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Abstract 
Regardless of being most used demographic indicator of longevity, life expectancy has few limitations too; and it 

arise mainly due to irregular mortality patterns in particular age group. This paper aims to analyze the trend of    

remaining life expectancies in different age groups and examines the highest observed life expectancies along with 

lower and upper bounds of life expectancies for Bangladesh; a country where early aged mortality is present       

remarkably. To estimate the lower and upper bounds of life expectancies in particular age; corresponding survival 

fractions have been taken into account, which gave more flexible concepts about longevity measures. Obtained    

results indicate decline in the gap between early aged life expectancies for both sexes in Bangladesh; which suggests 

that the full population, rather than just the more selected survivors, may anticipate a longer life that was previously 

only the domain of those who survived past the early years. 
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In the past century, the rise of life expectancy due to   

mortality declines at almost all ages is one of the most 

remarkable achievements in the world. From a theoretical 

point of view, rising life expectancy means improved  

survival. Life table is a nice mathematical tool for       

Demographers to describe age-specific mortality, survival 

rates of a population. A central function of life tables is 

life expectancy by age, denoted by e(x); is defined as “the 

average number of additional years that a survivor to age 

x will live beyond that age”.1 The first of these averages, 

denoted as e(0), is known as life expectancy at birth, a 

summary indicator of population health and longevity.1-3  

 

Despite of being most used demographic indicator of  

longevity, life expectancy has few limitations too; and it 

arise mainly due to irregular mortality patterns in particu-

lar age groups.4 For instance, presence of high infant  

mortality creates lower life expectancy at birth than the 

later ages, which diminishes the unique appliance of life 

expectancy at birth as average longevity of a cohort.4,5 

These sorts of dissimilarities have been observed for most 

of the under developed and developing countries;        

industrialized countries also faced this circumstances   

before a certain era.6 Similar irregularities may be seen in 

elder age group too, which make difficult for the demog-

raphers to comment on the longevity of a particular popu-

lation.5,7 Unusual fluctuation on premature mortality rates 

effect the corresponding life expectancies; thus, later and 

ongoing gains in life expectancy are the result of        

mortality declines at older ages. 5,8,9  

 

Previous studies analyzed longevity in industrialized 

countries from selecting the highest value among all 

countries with available data for each year and find that, 

since 1840, this record life expectancy has increased at a 

Introduction 

Practice Points 

 Presence of early aged mortality effect life  

expectancies; for which life expectancy at birth 

is not the appropriate indicator of longevity for 

developing countries. 

 Both life expectancies at birth and highest   

recorded life expectancies increase significantly 

at Matlab HDSS. 

 Variation in Demographic and epidemiologic 

transitions generate upper and lower bounds of 

life expectancies at each age/age group of life 

table. 

 Divergence exists in life expectancies at birth 

and highest observed life expectancies for both 

sexes in Matlab HDSS. 

 Analysis of maximum remaining life             

expectancies suggests imminent longevity in 

Matlab HDSS. 
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constant rate.10 Another study demonstrated that a 

straight line provided the best fit for the time trend of e

(0) in western industrialized countries during the    

second half of the 20th century.11 These linear increase 

on record life expectancies was later attributed to  

comprises of multiple segments that correspond to 

distinct health transition phases.12 While the timing, 

pace, and trajectories of demographic and               

epidemiologic transitions around the world vary 

widely, these findings thus clearly indicate the        

presence of upper and lower bounds of life             

expectancies at each age/age group of life table.12-14  
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Besides regression analysis, another common approach 

to compute divergence of life expectancies is to obtain 

interval estimation of survival function and life expec-

tancies at particular age x.15 Chebychev’s Inequality to 

compute interval estimates of additional years of life 

and analysis of measures of dispersion were suggested 

also to observe the divergence of life expectancies on 

particular age/age group.16,17 Mortality projection mod-

els also show the corresponding interval estimates for 

life expectancies, but like previous methods these mod-

els are also not free from effect of early aged mortal-

ity.18  

 

Later another method is suggested by Cohen; which 

does not require any regression.19 This method requires 

only the observed life expectancies with corresponding 

values of survival function at each age x. Simple ine-

qualities are used to define the upper and lower bounds 

of life expectancies and these inequalities give bounds 

on e(0) even without detailed knowledge of the course 

of mortality prior to age x.19 Application of Cohen’s 

method on life tables of United States revealed that, the 

lower bound approximates e(0) more closely at younger 

ages (up to 40 years), while the upper bound approxi-

mates e(0) more closely at older ages for United 

States.19  

 

