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SUMMARY

The estimation of finite population mean is always of interest for different sampling tech-
niques and it is the basic measure to find from sample to estimate one the most applicable
central tendency. In literature, under simple random sampling without replacement people
used auxiliary variable, its rank or empirical distribution function in different estimation
approaches such as regression, ratio, exponential or combination of these to improve the
efficiency of the estimator. In literature, either rank or empirical distribution function have
been used while constructing the estimator because both cannot be used due to the fact
that empirical distribution function of a variable is based on its rank, therefore, both are
perfectly correlated. In this paper, our argument is that the dual use is not effective rather
an additional independent auxiliary variable may be effective for efficiency improvement.
To investigate this, we proposed difference-cum-exponential estimator using two auxiliary
variables and also the dual use of one of the auxiliary variable in the form of its empiri-
cal distribution function. We also deduced some special cases of the proposed estimator.
These special cases will help us to investigate the argument. The mean square errors of
the proposed estimator and its special cases are derived. The proposed estimator, its spe-
cial cases and potential existing estimators are compared using empirical study based on
real life population for numerical investigation of the argument. The simulation study is
also conducted for symmetric and skewed populations to asses the sampling stability of the
competitive estimators using empirical mean square error and also it will help to further
investigate the argument.

Keywords and phrases: finite population mean, difference-cum-exponential estimator, em-
pirical distribution function, auxiliary variable.

* Corresponding author
© Institute of Statistical Research and Training (ISRT), University of Dhaka, Dhaka 1000, Bangladesh.



82 Khan et al.

1 Introduction

Sampling theory is a fundamental aspect of statistical research that enables researchers to draw infer-
ences about population parameters from data collected from a finite population. The incorporation
of auxiliary variables have been widely recognized as a valuable technique to improve the precision
of estimators. Traditional auxiliary variables are typically used to reduce sampling errors and en-
hance the efficiency of estimators. However, recent research has explored alternative approaches,
such as the utilization of rank or the empirical distribution function as a dual auxiliary variable, to
further enhance the estimation process.

The empirical distribution function (EDF) is a non-parametric estimator of the cumulative dis-
tribution function, based on the observed values of the auxiliary variable in the sample. It has been
applied in various statistical methods, such as hypothesis testing, goodness-of-fit tests and bootstrap
procedures. The empirical distribution function is particularly useful when the underlying distri-
bution of the auxiliary variable is unknown or difficult to model accurately. Several related papers
have been investigated those used the empirical distribution function as a dual auxiliary variable in
the context of survey sampling and finite population studies. Mak and Kuk (1993) proposed es-
timators for the population parameter using auxiliary variable and demonstrating its effectiveness
in reducing bias and improving efficiency. Pandey et al. (2021) extended the application of auxil-
iary variable to address the issue of non-response in survey sampling, it has potential in handling
missing data and improving estimations in the presence of non-response. Zaman and Kadilar (2021)
introduced regression-type estimators for the finite population mean, leveraging the information em-
bedded in empirical distribution function to enhance estimation precision. Singh and Solanki (2013)
were among the early researchers to explore the utilization of the rank as a dual auxiliary variable
in ratio type estimators. They proposed a novel rank-based ratio estimator for estimating the finite
population mean. The rank-based ratio estimator is more precised in comparison to traditional ra-
tio estimators using conventional auxiliary variables. Kadilar and Cingi (2006) explored the dual
use of the rank of the auxiliary variable and proposed a hybrid estimator that combined ratio and
regression estimators. Moreover, Haq et al. (2017) introduced a rank-based calibration estimator,
leveraging the rank of the auxiliary variable to adjust estimations for finite population mean. Hussain
et al. (2022) proposed a difference-cum-exponential estimator using empirical distribution function,
which achieved more efficiency compared to conventional estimators.

The above researches claim that the dual use of auxiliary variables in improving the efficiency,
but we argue otherwise. Our argument is based on the fact that the dual use of auxiliary vari-
ables may be ineffective due to redundancy, increased dependency, and added complexity. Highly
correlated auxiliary variables often provide overlapping information, limiting efficiency gains. In
contrast, a well-chosen independent auxiliary variable may offer greater efficiency without unnec-
essary complexity. Therefore, we proposed difference-cum-exponential estimator that utilizes two
auxiliary variables X and Z and the dual use of X only in the form of its empirical distribution
function. We will deduce the special cases from this estimator (i) using on X, (ii) using X with
its empirical distribution function and (iii) using X and Z. The pairwise comparison between these
estimators and with existing estimators will help us to investigate our argument properly.

