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ABSTRACT

The aim of this work is to investigate the numerical study of prey-predator model and give a
thorough overview of the existing research. Here we see instances that involve stability analysis,
phase plane, and phase portrait, among others. Furthermore, a numerical simulation is shown to
illustrate the results of the prey-predator model. This is to provide light on the procedures
followed in order to arrive at the conclusions. The one-prey, one-predator principle is discussed in
this article from multiple theoretical perspectives. Finally, for various parameter values and time
intervals, we have demonstrated the phase portraits and the dynamic behavior of the pre-predator

model.
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1. Introduction

The fast evolution of many systems, brought about
by physical, chemical, and biological phenomena,
results in their abrupt dynamical properties. These
events can be represented by impulsive differential
equations (Lsksmikantham et al. 1980; Bainov et al.
1989). The splitting theory of uninterrupted systems
of dynamics has made a well-known analytical
advance (Leine et al. 2000; Guckenheimer et al.
1983). Significant progress has been achieved in
this area of research. Studying on impulsive
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differential systems mostly focuses on stability
properties rather than bifurcation patterns (Liu et al.
2003; Lu et al. 2002). Many writers have studied
predator-prey dynamics with a fixed harvesting
rate, quota for either species, or both. Brauer et al.
1979; Braue F et al. 1979; Brauer et al. 1981,
Brauer et al. 1981 explored predator-prey models
with constant harvesting and quotas of both species.
The subject of the long-term viability of particular
species ranks high among the most basic and
consequential issues in ecology. In order to keep
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ecological models stable, it is crucial to create
appropriate controls. This is because there are often
major shifts occurring in real-world ecosystems.
Researchers have come a long way in the past few
years in their comprehension of the control issue
linked to biodynamic systems Lansun (1988). The
connection between prey and food sources in these
communities can be better understood through the
application of mathematical models. Lotka and
Volterra's pioneering work in the field has led to a
surge in interest in predator-prey research in
mathematical ecology, population dynamics, and
other applied fields Volterra (1926). When it came
to epidemiology, Kermack et al. (1927) were
trailblazers  who  created  ground-breaking
techniques. Although they complement one
another, epidemiological and ecological research is
distinct disciplines. However, a great deal of
commonality exists across the two fields as well.
As a result, eco-epidemiology, which merges the
two fields, has gained traction in recent decades by
Raid et al. (2012).In ecology, the interaction
between predators and prey is among the most
crucial types of interdependent partnerships.
Biological networks and the ecological system as a
whole rest on this link, as is universally
acknowledged. Despite its high regard as the most
trustworthy model of predator-prey dynamics, the
Lotka-Voltera model has an inherent instability by
Liu et al. 2009.

Learning about the dynamics between predators
and prey is a major focus for bio mathematicians
(Kent et al. 2003; Wang et al. 2011; Gao et al.
2013). The concept has been supported and
strengthened by a large body of research up to this
time (Celik et al. 2009; Hsu et al. 2001). According
to some experts, a new prey-predator paradigm
could be formed by zooplankton, phytoplankton,
and fish (Chakraborty et al. 2012). The model's
parameters dictate the predators' dynamical
behaviours in prey-predator systems. Oscillations,
stable states, and bifurcations are examples of
events that fit this description (Faria et al. 1995).