Again, to overcome the constraints of life expectancies 

at birth as a key indicator of population longevity many 

modifications are suggested in previous researches. It is 

pointed out that, since life expectancy at birth is heavily 

dependent on events in early life, the time series of e(0) 

alone was not well suited for studying the length of life 

in aging populations and did not distinguish between 

potentially important stages of mortality change.4 Maxi-

mum remaining life expectancy is a conditional measure 

of central tendency that reflects the effect of premature 

deaths while also providing a better estimate of the sur-

vivors’ expected longevity than e(0).5,6,20-24 Maximum 

remaining life expectancies, record-highest remaining 

life expectancies along with life expectancy at birth 

were observed and comparisons were made across 

countries.; which revealed that, like other measures of 

longevity, the maximum remaining life expectancy and 

record remaining life expectancy also show upward 

trend.6 Nonetheless, the pace of change in any measure 

of longevity over time is dependent on the specific ages 

at which mortality improvements occur.25  

 

However, all of these studies analyzed the longevity for 

developed and industrial countries only; less concern is 

given for developing countries where early aged         

mortality is present in a remarkable proportion of total 

mortality. Few studies focused on impact of early aged 

mortality on life expectancy at birth, but less concern is 

given on estimating effect of irregular mortality pattern 

over the period life table.26 Still researches needed to 

analyze life expectancies at older ages with analysis of 

trend and pattern of longevity for developing countries.  

 

This paper aims to analyze the trend of remaining life 

expectancies in different age groups and examines the 

highest observed life expectancies along with lower and 

upper bounds of life expectancies for Bangladesh; a 

country where early aged mortality is present remarka-

bly. To estimate the lower and upper bounds of life ex-

pectancies in particular age; corresponding survival 

fractions have been taken into account, which gave 

more flexible concepts about longevity measures. Con-

sidering these additional measures in conjunction with 

other measures of record longevity will allow Demogra-

phers to gain further insight into the progress of mortal-

ity reductions at specific ages over time.6,21 

 

Materials and methods 

Bangladesh, a developing country of South Asia, has 

not started complete vital registration yet. The vital reg-

istration and maternal and child health data gathered 

from Matlab, Bangladesh is utilized for current study.27 

Matlab HDSS is recognized worldwide as one of the 

long-term demographic surveillance sites for a develop-

ing country. Since 1966, the Health and Demographic 

Surveillance System (HDSS) has maintained the regis-

tration of births, deaths, and migrations, in addition to 

carrying out periodical censuses in Matlab. Bangladesh 

became independent in 1971, so the life tables of 1975 

to 2011 are considered for current study. The illustration 

is done all over the paper considering life tables sepa-

rately for male and female. It should be noted that, these 

life tables are period life tables, cohort life tables may 

produce different results than this. Statistical package R 

(version 3.0.1) and IBM SPSS Statistics (version 20) is 

used for statistical analysis.  

 

Usual life tables’ terminologies are carried out through 

this study. General mathematical relationships of 

abridged life tables are as follow: 

 

Number of survivors in a particular age x is l(x) and 

number of deaths in a particular age interval x+n is, d

(x,n) = l(x) – l(x,n). At age 0, the value of l(x) is known 

as radix and it is considered as 1.0 in standard. 

 

Probability of surviving in particular age x to x+n is, p

(x,n) and death is q(x,n), where p(x,n) = 1 – q(x,n) and q

(x,n) = d(x,n)/l(x). Thus, in a time interval x+n, l(x,n) = 

l(x)p(x,n) and d(x,n) = l(x).q(x,n) 

 

Number of person-year lived by the cohort is, 

;  

which is equivalent to 

 
 

For x<2; L(0) = 0.201 l(0) + 0.8 l(1) and L(1) = 0.410 l

(1) + 0.590 l(2)  

 

Central death rate is defined as m(x,n) = d(x,n) /L(x,n). 

Also, 
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Number of person-year lived by the life table population 

is   

;  

which is equivalent to,  

 
Expectancy of life at age x is, e(x) = T(x) / l(x) 

 

Lower and upper bounds of life expectancies 

To estimate the lower and upper bounds of life expec-

tancies in a particular age w, the formal relationship of 

survival fraction and life expectancies derived by 

Cohen19 is used in this study. According to Cohen, life 

expectancy at birth, e(0), satisfies the following ine-

qualities for each age x. 

 

[x + e(x)] l(x) ≤ e(0) ≤ x + e(x) l(x)   (1) 

 

And for any two ages 0 ≤ w ≤ x ≤ T,  

(2) 

     

The benefit of using these simple lower and upper 

bound is, these inequalities make it possible to estimate 

bounds for e(0) without detailed knowledge of the 

course of mortality prior to age x, provided that l(x) can 

be estimated.19 it should be noted that, Keyfitz’s28 stan-

dard formula for life expectancy may be used to esti-

mate life expectancies at any age w, where, 

    
To fulfill the assumption of (2) and (3), l(x) is estimated 

from age x of life table using regression analysis. For 

current study, it appears from the scattered plot of the 

number of persons surviving at an exact age x for both 

sexes of Matlab HDSS-2011 by age groups that l(x) 

may be distributed by polynomial model for different 

ages rather than a linear model. Hence nth degree poly-

nomial is fitted to the values of l(x) instead of linear 

regression model. The structure of the model is, 

……… (a) 