After preliminary section, in section two we provide latest simple and shrinkage estimators avail-
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able in literature along with their mean square errors. In section three, we proposed shrinkage
difference-cum-exponential type estimator using empirical distribution function as dual of auxiliary
variable and derived its minimum mean square error (MSE) by minimizing the optimizing constants.
The special cases of the estimator are also discussed in this section. Simulation study in given in
section 5, application of the proposed estimator to real-life data sets is in section six, and finally
section seven concludes the work and discusses potential future research directions.

2 Preliminaries

In a sample survey we decide on certain properties that we attempt to measure and record for ev-
ery unit that comes into the sample. These properties of the units are referred to as characteristics
or, more simply, as items. The values obtained for any specific item ¥ in the N units that com-
prise the population are denoted by ¥1, y2, ..., yn- The corresponding values for the units in the
sample are denoted by i, y2, ..., yn. Suppose the characteristic y is study variable and = and
z are two auxiliary variables and it is assumed that both auxiliary variables have high correlation
with study variable. Let the values of x for IV units in the population are zi, z2,...,zN and
the corresponding values for the units in the sample are denoted by z;, x2, ..., x,. Moreover, let
fors foos foss - - -, fzy denote the values of empirical distribution function of auxiliary variable Sim-
ilarly the values of x for IV units in the population are z;, z», ...,z and the corresponding values
for the units in the sample are denoted by 21, 29, ..., z,. The population and sample characteristics
for study and auxiliary variables are listed in Table A1 and given in Appendix .

In order to derive MSE of estimators, we define the following errors terms. Let

co=7-Y, ee=2—X,es=f,—Fyandey =2 — Z. 2.1

Suppose Y, X and Z are population mean of Y, X and Z respectively, C,,, C, and C, are population
coefficient of variations of Y, X and Z respectively, py., py- and p,. are population coefficient of
correlations Y and X, Y and Z, and X and Z respectively, and 7 = (N —n)/Nn is finite population
correction factor.

Then under simple random sampling without replacement, we have

E(eo) = E(e1) = E(e2) = E(es) = 0,

E() = Y202 E(e3) =1X%C2, E(é}) = TF2CF , E(e3) = 72%C?
E(eper) = 7Y XCyCopys, Eleoes) = 7V FCyChr, pyr. , 22)
E(eoes) = 7Y ZCyClpys, E(e1€3) = TXF,CoCr, pur, .

E(ere9) = TXZC,C.pys, E(e2e3) = TF, ZCp, Cpr, -
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3 Some Known Estimators

In this section, we have provided the some available estimators already used for estimating the finite
population mean. The variance and MSEs of these estimators are given up-to first order approxima-
tion.

The mean per unit estimator based on simple random sampling without replacement is

ty=7=Y yi/nwith MSE(t)) = 755 = 7V>C}. (3.1)
i=1
Cochran (1953) suggested the following regression estimator for population mean Y using an aux-
iliary variable X

ty = + Bya(X — @) with MSE(ty) = 7Y?C2(1 - p2,). (3.2)

The difference estimator, suggested by Hansen et al. (1942) and independently Tripathi (1970) is

ty =5 —d(z — X), (3.3)

where d is optimizing constant and its optimum value which minimizes MSE is 3,,.. The minimum
MSE of t3 is same as for ¢5.
Searls (1964) presented the following modified version of mean per unit estimator and named as
shrinkage estimator:
ta =ky 3.4

where k is a constant, which is determined by minimizing mean square error of 4. The optimum
value of % is (1 +7C7)~" and then the minimum MSE of ¢, is

_ Y2MSE(ty)
MSE(t) = 353 5E ()

Riaz et al. (2014) proposed the following estimator
ts = dij + do(X — Z), (3.5)

where d; and ds are optimizing constants and the optimum values of d; and ds which minimizes the
MSE are d; = Y2(Y? + MSE(t3))~" and dy = B,,d; respectively. Then the minimum MSE is

_ Y2MSE(t3)
MSE() = 52 375 B (1)

Yaqoob, et al. (2017) proposed the following estimator using rank of auxiliary variable along with
auxiliary variable itself and called it dual use of auxiliary variable

te =9+ (X —Z) + m2(Ry — 72), (3.6)
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where 71 and 7o are optimizing constants and the optimum values of 7; and 72 are