Several ecologists and mathematicians have
investigated the population dynamics of this system
(Ma et al. 2012; Pei et al. 2008). Research into the
dynamics of predator-prey systems is made
possible using mathematical population models.
They released the Lotka-Volterra model, a simple
predator-prey model. Predation links are not as
common as partnerships between other kinds of
animals. Since the relationship was unaffected by
any significant outside forces, their population
changes could be predicted (Bentout et al. 2021;
Bentout et al. 2021; Mezouaghi et al. 2022). The
notion that all organisms in an ecosystem must
fight for a finite resource is the primordial premise
of all forms of competition. When different species
compete for the same resource, this is called
"intraspecific ~ competition” or  "interspecific
competition (Djilali et al. 2021; Agiza et al. 2009).
A dynamic and intricate web of relationships
between predators and their prey is exposed by this
dynamic ecological web. These systems are crucial
to the ecosystem's well-being. These systems are
affected by factors including as population size,
resource availability, and predator-prey
interactions. The differential and difference
equations are used in many models that account for
the dynamics of each population. When there is no
overlap between generations in a population,
discrete-time models outperform continuous-time
ones (Din et al. 2017; Zhao et al. 2018; Fang et al.
2018; Khan et al. 2019). Studies in ecology have
looked at predator-prey relationships as well as
herbivore-plant interactions (Liu et al. 2007
Freedman et al. 1984). The distinctive dynamical
dynamics of three-species models first baffled
theoretical ecologists. Consequently, that happened.
As the number of dimensions and differential
equations  keeps  growing, theorists and
experimenters will encounter many new challenges.
Considering the prevalence of three-species groups,
this must be carefully considered. More and more
natural domains are exhibiting three-species
systems (Erbe et al.1986; Kumar et al. 1989;
Kuznetsov et al. 1996). There are a number of
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examples of this, such as a plant, an omnivore, and
a parasite (Maiti et al. 2005), or a plant, a pest, and
a predator (Srinivasu et al. 2007). Whenever a
vertebrate senses the potential danger posed by a
predator, it triggers one of its several antipredator
reactions. Examples of these reactions include
changes in the body's function, foraging behaviour,
environmental use, and alertness level (Sarkar et al.
2020; Peacor et al. 2013; Khajanchi et al. 2017,
Pettorelli et al. 2011). For example, birds may not
try to return to their nests if they feel threatened,
which means their young are defenceless. This
might increase their chances of survival in the near
term, but it could hurt the population in the long run
(Tiwari et al. 2020).1t is possible to gain a more
thorough understanding of the complex ecological
dynamics at play when predators' scavenging
behaviours are considered alongside prey's
adaptation behaviour (Bhattacharyya et al. 2022;
Zhou et al. 2019; Hamdallah et al. 2021). An
improved ecological representation of the species
might be achieved by incorporating prey-refuging
strategy switching into the already-existing
Filippov model (Li et al. 2021). Certainly, this is
doable. The density of predators and prey in the
ecosystem is compared to identify this flipping.
These results demonstrate the importance of
threshold-based refuge seeking judgements (Liu et
al. 2009), which are vital for the ongoing
maintenance of ecological stability and the
safeguarding of species. Interdependent ecological
systems, such as those involving predators and
prey, are dynamic and intricate. Maintaining
ecological balance is next to impossible in the
absence of these systems. Population size, resource
availability, predator-prey ratio, and other variables
all play a role in how these systems function. The
article examines the dynamics of system with one
prey and one predator. Stability study is essential to
understanding predator and prey population
dynamics because it illuminates their long-term
behaviour. Stability studies can determine if
predator and prey populations would converge or
fluctuate. How stable these systems are may reveal

predator-prey dynamics and how they affect
ecosystem  stability. Overall, this articleis
introduced predator-prey systems, their behaviour,
and how stability analysis can illuminate and
predict their future.

2. Formulation of One Prey-One Predator
Model

Assume two species (tiger and deer) occupy the
same ecosystem as prey (deer) and predator (tiger).
Let N, be the tiger population and N, be the
deer population. In the absence of the deer, the tiger
population is decreased by the rate— pN,.But

when deer are present in the environment then,it
seems reasonable that the number of encounters or
interactions between these two species is jointly

proportional to their population N,and N,, that is
proportionally to the product N,;N,. Thus the
when deer are present then tigers are added to the
system at a rate N, N, . With the tiger population

decimated, a logistic model may now be used to
describe the behaviour of the deer. This means that
during this time period, the deer population's birth
and mortality rates will change by an amount equal

to 2£(0 — N,) . So, with no tigers the differential
equation model for the
N, = 2(5 — N,)N,. If there is a nonzero tiger

population, then there will be an additional death
rate for the deer population so that the difference
between the birth rate and the death rate is equal to

1(6—N,)— N, . The constants £, & and f3

must be determined from careful observations of
the populations. The new mathematical model is
given by,

N =(=p+aN,)N;;

NG = (u(6 =N, )= NN, N, (0)= Ny
@
Here, (4 is the growth rate constant for deer, O

deer’s is

Nl(o): NlO

stands for the maximum number of deer that a
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certain ecosystem can support, [ is the death rate
constant due to tiger predation, p is the death rate

constant for tigers, and « is the efficiency of tiger
predation (i.e., the proportion of encounters
between a tiger and a deer that result in a successful
kill).