Where, x is the exact age, y is the number of survivors at 

age x, ai is the coefficients of the model (for i=1,2,3; a0 

is the constant term of the fitted model) and u is random 

error. Cross validity prediction power (CVPP); ρ2
CV; is 

applied here to test the stability of the fitted model.29 

Symbolically,  

 
Where ‘n’ is the number of observations, ‘k’ is the num-

ber of predictors in the model, ‘R’ is the correlation be-

tween observed and predicted values of the dependent 

variable. The shrinkage of the model is the absolute 

difference of CVPP and R2. Stability of R2 of the model 
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is defined as difference between 1 and shrinkage.29 

 

Total expected longevity & record high life expectancies 

The sum of the remaining life expectancy at age x and 

the age x at which it occurs is the total number of years 

that survivors to age x are expected to live is referred to 

the total expected longevity.6 Total expected longevity 

for a person who attained age x is denoted by eT(x), 

which is equivalent to, 

 

    eT(x) = x + e(x)          (4)  

 

To see the trend of life expectancy over a time series, 

highest observed life expectancy6 during time period t is 

denoted by em(t). Symbolically, 

      
 

Results 

 

The highest observed life expectancies and life expec-

tancies at birth during 1975 to 2011 are presented below 

for male and female population of Matlab HDSS 

(Figure 1).  

 

Presence of high infant mortality causes the lower life 

expectancies at birth than the later age in Bangladesh, 

that’s why highest life expectancies may be observed 

after 2, 3 or 4 years of birth. Recent trend suggest very 

close gap between life expectancies at birth and age 1 

but it will continue till e(1) become equal to the inverse 

of Infant mortality rate.26 This trend also diminishes the 

unique feature of life expectancies at birth as average 

longevity for Bangladesh. The difference between e(0) 

and e(1) declined with decrease in infant mortality. Still 

the difference between e(0) and e(1) is over 1, which 

should be zero to achieve highest life expectancy at 

birth instead of other ages.26 

 

To observe the lower and upper bounds of life expectan-

cies for Bangladesh, only data of Matlab HDSS-2011 is 

used. To estimate l(x), polynomial model is fitted for l

(x) considering l(x) as function of age x. For both sexes, 

third degree polynomial fit the data well. The fitted 

models are given below respectively for male and fe-

male, 

 

l(x) = 0.983393 - 0.005023x + 0.000229x2 - 3.289x10-6x3 (i) 

 l(x) = 1.000579 - 0.009932x + 0.00041x2 - 4.635x10-6x3 (ii) 

 

The models are verified using Cross validity prediction 

power (CVPP); ρ2
CV is applied here to test the stability 

of the fitted model. The summaries of model fittings are 

showed in Table 1.  

 

Both of the fitted models are stable more than 99%. 

From t-statistics, it is found that all the parameters of 

the model are also highly significant. In both models, 

the stability of R2 is more than 99%. CVPP indicates 

99% and 98% of variance are explained respectively for 

male and female. Estimated lower and upper bounds for 

 ),(max)( txe
x

tme 
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life expectancies for both sexes of Matlab HDSS-2011 are 

graphically presented in Figure 2. 

 

For both sexes, the differences between lower and upper 

bounds of life expectancies are close to zero in the earlier 

ages. The gap between lower and upper bounds have rapid 

and sharp expanse from/after the age group 45 for male and 

for female later than 60 years. The green line represents the 

life expectancy at birth for both sexes. For the presence of 

infant mortality, the lower bounds may be found almost 

overlapping the lines of life expectancy at birth. Thus, both 

lower bounds and upper bounds approximates to e(0) at 

younger ages more closely for both sexes, but tends to 

spread in the elder ages. These results demonstrate the 

unstable mortality pattern in later ages; similar conclu-

sion may be drawn also from values of l(x). In the fol-

lowing section, while analyzing the trend of total ex-

pected longevity this thing may be more clarified.  