Y Bye — Byr.Bar. Y Byr, — Byr.Bzr.
= 5 , T2 = = X 2 .
X 1_pxRI RI ]‘_szz

or we may write as

Y Cy |Ryzlys Y ¢, IR -

X Cm |R‘£ERT ’ Rz C'Rac |R|1‘RT ’
where
1 PzR, Pyx  PzR, Pyz 1
|R1RT| = ) |Ry'c|yxR, = 7|Rsz‘yame =

Then the minimum MSE of t¢ is

2 2
_ + -2
MSE(tG) _ TY2C'§(1 . pi.sz), where p;rrm _ Py pyR; - pfy:rpsz PzR, '

TR,

Hussain et al. (2022) also proposed the following class of regression-cum-exponential estimator
using empirical distribution function as a dual use of auxiliary variable as:

ty = (A1Y+A2(X_f() +A3(F_ﬁ)) exp <“(X_X)> 3.7)
a(X+X)+2b

where A1, A2, and A3 are the optimizing constants which minimize the MSE of the proposed class.
Moreover, a and b are generalising constants to produced various members of the suggested class.
Hussain et al. (2022) produced ten members of the class (named here t71, t72, ... ,tgg) for different
values of a and b, e.g. population correlation coefficient, moments ratio, coefficient of variation,
population total or any suitable numeric value. The optimum values A1, A2, and A3 and expression of
minimum MSE for given by Hussain et al. (2022) are complex in writing, therefore, following
Ahmad(2008), we reproduced their expressions as:

Rlyor, ]~
A = [1+TC§||R||‘“ ;] :

Y C, |Ryz|yzr,
Ao = A (D)o SRR
SRS o et |

Y Cy |Ryp,lye
As =M [(_1)2+1FC;/| y;T'z Fr} ,and

7'}7205 (1 - P;,wa) _ l:
2
1+7C2 (1 — /’y.ze)

where K = a/[2(aX +b)]. We can see that for any value of a and b the theoretical MSE is
identical and it is evident from the empirical study given by Hussain et al. (2022) that MSEs of all

1
MSE(tr) 7Y202'R'W“][1+702R'Wﬂ SER

! Rlzr, ! IRzr,
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members are same for a given population. The utility of these members is based on the availability
of population parameters used while producing the members. Therefore, there is need to conduct
simulation study to find empirical standard error to know the sampling stability of all members. In
simulation study the performance will vary and one can know the best member of the class and
then a specific member can be suggested for practical use. We have included all members in our
simulation study.

4 Proposed Difference-cum-Exponential Type Estimator

In order to develop an estimator for study variable Y, we propose the following difference-cum-
exponential type estimator using two auxiliary variables X and Z and dual use of auxiliary variable
X in the form of empirical distribution function F,. Later on we will define special cases of this
estimator with and without F); to investigate the role of dual use of auxiliary variable in improving
the efficiency of estimator and similarly with and with out Z for the role of additional auxiliary

variable ~ -
tozF = ['Yl Y+ 7T1(X - if) + 71'2(2 - 2)] exp <7T3 -ij — fr) s (41)
Fo+ fa
where 71, 71, T2 and 73 are optimizing constants to be obtained by minimizing MSE.
We can write (.1]) as
tor = [y {7+ 71 (X —2) + 75(Z — )} exp (m@ - fﬂﬂ) ,
Fy+ fa
where 7} = 71 /71 and 75 = 72 /7.
Let _ _
v = [+ 7{(X —2)+75(Z — 2)] exp <7T3Fm_f_m) , (4.2)
Fo+ fa
Therefore, R )
Yree =nY* 4.3)

In order to find MSE of )Q/Reg, first we need to find M SFE (}i/*) Therefore, considering and
using (2.1)), we can write

Y*=[YV +e —7ier —me] (1 -

))

71-32er3

As the Y* is biased, hence to the first order of approximation, the MSE can be written as:

o 2 — Y
MSE(Y*)=E(Y* —Y)? = E(e — mje1 — Thea — ’/Tgﬁtfg)z. (4.4)
For optimum values of 75, 75 and 73, we need to partially differentiate (4.4) with respect to 73, 73

and 73 then we will have the following three normal equations.