3. Stability of One Prey-One Predator Model

To begin, we think about (1), a system of nonlinear
mathematical equations. The main goal of this
effort is to find the stable (equilibrium) positions. In
order to make this work,

P=(-p+aN,)N, =0
Q Z(/J(é‘_ NZ)_ﬁNl)NZ =0

The points of equilibrium are so found

- oo =222

(N1, N2) means Predator-prey population.

Table 1: Behaviour of species along equilibrium points.

Equilibrium Points Predator (N ,) Prey (N ,) Behaviour of Species
E,(0,0) 0 0 Both species extinct
E, (0,9) 0 5 Predator goes extinct
Prey prevails
-(u(p-oa) p -(u(p-da) Yo, Both species co-exist
g,(Wlo-da) py | -Wlp-da) | p
Pa a Pa a

It is possible to define the matrix of Jacobian form
as:

F’N1 PN2
Yol Q
Where, P = (—p +aN,)N; and
Q= (,U(é‘_ NZ)_ﬂNl)NZ'

Now differentiation of both P and Qwith respect

I

to N, and N, respectively and as a result, and the
matrix that is known as the Jacobian is

aN, —p
Yum = PN,

Case 1: For the fixed point (0,0)

olN,

(6 —N,)— N, —

—p 0
I =
o [0 ﬂj

The eigenvalues for this particular instance are
— pand o w2, which are real and one of them is

negative and the other is positive since 0,0 and
His all positive constants. Then (0,0) are saddle

point and therefore, the trivial equilibriums always
unstable.

Case 2: For the fixed point (0, &)

] oa—p 0

(0'”]' -8B —du
’ﬁ'n\lel igenvalues for this particular instance are
Sa—p(=0,-5>p) and —Su, which are
real and one of them is negative and the other is
positive since 0,5 and fare all positive
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constants. Then & is saddle point and therefore, the
equilibriums always unstable.

Case 3: For the fixed point (_4(L=92) Py
Pa o

0 -(u(p - 6a)
Jom = p
“Bp
(04 o
In this case the eigenvalues are

- pu -+ pu(-460* + dpa + pu )

and
20
- pu—+ pu(-45a* +4pa + pu)
g , if the real

component of the two eigenvalues is negative, we
can find out if the state of equilibrium points is
stable.

Proposition 1: The equilibrium states E, (0,0) ; o
a, Nl, N , 1,6 >0 of prey-predator model (1)
isunstableas 4, = —pandA, =6 .

Proof: From model (1) we get, E,(0,0) to
recapitulate the stability setting

N, =0+ a,(t)
N, =0+w, (t)}
From the equation (1) and (2) we get,
_ M=t ao, @)
N; = (u(6 — @, (1)) - far (1), (1)

N, =—po, + oo,
=

@

N, = ubw, — uw," - fo,o,
N, = —pa,
N, ~ uda,

In matrix form this can be written as,

(7 s

The characteristic matrix is

(& o )

0 ou 0 1

The characteristic equation is

-p—A 0
0 ou—A~

= (p-A(ou-4)=0

Either —p—A1=0 => A=p or S u—A1=0=

A=0pu.

Proposition 2: The equilibrium states E, (0, ) ;

=0

p.,a,N, N, u,5 >0 of prey-predator model
(1) isunstableas 4, =—d + a@dand A, =5 u.

