Characterizations of relative n-annihilators of nearlattices

Dr. M. S. Raihan
Associate Professor
Department of Mathematics

Rajshahi University



Characterizations of relative n-annihilators of nearlattices
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Introduction.

Relative annihilators in lattices and semi-lattices have been studied by many authors
including [1], [2], [3] and [4]. Also [5] has used the annihilators in studing relative
normal lattices. In this paper, we introduce the notion of relative annihilators around a
fixed element n of a nearlattice S which is used to generalize several results on relatively

nearlattices.

For a, b €S, < a, b > denotes the relative annihilator, that is

<a, b>={xeS: x Aa< b} In presence of distributivity, it is easy to show that each
relative annihilator is an ideal. Also note that < a, b > = < a, a A b >. For detailed
literature on this see [1] and [4]. Again for a, beL, where L is a lattice, recall that

<a, b>y={xeL: xvaz>Db}isarelative dual annihilator. In presence of distributivity of
L, <a, b >4 isadual ideal (filter).

In case of a nearlattice it is not possible to define a dual relative

annihilator ideal for any a and b. But if n is an upper element of S, then x v n exists for
all xeS by the upper bound property of S. Then for any a<(n], we can talk about dual
relative annihilator ideal of the form <a, b >4 for any beS. That is, foranya<nin S,
<a,b>={xeS:xvax>h}

For a, beS and an upper element neS,
we define, <a, b>"={xeS: m(a, n, X)e<b >}

={xeS: ban< m(a,n, x)<bwvn}



We call < a, b >" the annihilator of a relative to b around the element n or simply a
relative n-annihilator. It is easy to see that for all a, beS, < a, b >" is always a convex
subset containing n. In presence of distributivity, it can easily be seen that < a, b >" is an
n-ideal. If 0€S, then putting n =0, we have, <a, b>"=<a, b >.

For two n-ideals A and B of a nearlattice S, < A, B > denotes

{xeS: m(a, n, X)eB for all aeA}, when n is a medial element. In presence of
distributivity, clearly < A, B > is an n-ideal. Moreover, we can easily show that
<a, b>"=<<a>, <b>,>.

In this paper, we have given several characterizations of < a, b>". We have also
given some characterizations of distributive and modular nearlattices in terms of relative

n-annihilators.



1. Relative Annihilators around a central element of a Nearlattice.

We start with the following characterization of <a, b >".

Theorem 1.1 Let S be a nearlattice with a central element n. Then for all
a, beS, the following conditions are equivalent.

(i) <a, b>" isan n-ideal.

(i) <aan,ban>gisafilterand <awvn,bvn> isanideal.
Proof. (I)=(ii). Suppose (i) holds. Let x, ye<awvn,bvn> and
X vyexists. Thenx A (@avn)<(bvn) Thus (X A (avn))vn<(bvn), then by the
neutrality of n, (x vn) A (avn)<(bwvn).
Alsom(xvn,n,a) = (Xxvn)A(avn)<bvn. Thisimplies x v ne<a, b >". Similarly,
y v ne<a, b>" Since <a, b>"isan n-ideal,
soxvyvne<a,b>" Thisimplies m(xvywvn,na)<bwvn. Thatis,
(xvyvn)a(avn)<bwvnandso(Xvy)a(avn)<bwvn. Therefore,
Xvye<avnbvn>.
Moreover, for xe <avn,bvn>andt< x (teS).
Obviously, ta(avn)<bwvn,andso te<avn,bvn>.
Hence <awvn,bvn>isan ideal.
A dual proof of above shows that <a A n, b A n>y isa filter.
(ii)=>(i). Suppose (ii) holds and x, ye< a, b >".
ThenbAan< (xAa)v(Xan)v(@aan)<bvn,and
ban<(yrnd)v(yan v(@an<bvnSo,bvn<[xara)vXanv@an]an=
(x An)v (aAn). Thisimplies x Ane<aan, b an>q Similarly,
yAane<aanban>qSince <aan,ban>q isafilter, sowe have, xAyaAane<a
AN bAN>E Thus, (X Ay An)v(@aan)>(ban).
Butm(xAayan,na=XAyan)v(aan)=(ban),and
SOX AY A Nne<a, b>". Again, by neutrality of n, (x vn) A (avn) =

(xAa)vn<(bvn). Similarly, (y vn)A(avn)< (bvn).



Thus (X Ay)vn)a(@avn)<(bwvn).

But (xAy)vn)a(@vn)=m((XAy)vn,n,a),asnis neutral.

There fore, (X AY) v ne<a, b >"and so by the convexity of < a, b >",

XAye<a,b>"

A dual proof of above shows that x v ye< a, b >". Clearly, < a, b >" contains n.

Therefore, < a, b >" is an n —ideal. g

Proposition 1.2 Let S be a nearlattice with a central element n. Then for all a, beS, the
following conditions hold.
(1) <awvn,bvn>isanideal if and only if [n) is a distributive
subnearlattice of S.
(i) <aAn,ban>gisafilter if and only if (n]° is a distributive
subnearlattice of S.
Proof. Suppose for all a, beS, <awvn,bvn>isanideal. Thus for all
P, ge[n), < p, g > n [n) is an ideal in the subnearlattice [n).Then by [1.1], [n) is
distributive.
Conversely, suppose [n) is distributive. Let X, ye<a v n,b v n>and x v y exists. Then
XA (@avn)<bwvn. Sincenisneutral,so (X vn)A(@avn)=
[xA(@vn)]vn<bvn impliesthat X vne<avn,bvn>.
Similarly,y vhe<avn,bvn> Then(Xvy)a(awvn)
< (xvyvna(@avn=[xvna(@avn]v[(yvn)a(awvn)]as[n)isdistributive.
<(bwvn).
Therefore, x v ye<a v n, b v n> Since <avn,bvn>has always the hereditary
property, so<awv n,bvn>isan ideal.