Y
E(eper) — ﬂ‘E(e% — 7y E(e1€9) — w3 5T E(e1e3) =0 4.5)

T
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Y
E(egez) — i E(e1€2) — 7T§E(e§) - 7r3—2F E(eze3) =0 (4.6)
% \ \ Vo
oF. E(eges) — mi E(e1€3) — w3 E(eg€s) — 7T3EE(€3) = 0. 4.7

Solving the above normal equations and using Result 3(ii) of Ahmad (2008), we can write the
optimum values of 7}, 75 and 73 as:

* (*1)1+1 ch |Rym‘yszm x (*1)2+1Y ‘Ry2|yszz 2 (*1)3+1 Cy|RyFm ‘yszm

ST = \ Ty = = and T = ,
10pt ch |R|wze 20pt Z |R|9L’ZFz sort CFI |R|IZFI
where
1 Pxz  PxF, Pyzx Prz  PxF,
Ru-r,| = Pz 1 PzF, | |Ryz|yszz = | pyz 1 PzF, |’
prz sz,, 1 PyFm lozFz 1
Pyz 1 Pz F, Pyz 1 Pzz
‘RyZ|yszz = | pyz Paz  PzF, v|Rsz|yach = | pyz Pz 1
PyF, PuF, 1 PyF, PxF, PzF,
Now using normal equations (@.3)), we can write (4.4) as
s * * Y
MSE(Y™") =E(eo(eg — wie1 — mhea — ﬂg—zF €3)) (4.8)
xT

- Y
MSE(Y™) = E(e%) — 7y E(ege1) — w5 (€p€a) — WgﬁE(eoeg)

_ _ __ Y __
= TYQCS —mTY XCyCorpys — m51Y ZCyCpy, — T3 FTYFszCFI pyF, (using Eq. (2.2))

. Y Cy [Ryelyoer, o Y Cy Ryslyesr o
= 7Y20?% — (=) v vrlyrEte v X o O (=) v vEWrEle oy e C.py»
T Y ( ) X C;I; |R|:1:zFI T Yy -prl ( ) Z Cz |R|szI T Y py

3+1 20@/ |RyZ‘yszz Y

= TYFICyCFI py- (using Egs. (3.7)-(3.9))

— (-1

= - Ryclyzzr, | o IRy:lyazr - IRyF, lyz:F,
— Ty202 _ TY202p ‘ YT YTzl g + TY202p YZ YTzl y _ TY2CQp r YL g |YT2L g
Y yrve |R|rsz vrvs |R‘zsz yryte ‘R|acsz

> Rlyz- . —
_ Ty2cg‘|y7Fz = 7V2C2(1 - R, . R; L Rywer),

yrzFy
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where

1 Pyz  Pyz  PyF,

Pyx .
Ry:L’FI = Pyz and |R‘y1Fz = Py Pz PzF, )
pyz Pxz 1 ,szm
pyFr

PyF, PzF, PzF, 1

Now using Result 2 of Ahmad (2008), we have
% 2 12 2
MSE(Y*)=1Y C, (1 - pylwze) .

From Theorem 2.1 of Ahmad and Hanif (2016), we can write

v 2 2 -1 2 Rlyazr o
Vg, == — = (14+7C; (1 —p .1 =|1+7C Chak:
" V24 MSE(YY) | v (= Pyazr )] ! R[ezr,
Now 71, = T, Vo> M20p = M3, ,Vop a0d 3, = 75 71, Again using Theorem 2.1 of

Ahmad and Hanif (2016), we can write

VZMSE(Y*)  tYV2C2(1-p2,.p)

MSEO t(tzzF):, = =
Y V24 MSE(Y*) 1+7Ci(1—p2,.p)
< R| zzF, |R| xzF, -t
= |rrecaiglee| [y gttt | 49
|: Y |R‘szz Y |R|szm ( )

4.1 Special cases

In this section, we define three different estimators based on the available auxiliary information.
Each estimator incorporates different combinations of the auxiliary variable X, its rank R,, and its
empirical distribution function F, to investigate the role of dual use of auxiliary variable.

4.1.1 Estimator Using X

te=[my+m@-X)], (4.10)
The 7y, = ngpﬂlom where,
Y Cy Ry lye Rly.] "
* _ 1+1 Yy Yyx|yxr _ 2 yx
T, = (1) T = C. Rl and v;,,, = [1 +7C, R, .