Proof: From model (1) we get, E,(0,M)to
recapitulate the stability setting

N, =0+ o, (t)
N, =35+ w,(t)
From the equation (1) and (3) we get,

©)

N, =(-p+a(d+m,)n,

TN, = (o -5 w,) - )0+ ;)
N, =-po, + axdéo, +aww,
N, = (—pw, - f,) (6 + w,)

N, = —po, + adw, + aw,w,
N, = (~ubow, _ﬂwzz — 0w, — foyw,)
N, = (-p+ad)m,
= .
N, =-8fwy — pow,

In matrix form this can be written as,
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N, (—prad 0\
N}J ) ( - ps —u5j(wzj
The characteristic matrix is
—-p+ao 0 1 10
- ps —u5j ) (0 J
The characteristic equation is
-p+ad—1 0
—Bs —us -
= (—p+ad—A)(—u —1)=0
Either (—p+ad—-A)=0=>A=—p+ad or
—u0 —A=0= A=—uo.
Proposition  3:  The  equilibrium
E( (u(p-da)
Pa
>0 of prey-predator model(1) is unstable as

_-pu+ Jpu(-45a° +4pa+ pu)

-

states

,g);p,a,Nl,Nzﬂ,é

A 2a
- pu— pu(-45a° +4pa + pu )
and A, = :
2a
Proof: From model (D) we get,
E, (M ,B) to recapitulate the stability
Pa a
setting

N, = - (u(p-ba) +a,(t)
“ )

N, :£+a)2(t)
a

From the equation (1) and (4) we get,
-

N, = (o alCs wz))('(“(;%”% )

N, = (u(c’f—(gmz))—ﬂ('(”(”j%“Uwl))(gmz)

=

N, =aw,

('(ﬂ(P'5a) +0)1)
o

. -oa
N, = (5~ 22 4 pao, + #P70D 5 )L s )
(04 (94 (04

—
. %) 2 -Sa
N, = (4 p_u/o2 +ﬂp(p2 )_@a)l
a a a a
+ U, + o, +sz - fo,o,)
a
le-,u(p-é‘a) 602
- p
N, z—@a}lJr&a)z
a a

One way to express this in matrix form is as
follows:

Wl om0
N | _fp wp [\
(24 (24

The characteristic equation is

0 - p(p -6a)
i IEU
Bp Hp 0 1)
a (94
3 - p(p -da)
= Z =0

_Pp Ho

(04 (04
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o Hp , _plp-da)

a (04
2
1P i\/(_up j L 4 PH(p-5a)
ﬁ,: (04 a (04
2
- - put | pu(-45a* + dpa + pu)
:> =
2a
Either

_-puH Jpu(-450° +4pa + pu)

A

2a
4, =P Vpu(-450* + dpa + pu )
2
4. Numerical Simulation
Analytical investigations are always being
considered incomplete unless numerical

verification of the results is included. An example
of the findings presented in this part of the article is
the use of numerical simulation, which is detailed

further on. The numerical simulation was
implemented using MATLAB R2020a as the work
environment. Based on the model that has been
given, the phrase "predator" is linked to the symbol
y (1) and the term "prey" is related to the symbol y
(2) in the yprf2.m file. As an example, by plotting a
solution, the rationale behind the two species'
cyclical population patterns. Doing this is within
reach. Discovering a state of dynamic equilibrium
is possible at the site of this specific solution. At
each particular time, there are systems on this phase
plane that are located within these elliptical
solutions and are in a limit cycle. On this phase
plane, it can find these systems. This phase plane
clearly displays the existence of these systems. To
start in a limit cycle and, consequently, a stable
solution, the system does not have to meet any
specific requirements. The reason behind this is that
the system has already achieved a stable solution.
Regardless, it is reached one in the end. This is the
polar opposite of that.

Now that we've considered that; this time, it has
employed numerous parameters, we may move on
to discussing the model graphs.

one prey one predator

,,,,, Te]

igerand Deer population
Now G

A AN

10 20 30 40

Fig.1: Dynamical Behaviour of prey-
predator model 1); Assume
p=05a=0.01 x=0.0005

6 =1000, g =0.02.