 

The total expected longevity, remaining life expectan-

cies and life expectancies at birth for Matlab HDSS-

2011 are presented in Figure 3. Compare to Figure 1, 

remaining life expectancy at age one was only higher 

than at birth, and life expectancy at age one became the 

55 

Model n k R2 F-statistic p-value ρ2
CV Shrinkage Parameter t-statistic p-value 

                a0 170.997 0.0000 

                a1 -6.351 0.0000 

                a2 9.580 0.0000 

(i) 22 3 0.998 2453.245 0.0000 0.996 0.001 a3 -17.200 0.0000 

                a0 78.084 0.0000 

                a1 -5.636 0.0000 

                a2 7.691 0.0000 

(ii) 22 3 0.984 658.03 0.0000 0.982 0.003 a3 -10.886 0.0000 

Table 1: Summary of Model Fittings  

Fig 1: Trend of Life expectancies at birth and highest observed life expectancies for both sexes (Matlab HDSS, 1975-

2011)  

Fig 2: Lower and upper bounds for life expectancies for both sexes (Matlab HDSS-2011)  
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maximum value of the remaining life expectancy in 

2011. The pattern of total expected longevity at 2011 for 

females and males separately is quite similar, with the 

remaining life expectancy trajectory for males becoming 

monotonic slightly earlier and the trajectory for females 

following course a few years later. The eT(x) trajectory 

rises steeply in older ages, suggesting that survivors are 

no longer limited by the constraints of the mean life 

duration. 

 

Discussion 

The pattern over time for females and males separately 

is quite similar for e(0) and highest observed life expec-

tancy trajectory at Matlab HDSS. However, upward 

shift in record life expectancies for females becoming 

monotonic slightly later and the trajectory for males 

following course a few years earlier. Presence of early 

aged mortality, specially, high infant mortality causes 

the lower life expectancies at birth than the later age in 

Bangladesh.26 At 1975, the highest life expectancies 

were observed at age 4 for male and 5 for female; 52.31 

years and 55.07 years were the highest observed life 

expectancies of male and female respectively. In 1975, 

crossover of life expectancy at birth and other ages oc-

curred after age 15 for male and 20 for female.26  

 

Divergence is observed in life expectancies for both 

sexes in Matlab HDSS-2011 as a consequence of early 

aged mortality. The differences between lower and up-

per bounds of life expectancies are close to zero in the 

earlier ages. The gap between lower and upper bounds 

have rapid and sharp expanse from/after the age group 

45 for male and for female later than 60 years; i.e., di-

vergence occurring to female life expectancies in later 

age compare to male.  Irregular trend in survival frac-

tion for age groups is the reason of such pattern of upper 

bounds in case of male population of Matlab HDSS-

2011; which also affect life expectancies at higher age 

groups. This is a common scenario in developing/

industrial countries since decades; almost all aging 

population faces this scenario at phase three of demo-

graphic transition.14,15 This obtained results also indicate 

about epidemiological and demographic transition on 

Matlab HDSS since decades.  

      

The pattern of maximum remaining life expectancies for 

both sexes is quite similar; rapid upward shift is ob-

served for both sexes, though the monotonic increase is 

sharper in case of male population. As illustrated in 

Figure 1, the eT(x) trajectory rises steeply in older ages, 

suggesting that survivors are no longer limited by the 

constraints of the mean life duration. This rising pattern 

is consistent to the next age groups, though the slope of 

the late-life surge diminishes somewhat as the overall 

average rises over time. 

 

The reasons for the increase of total expected longevity 

with age is explained considering two sides.20 First, by 

definition remaining life expectancy is positive at all 

ages, as long as there are survivors alive. As a result, the 

longevity of a group of survivors must be higher than 

their age. Second, selection may be operating in the 

population, with persons surviving to a given age being 

healthier than those who died previously. The more se-

lected survivors could thus anticipate longer lives, 

which may be observed also in Matlab. Nevertheless, all 

three indicators of current study suggest forthcoming 

longevity at Matlab HDSS.  

 

Presence of early aged mortality decline the potential to 

analyze more insight if aging in Matlab, however, an-

other research proved that once the effect of infant mor-

tality is removed by conditioning on survival until age 

10, the resulting measure of variance (the standard de-

viation in ages at death over age 10) provides more in-

sight into the dynamics of aging populations than the 

unconditional measure.17 This could be a solution for 

shortcoming of present researches. 

 

Conclusion 

The mortality transition reflects an epidemiological 

transition in morbidity patterns and causes of death for a 

population. Decline of the gap between early aged life 

expectancies for Bangladesh suggests that the full popu-

lation – rather than just the more selected survivors – 

may anticipate a longer life that was previously only the 
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Fig 3: Total expected longevity for both sexes (Matlab HDSS-2011)  
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domain of those who survived past the early years. In-

vestigating maximum life expectancy at birth or other 

ages and its associated record measures will enable the 

policy makers to understand improvements in survival 

not only as markers of change over time, but also, im-

portantly, as functions of age. By combining informa-

tion about mortality reductions and the ages at which 

they occur, results of current study indicate a link be-

tween demographic and epidemiologic transitions and 

highlight the chronological connection between child-

hood and adult influences on the trajectory of rising life 

expectancy.  

 

From the findings of current study, further research on 

healthy life expectancies and projection of life          

expectancies in later age will provide more insight of 

aging to the policy makers. Also, introducing impro-

vised public health policies for aged population will be 

more helpful in future.     
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