The corresponding MSE is given by

o 2 | Rlys R|,. |
MSE,(t,) = {TYQCEHR“?J } {1+¢C§||R||y } . 4.11)
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4.1.2 Estimator Using X and Z
tmz: ["Yl y+7T1(Xf‘f)+7T3(fo)j|, (412)

— *
The Tlopt — ﬂ—lopt Vopts  T3ope

by

— X 1 1
=3, V1> Where the optimum values of 7y and 73 are given

1+1X& ‘Rya:|yrZ 3+1X&|Ry2‘yrz

o= (=1 _ dmi =(-1 = . 4.13
T = VTR G, R, e = O 7, TR, @19
an the optimum value of v, is
R| xZ !
L= |14 7C? Rly ]
e { Y Rlaz
The corresponding MSE is given by
22 [ Rlya o Ry
MSE,p(te.) = {TWC? 1+ 7C" ) (4.14)
: ! IRz Y IRz
4.1.3 Estimator Using X and EDF F,
v Fz - f_z
tyr = 0 X -z = — |, 4.15
F=|mg+m( )| exp (sz-i-fz) (4.15)

. . . .
The m1,,, = 71, Viope> Tdope = T4, V1ope» Where the optimum values of 7y and 74 are given by

o (_1)1+1zﬂ |RyT|yTFT

261 |R1F |1 x F,
_ = (-1 4414y YLz | YT L g . 4.16
)( (Zr |I{|IF; ( ) ( )

*
and i, ,, = Cr. |Rlr,

x

1opt

an the optimum value of v, is

Rlyor, |7
Vopt { +7Cy R|.r,

The corresponding MSE is given by

202 Rl Rlyor, ]
MSEopi(tor) = |:TY2C'§ |RW§$} {1 +7C2 Rf/"‘;] : (4.17)

S Simulation Study

We have conducted a simulation study to compare the performance of the proposed estimator, its spe-
cial cases and estimators given in Section 2 to investigate the role of dual use of auxiliary variable X
and independent auxiliary variable Z, on the basis of their empirical MSE. For this purpose, we
used an arbitrary population of size N (= 10000). As we are dealing with two-auxiliary vari-
ables, the true values of two auxiliary variables X and Z are generated, where X ~ N(10,2)
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and Z ~ lognorm(1,0.5). The values of empirical distribution function of X are obtained using R
function ecfd() and denoted by F,. The population values of the study variable are generated using
the model Y = 10 + 2X + 2.5Z + 2.75F, + ¢, where € ~ N(0,1). The coefficients show the
direction and strength of relationship of auxiliary variables with the study variable.

The simulation study is based on S = 10000 samples. The empirical MSE of proposed estima-
tor, t1 to tg and all members of ¢7 are computed for three sample sizes 5%, 10% and 20% of N. The
empirical MSE of an estimator ¢ is computed by

MSE(t) = ~

Wl
W~

S
Z(ti —T)?, where T =
i=1

S
>t
1=1

The percent relative efficiency (PRE) of an estimator ¢; with respect to ¢; can be obtained by

MSE(t;)

W(tl) X 100.

PRE =

Using above simulation setting, the empirical MSEs and PREs of proposed estimator, ¢1 to g
and all members of ¢; are computed using symmetric and skewed Y. For skewed Y, we simu-
lated the auxiliary variable using Lognormal distribution as X ~ lognormal(1,0.75) and Z ~
lognormal(1,1). The histograms of Y for symmetric and populations are given in the following
figure.
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Figure 1: Histograms of Y for Symmetric and Skewed Populations

The population characteristics in terms of mean, coefficient of variation and coefficient of cor-
relations of Y, X, Z and F are shown in table below. The results related to empirical MSEs and
PREs are given in the following tables.
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Table 1: Parameters of Symmetric and Skewed populations

Population Y X Z F, Cy Cy C. Cr Pyz  Pyz PyFz Pz PxF, PzF,

Symmetric 81.3 10 20 05 0.1 020 0.15 058 053 083 052 -0.011 0977 0.014
Skewed 30,1 36 46 05 059 086 142 058 036 092 030 -0.022 0.814 -0.029