The phase plane plot does not depend on the timing
of the comparison; it is used to compare the
populations of predators and prey. Take the
hypothetical situation where prey and predator
animals as an example. If there are 500 preys and

; 0 S0 100 150 200 250 300 350 400
Tiger

Fig. 1(a): Phase portrait of Fig. 1.

50 predators at the outset, we can determine how
the two species have changed through time. The
chosen time interval is entirely up to the discretion
of the user. Here are the settings: What follows is a
graph showing the relationship between the
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predator and prey populations over time, using to =
0, tf = 90, and y0 = [50 500]. A dramatic increase in
predators is accompanied by a decrease in prey, as
is shown clearly in this graph. The observation of

this is not difficult. This makes complete biological
sense, since an increase in the predator-prey
interaction leads to a rise in the total number of
prey deaths when the predator population grows.

one prey one predator

600 I
——Tiger

Deer
500
400

300

200

igerand Deer population

100 |

ok
0 10 20 30 40 50 60 70 80 90

Time

Fig. 2: Dynamical Behaviour of prey-

predator model (2); Assume
p=05,a=0.01, z=0.005
5=1000, 8 =0.02.

one prey one predator

600 < T~~~ T T T

Rl T O W, Wy

< G A

500 BTRNS

NS N AR

\\\\\\\ < KA

400 X 0N i

\\\\\\\\ * 8 A

_ S Ny

E oo g
200
100

9 o 100 200 300 400 500 600
Tiger
Fig. 2(a): Phase portrait of Fig. 2.

one prey one predator

3500

1000

ion

1500

1000

iger and Deer populatio

500
0

Time

Fig. 3: Dynamical Behaviour of prey-
predator model (1); Assume
p=05a=0.1 x=0.005

& =1000, 3 =0.02.

one prey one predator
600 ~ < S

o 500 1000 1500 2000 2500 3000
Tiger

Fig. 3.(a): Phase portrait of Fig.3.

one prey one predator

Tiger
450 | Deer

<
8

s

3

3

8

g

8 250
a

s |
€ 200 I
o

S
£

30 40 50 60 70 80 90
Time

Fig. 4: Dynamical Behaviour of prey-predator
model (1); Assume

p=05,0=0.01, =0.005,
5=1000,4=0.2.

one prey one predator
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500

400

200

100

0 10 20 30 40 50 60 70 8 9 100
Tiger

Fig. 4(a): Phase portrait of Fig. 4.
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one prey one predator

500
Tiger
450 - Daer
400
<
£ 350
]
3
2
g
g
il
8
a
°
2
s
&
S
=
0
0 10 20 30 40 5 60 70 8 9

Fig. 5: Dynamical Behaviour of prey-
predator model (1); Assume
p=05a=0.01, £=0.005

6 =500, =0.2.

one prey one predator
: e

¥ NN NN NN
NN N NN
3NN SN
N NoNONNN
\\\\\\\ S M NN A
NN NN, NN
..... %R R NN N
\\\\\\ % SNNY N
2N ¥
B W N O AN R
TEL N
\
0 50 100 150 200 250 300
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Fig. 5(a): Phase portrait of Fig.

o

one prey one predator

700
oS Deer
= 500
5
=
2 400
8
g
8 300
a
°
2
S 200
5
S
¥ 100
5 J\ B TH |

-100
10 20 30 40 50 60 70 80 90

Time

Fig. 6: Dynamical Behaviour of prey-

predator model (1); Assume
p=0.05,a =0.01 x=0.005,
5=1000, 8 = 0.02.

one prey one predator
v

600 SNy
S NN
500 \
400
8
£ 300
200
100

Fig. 6(a): Phase portrait of Fig. 6.

one prey one predator
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Door

2
3
3

2

400

@
<]
3

7

Tiger and Deer population

200

100

[
0 10 20 30 40 50 60 70 80 20

Time

Fig. 7: Dynamical Behaviour of prey-

predator model (1); Assume
p=05,a=0.001 x=0.0005
5=1000,4 =0.02.

