 7/
03 T
02 T

01T

0.0

[

0 1

Figure 2: CDFs Ps(x) (solid) and F5(z) (dash)

For some interesting results on Pearsonian random walk, see|Borwein et al. (2010). The graphs
in Figures [[|and [2) were produced using Scientific Workplace 5.5.
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