(ii) can be proved dually. g

By Theorem 1.1 and above result and using [8, theorem 1.5.2], we have the

following result.



Theorem 1.3 Let S be a nearlattice with a central element n. Then for all a, beS,

<a, b>"isan n-ideal if and only if P,(S) is distributive nearlattice.

Recall that a nearlattice S is distributive if for all X, y, z€S,
XAy vz)=KXAY)Vv (XAz) provided y v z exists.[3] has given an alternative
definition of distributivity of S. A nearlattice S is distributive if and only if for all t, x, y,
ZeS,\tA(XAY)VXAZD)=(EAXAY)V (EAXAZ).
Similarly, by [4], a nearlattice S is modular if and only if for all t, x,y, zeS with z <X,
XA((EAY)V(EAZ)=(XAtAY)V(EA2Z).
Since for a sesquimedial element n, S is distributive if and only if Pn(S) is distributive,
we have the following Corollary, which is a generalization of
[1, Theorem 1] and a result of [6]. This also generalizes a result of
[7, theorem 3.1.3.].

Corollary 1.4 Suppose S is a nearlattice. Then for a central element neS, <a, b>"is

an n-ideal for all a, beS ifand only if S is distributive. g

[1] gave a characterization of distributive lattices in terms of relative annihilators.
Then [4] extended the result for nearlattices. [3] generalized the result for n-ideals in

lattices. Following result gives a generalization of that result for n-ideals in nearlattices.

Theorem 1.5 Let n be a central element of a nearlattice S. Then the following conditions
are equivalent.
(1) Sis distributive.
(i) <avn,bvn>isanidealand <aAn,bAn>qisafilter
whenever < b >, c <a>,.
Proof. (i)=(ii). Suppose (i) holds. That is, S is distributive. Then by Corollary1.4,
<a, b >"is an n-ideal for all a, be S. Thus by Theorem 1.1, (ii) holds.

(ii)=>(i). Suppose (ii) holds and let x, y, ze[n) and y v z exists.



Clearly, (X AY) v (XA Z)<X.S50,<X, (XAY)V (XAZ)>isanideal as
SXAY)VXAZ) > c<x>.Since XAYS(XAY)V (XAZ),

S0 ye<X, (XAY) Vv (XA zZ)> Similarly, ze<x, X AY) v (XA Z) >.

Hence yvze<x, (XAYy)v(XAaz)>andso XA (YVvZ)<(XAY)vV(XAZ). Thisimplies
XA(Yvz)=XAY)Vv (XA z)andso [n) is distributive. Using the other part of (ii) we
can similarly show that (n] is also distributive. Thus by [8, theorem 1.5.2], Py(S) is

distributive and so S is distributive. g

Theorem 1.6 Let n be a central element of a nearlattice S. Then the following conditions
are equivalent.
(1) Pn(S) is modular.
(i) Fora, beSwith<b>,c<a>;, xe<b>;andye<a, b>"
imply x Ay, xvye<a, b>"if xvyexistsin S.
Proof. (i)=(ii). Suppose Pn(S) is modular. Then by [8, theorem 1.5.2], [n) and (n] are
modular. Here <b>,c<a>;s0 aaAn<ban<n<bwvn<avn.Since xe<b >, so
ban<x<bwvn.
Hence aan<baAan<xan<xvn<bvn<awvn.
Now, ye< a, b >" implies m(y, n, a)e< b >,.
Thus, (y Aa) v (y An) v (aAn)<bvn,and so by the neutrality of n,
(yra)v(yanv(@aan)vn=(yvn)a(@avn)<bwvn.
Thus, using the modularity of [n) and the existence of x v v,
m(Xvyvnna=(Xvyvn)a(avn)
=[avn)Aa(yvn]v(xvn)as xvn<bvn<awvn.
This implies m(xvyvn,na)<bvn andso xvyvne<a,b>" Sincen is neutral,
soaAn<ban<xanimplies that
ban<(xan)v(yan)v(@aan)
=((xvy)an)v(aan)
=m((xvy)An,n,a)

<bwvn.



Therefore, (X v y) A ne< a, b >". Hence by convexity of <a, b >",

Xvye<a,b>"

Again, using the modularity of (n], a dual proof of above shows that

X Aye<a, b>" Hence (ii) holds.

(it)=>(i). Suppose (ii) holds. Let x, y, ze[n) with x <z and whenever X v y exists. Then
XVv(yAaz)<z. Thisimpliess<Xv (YA Z)>c<zZ>.

Now, X <X Vv (Y A z) implies xe< X v (Y A Z) >.

Again, y Az<X v (Y Az)implies m(y,n, z) =y Aze<X v (Y A Z) >

Hencey e <z, x v (y A z) >". Thus by (ii), x vye<z,xv (y A z)>". Thatis, (Xxvy)Az
<Xv(yaz)andso (Xvy)Aaz=xv(yAz). Therefore, [n)is modular.

Similarly, using the condition (ii) we can easily show that (n] is also modular. Hence by
[8, theorem 1.5.2], Py(S) is modular.

We conclude this paper with the following characterization of minimal prime n-
ideals belonging to an n-ideal. Since the proof of this is almost similar to [8, theorem

2.1.4], we omit the proof.

Theorem 1.7 Let S be a distributive nearlattice and P be a prime n-ideal of S
belonging to an n-ideal J. Then the following conditions are equivalent.
(i) P is minimal prime n-ideal belonging to J.

(if) xePimplies <<x>, J>¢P.g



=
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