Table 2: Empirical MSE of each estimator for symmetric and skewed populations

Estimator Symmetric Skewed
n=20% n=10% n=5% n=20% n=10% n=5%

t1 0.07 0.124 0.215 0.19 0.33 0.59
to 0.06 0.104 0.174 0.17 0.29 0.50
ts 0.06 0.104 0.174 0.17 0.29 0.50
ty 0.07 0.124 0.216 0.19 0.33 0.59
ts 0.06 0.104 0.174 0.17 0.29 0.50
te 0.66 1.073 1.268 1.78 2.30 2.83
tr1 0.08 0.151 0.272 0.20 0.36 0.65
tra 0.07 0.132 0.232 0.17 0.29 0.50
t73 0.08 0.152 0.275 0.22 0.41 0.73
tra 0.06 0.110 0.186 0.17 0.29 0.50
trs 0.08 0.148 0.266 0.21 0.38 0.68
tre 0.07 0.133 0.236 0.21 0.38 0.68
trr 0.08 0.149 0.269 0.19 0.33 0.59
t7g 0.08 0.151 0.273 0.22 0.41 0.74
trg 0.08 0.151 0.273 0.22 0.41 0.74
tso 0.06 0.105 0.175 0.17 0.29 0.50
trzF 0.03 0.055 0.064 0.09 0.11 0.13
tes 0.03 0.054 0.062 0.09 0.11 0.13
tzr 0.06 0.104 0.174 0.17 0.29 0.50

te 0.06 0.104 0.174 0.17 0.29 0.50
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Table 3: Empirical PRE of each estimator for symmetric and skewed populations

Estimator Symmetric Skewed

n=20% n=10% n=5% n=20% n=10% n=>5%
t1 100.00 100.00 100.00 100.00 100.00 100.00
to 114.60 119.13 124.11 110.51 113.63 118.21
ts 114.60 119.13 124.11 110.51 113.63 118.21
ta 99.96 99.93 99.91 99.78 99.70 99.67
ts 114.55 119.05 124.01 110.29 113.31 117.81
te 10.16 11.55 16.99 10.43 14.16 20.74
t71 84.57 82.20 79.09 91.53 89.31 90.75
tr2 94.72 94.28 93.02 110.06 112.98 117.61
t73 83.94 81.46 78.27 83.72 80.02 80.19
tra 109.44 112.68 115.67 110.13 113.08 117.67
trs 86.03 83.90 81.01 87.95 84.99 85.82
tze 93.62 92.95 91.47 88.62 85.79 86.72
tr7 85.42 83.18 80.19 97.95 97.27 99.93
trs 84.45 82.06 78.93 83.52 79.80 79.94
t7o 84.45 82.06 78.93 83.52 79.80 79.94
tso 114.24 118.46 123.24 110.13 113.08 117.28
tozF 197.68 224.39 337.12 206.15 289.27 443.46
oz 199.12 227.79 346.05 206.60 290.35 447.62
tar 114.36 118.71 123.57 110.24 113.26 117.51
ta 114.55 119.05 124.01 110.29 113.31 117.81

The Table 2] contains the MSEs of proposed and the estimators discussed in Section 2. As men-
tioned above that Hussain, et al. (2022) deduced ten members of their class using different combi-
nations of a and b. The MSEs of all these ten estimators are also given in this table. The percent
relative efficiencies based on the MSEs considering the mean per unit estimator as base estimator
are given in Table E} From this table, we can see that the members ¢7, and tgo are better then the
base estimator the rest are performing bad then even mean per unit estimator. The performance of
tso is same as to,t3,t5, t,p and t,. This means that the use of dual auxiliary variable as empirical
distribution function is useless. Moreover, it is noticed that using rank of auxiliary variable as dual
use even worsen the performance of an estimator in terms of efficiency e.g. tg that is almost 70%
bad in efficiency then men per unit estimator. The PREs of ¢, and ¢, also show that there is no role
of empirical distribution function in improving the efficiency. The similar argument can be made
from PREs of ¢, and ¢,,. However, an independent auxilairy variable can improve effiecieny as
evedent from the PREs of ¢, and ¢, or ¢,.r and ¢, . Based on this simulation study, we do not rec-
ommend dual use of auxiliary variable either in the form of rank or empirical distribution function,
however, new auxiliary variable(s) can be used to improve the performance of estimator provided
the new variable(s) are significantly correlated with study variable. Below we provided PRE based
on theoretical MSEs calculated form real data.
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6 Real Life Applications

In this section, we have used five real populations data sets to numerically compare the MSE of
suggested estimator to the estimators discussed in Section 2. The detail of populations, variable
used and the parameters used for calculation of MSEs are given in Tables [A2] and [A3] of Appendix.
Below we provided the MSEs and percentage relative efficiency(PRE) of each estimator.