one prey one predator

50 100 150 200 250 300
Tiger

Fig. 7(a): Phase portrait of Fig.7.
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one prey one predator

Tiger
6000 Bbor

@
&
]
8

Tiger and Deer population
8
8

1000 |

521
ol

-1000
0 10 20 30 40 50 60 70 80 20
Time

Fig. 8: Dynamical Behaviour of prey-
predator model (1); Assume
p=0.5a=0.01 1 =0.005

0 =10000, 5 =0.02.

one prey one predator
7000 T SR B
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\\\\\\\\\\\\\\\
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\\\\\\\\\\\\\
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0 { :5%; hY .
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Fig. 8(a): Phase portrait of Fig. 8.

one prey one predator

Tiger and Deer populatior
4 onow
3 8 8
gr 7

Fig. 9: Dynamical Behaviour of prey-
predator model (1); Assume

p =050 =0.01, 2 =0.005,
5 =1000, 8 = 0.02, y,= [10,500]

5. Results and Discussions

The line graphs provided depict the population of
prey and predators over a 90-day period. The
horizontal axis represents time in days, while the
vertical axis represents the population of prey and
predators. Both populations exhibit fluctuations
throughout the 90-day timeframe. Upon examining
the graphs, it becomes apparent that the populations
of 'Tiger' and 'Deer' are highly influenced by
various parameter values. Increasing the growth
rate of deer leads to reduced oscillation in Fig.2. In
Fig.3, enhancing the efficiency of tiger predation
results in a significant increase in the tiger
population, causing a noteworthy decrease in the

Deer

0 100 200 300 400 500 600
Tiger

Fig. 9(a): Phase portrait of Fig. 9.

deer population. Consequently, the tiger population
declines, indicating an evident pattern. This process
continues until the populations reach an equilibrium
state. In Fig.4, raising the death rate of deer due to
tiger predation leads to a substantial decrease in the
deer population, as expected. Lowering the carrying
capacity to 500 from 1000 in Fig. 5 causes the
population to settle into a steady state with minimal
oscillation. Decreasing the death rate constant for
tigers in Fig.6 results in a lesser decrease in the
tiger population throughout the graph. In Fig.7,
reducing the efficiency of tiger predation causes the
deer population to initially increase, followed by a
quick transition to a steady state. Fig.8
demonstrates that increasing the carrying capacity
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tenfold leads to more pronounced oscillations

before eventually reaching a steady state.
Maintaining all parameters as in Fig.2, except for
the initial condition, where the initial tiger

population is set to 10 instead of 50, figure 9
produces nearly identical results to Fig. 2.
Similarly, in Figure 10, preserving all parameters as
in Fig. 2, except for the initial condition where the
initial deer population is set to 1000 instead of 500,
the outcome in figure 10 closely resembles figure 2.
This implies that the initial conditions have
minimal impact on the populations.

6. Conclusion

A model is nothing more than an abridged
representation of a more complex system. Species
interactions are one of biology's most fascinating
driving forces. We need mathematical models that
take interactions into consideration in order to
simulate these processes. Every graph demonstrates
how, when phase images are examined, our
numerical solution is getting closer to the steady-
state solution. Predator and prey ecological
population cycles do not appear to be stabilizing
very quickly or dramatically. The dynamic behavior
is shown to be highly influenced by the real-world
parameters as well as the parameter values. The
species involved in this predator-prey relationship
operate in relatively closed settings, which accounts
for the paucity of available evidence.So, even
though there weren't any major outside factors that
could change the relationship, population variations
still happened on a regular cycle. Techniques of
linear ordinary differential equations allow us to
characterise and interpret these population
fluctuations  quantitatively; these  equations,
however, do rely on certain simplifying assertions
that exclude incalculable variables.While tiger
predation improves, the tiger population grows,
reducing the deer population. Tiger numbers are
declining in a recognizable way as a result of this.
This would continue until demographic equilibrium
is reached. The stability of the system with regard
to each equilibrium point is influenced by the
values of the eigen parameters.
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