Table 4: MSE and PRE of each estimator

MSE PRE

Est. Pop.-1 Pop.-1II  Pop.-11I Pop.-IV ~ Pop.-V  Pop.-1 Pop.-II  Pop.-III  Pop.-IV Pop.-V

t1 2829.13 8707.99 5537.26 13112.87 694541 100.00 100.00 100.00 100.00 100.00
to 2318.34  4379.75 43.03 4732.20 816.23 122.03  198.82 12867.16 277.10 850.91
ts 2318.34  4379.75 43.03 4732.20 816.23 122.03 198.82 12867.16 277.10 850.91
ty 2818.35 8674.92 5512.10 13024.88 6902.64 100.38 100.38 100.46 100.68 100.62
ts 2311.09 4371.37 43.03 4720.69 815.64 122.41  199.21 12867.62 277.717 851.53
te 1239.59 2770.81 43.03 2484.74 759.86 228.23 314.28 12867.18 527.74 914.04
ty 1237.27 2768.11 43.03 2481.56 759.35 228.66 314.58 12867.64 528.41 914.65

teo.r 123279 2648.93 41.62 267.78 57.96 22949 32874 13303.70 4896.92 11982.85
trs 3287.36  15073.26 631.52 268.20 58.32 86.06 57.77 876.81 4889.20 11909.88
ter 1159.56 3374.50 60.88 2709.41 602.11 24398 258.05 9095.69 483.98 1153.51
ty 2311.09 4371.37 43.03 4720.69 815.64 122.41 199.21 12867.62 277.77 851.53

For the first two populations, the efficiency values of ¢,.r, t,r, and t, are relatively close
to each other, suggesting that the inclusion of Z and F' does not significantly alter the estimation
performance. However, ¢, . r does show a moderate improvement over the others, indicating that the
combination of X, Z, and F' is beneficial, albeit not overwhelmingly so in these cases. Interestingly,
t,. has the lowest efficiency among these estimators in the first two populations, which suggests that
excluding F' leads to a loss in precision when Z alone is not highly correlated with Y.

A drastic shift occurs in the last three populations, particularly the third, fourth, and fifth, where
Z 1is highly correlated with Y. The efficiency of ¢,,r jumps significantly (13303.70, 4896.92,
and 11982.85), making it the most efficient estimator. Similarly, £, also experiences a significant
increase (876.81, 4889.20, and 11909.88), indicating that Z is now a dominant auxiliary variable.
However, the difference between ¢, and t,, becomes relatively small in the last two populations,
suggesting that the inclusion of I’ does not provide much additional gain when Z is already highly
correlated with Y.

The estimator ¢, 7, which uses X and F' but not Z, performs well in the first three populations
but fails to maintain high efficiency in the last two (9095.69 in the third but only 483.98 and 1153.51
in the fourth and fifth). This confirms that F' is unable to compensate for the lack of Z when Z has a
strong association with Y. Similarly, the estimator ¢,,, which relies solely on X, shows a significant
drop in efficiency in the last two populations (277.77 and 851.53), reinforcing the idea that relying
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on X alone is insufficient, particularly when other strong auxiliary variables are available.

Overall, these results suggest that Z plays a crucial role in improving efficiency, especially in
populations where it has a strong correlation with Y. While F' provides some benefit in certain cases,
its contribution diminishes when Z is already an effective predictor. The estimator ¢, remains the
most efficient overall, but in cases where Z is highly correlated with Y, ¢, . performs nearly as well,
demonstrating that F' becomes redundant in such scenarios. The simulation study confirms that dual
use of auxiliary variable is not useful in improving the efficiency but here in improves the efficiency
where Z is weakly correlated with Y and one possible reason may be that the theoretical expressions
of MSEs contains the coefficient of multiple determination and it always increases by adding new
variable irrespective of the fact that the auxiliary variable is significantly affecting the study variable
or not.

7 Conclusions

The findings from both the real population data analysis and the simulation study provide valuable
insights into the efficiency of different estimators. The simulation study demonstrated that incor-
porating the empirical distribution function (EDF) or rank of an auxiliary variable as a dual-use
technique does not enhance estimator performance. In some cases, such as tg, the inclusion of rank
even led to a significant drop in efficiency—nearly 70% lower than the mean per unit estimator.
Similarly, the PREs of ¢, and ¢, confirmed that EDF does not contribute to efficiency improve-
ment. However, the study highlighted that adding an independent auxiliary variable can significantly
improve estimator efficiency, as observed in the comparisons of ¢, with ¢, and t,.r with ¢, .

The real population data analysis further supports these conclusions. Across the five studied
populations, it was observed that when the variable Z was highly correlated with the study variable
Y (as in the last two populations), estimators incorporating Z demonstrated better performance. In
contrast, when the empirical distribution function was included, particularly in cases where Z was
more correlated with Y, the efficiency of the estimators decreased. This confirms that EDF fails
to provide any substantial benefit, especially when a more strongly correlated auxiliary variable is
available.

Overall, based on both studies, we conclude that the dual use of auxiliary variables either through
ranks or empirical distribution functions does not improve efficiency and may even be detrimental.
Instead, the inclusion of additional auxiliary variables, provided they have a strong correlation with
the study variable, can lead to meaningful efficiency gains. Thus, we recommend focusing on se-
lecting independent and highly correlated auxiliary variables rather than using ranks or EDF trans-
formations. We also recommend simulation study along with empirical study because theoretical
results do no guarantee the sampling stability of the estimator as we seen in our case.
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A Appendix

Table Al: Population and sample characteristics for study and auxiliary variables, where Y, X, and
Z are the population of currently married, 15-49 years old women, and 18 years old and above
individuals, respectively

Characteristic  Population Sample
Mean V=S w/N X =Yl a/N. B = Bl /N 2= Ty /N 5= Ty win = Ty aifn fo = T fufn 2= Ty aifn
2 _ 2 _ 22 2N ()
Variance Sy = Ez Wi - V)N, 52 = Zl (@i - XPIN 5y*2;:1(97 9) /7l~ §3= Vi (@i —2)*/n
5}2-“ :Ez 17, -E2/N, 5= El 1z 2PN 52& :Z?zl(m - ) /n, sl = Z?:l(zl -2 /n

—1 (i — )/\ SJF = Zl 1(yl Y/)(m - Fr)/N Szy = Z:L:l(yv — )@ —z)/n, SyF, = Z;’:l(yi = §)(ra, = fr)/"
\: ) /j\ SeF, = Z, 1(11 X)("'l‘x - Fw)/N Syz = 27:1(91 - @)(Zi - 2)/”- SzF, = 27:1(11' - i’)(% - fw)/”
W: ( ) /\ S.p, = Zz 1(~z Z)(‘rrq - FI)/N Szz = 2?:1(11 =)z —2)/n, 5.8, = Zi":l(zi - 5)(% - fr)/"
Correlation o/ SySes PyE, = Syr, [SySE,, pyz = Syz/SyS: Tye = Sya/SySus TyF, = SyF, [SySE, Tyz = Syz/5yS:
Coefficient

PzF, = SIFT/STSFJ,v Pzz = SIZ/SIS.21 P2F, = zFl /SZSFI TR, = SzF, /3151“11 Try = Szz/szsz’ T2F, = SZFT/stFl

Sey
Covariance 8,2
Sez

=Y
X
X
=5,
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Table A2: Detail of Populations

Sr. No.  Source of Populations

1 Population census report of Jhang district (1998), Pakistan

2 Population census report of Faisalabad district (1998), Pakistan
3 Population census report of Gujrat district (1998), Pakistan

4 Population census report of Kasur (1998), Pakistan

5 Population census report of Sialkot district (1998), Pakistan

Table A3: Parameters of populations

District N n Y Cy X Z F, Co C. Cr, Py Py: PyFe  Poz  PoFy  P:Fy

Jhang 368 184 0860.11 0.59 315924 131144 18450 077 081 057 048 042 073 033 065 049
Faisalabad 283 142 151126 052 6173.16 2457.68 14200 1.02 060 058 050 071 082 044 049 075
Gujrat 204 102 110128 048 432628 1703.48 10250 1.88 049 058 049 099 089 050 031 089
Kasur 181 091 139320 055 4984.15 2114.84 091.00 055 0.64 058 099 080 091 080 092 072
Sailkot 269 135 1058.74 0.65 381247 1684.70 13500 0.65 068 058 099 094 082 094 082 075
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